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Abstract. We study the relationship between the categories of weak formal schemes and
dagger spaces. We introduce the notion of weak formal blowups of weak formal schemes
and show that they correspond to rational subdomains of the associated dagger spaces via
the generic fiber functor. In analogy with Raynaud’s theorem in formal and rigid geom-
etry, we establish an equivalence of categories between the localized category of quasi-
paracompact admissible weak formal schemes by weak formal blowups, and the category
of quasi-paracompact quasi-separated dagger spaces.

1. Introduction

Let k be a field of characteristic p > 0 and K a completely discretely val-
ued field of characteristic 0 with ring of integers R and residue field k. The
objects that we study in this paper first arose in the search for a good p-adic
cohomology theory. In [15] and [14], Monsky and Washnitzer defined a p-adic
cohomology theory for affine and smooth varieties over k using the notion of
weak completions of algebras. They showed that a lifting to a weakly com-
plete algebra always exists for smooth algebras of finite type over k and hence
established a good cohomology theory for affine and smooth varieties.

In Berthelot’s rigid cohomology (which is defined for arbitrary varieties),
Raynaud’s generic fiber functor which associates a rigid analytic space to a
formal scheme, plays a central role. To an affine formal scheme P = Spf A
(with A an R-algebra of topologically finite type), the functor associates a rigid
analytic space PK = Sp (A⊗K). The points of the rigid analytic space PK are
associated with integral formal subschemes of P which are finite flat over R.
In fact, Raynaud proved a much stronger result ([16]), showing an equivalence
of categories between quasi-paracompact (see 3.3 for the definition) admissible
formalR-schemes localized by the class of admissible formal blowups and quasi-
paracompact quasi-separated rigid analytic K-spaces.

Dagger spaces defined by Grosse-Klönne in [9], can be thought of as the
overconvergent analogues of rigid analytic spaces. Grosse-Klönne gives another
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interpretation of rigid cohomology in terms of the de Rham cohomology of
dagger spaces ([10]). This is done via an equivalence of categories between
partially proper rigid analytic spaces and partially proper dagger spaces ([9,
Thm. 2.27]).

Meredith introduced weak formal schemes in [13] whose underlying topolog-
ical spaces are defined in the same way as formal schemes but whose structure
sheaves are defined using weak completions of algebras.

The main idea of this paper is to establish an analogue of Raynaud’s theory
in the setting of weak formal schemes and dagger spaces as suggested in [9].
Analogous to the notion of formal blowups, we define weak formal blowups
as weak completions of scheme theoretic blowups and establish some results
about them. Our main result is:

Theorem 1.1. There is an equivalence of categories between

• the category of quasi-paracompact admissible weak formal R-schemes,
localized by the class S of weak formal blowups, and

• the category of quasi-separated quasi-paracompact K-dagger spaces.

It may then be possible to redefine rigid cohomology by considering weak
formal liftings instead of formal liftings. Of course, it would be necessary
to prove an analogue of the fibration theorem for weak formal schemes and
establish other such results in this setting.

Note: We use the usual multi-index notation for power series:

f =
∑

i1,...,in

ai1,...,inX
i1
1 . . .X in

n

is often shortened to
∑

I

aIX
I and |I| is defined to be i1 + . . .+ in.

2. Preliminaries

In this section we briefly review the notions of weak completions and weak
formal schemes. We include here some definitions and technical results which
we need later.

Let R be a noetherian ring and m ⊂ R an arbitrary ideal of R.

Definition 2.1. Let A be an R-algebra and Â denote its m-adic completion.
The weak completion of A, denoted A†, is an R-subalgebra of Â consisting
of power series z =

∑

aIx
I where I = (i1, . . . , in), with coefficients in R and

x1, . . . , xn ∈ A such that for some constant c and for all tuples (i1, . . . , in) ∈
Z
n
≥0, the following condition (referred as MW condition) holds

(MW) c(ordm(ai1...in) + 1) ≥ i1 + . . .+ in.

An R-algebra A is said to be weakly complete if it is m-adically separated
and if A→ A† is a bijection.

Let S be a subset of a weakly complete algebra A. Its weak comple-
tion S† is defined to be the subalgebra of A consisting of power series z =
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∑

ai1...inx
i1
1 . . . x

in
n with coefficients in R and x1, . . . , xn ∈ S, satisfying the

MW condition. A weakly complete R-algebra A is called weakly complete
finitely generated (wcfg) if A = S† for some finite subset S ⊂ A. Elements of
S are called weak generators of A.

Morphisms of wcfg R-algebras are defined as morphisms of R-algebras in
the usual sense. Any such morphism of R-algebras is continuous with respect
to the m-adic topology.

2.2. Gauss norm on wcfg algebras: We want to give an explicit description
for weak completions of polynomial rings over wcfg algebras. For this purpose
we make use of the Gauss norm on wcfg algebras introduced (in the dagger
algebra context) in [5, 4.43].

Let z =
∑

I aIX
I be an element in R[X ]

†
where X = X1, . . . , Xm is a finite

set of variables. For ǫ > 0, define

γ̃ǫ(z) = inf
|I|

{ordmaI − ǫ|I|}.

The MW condition on z is equivalent to the existence of some ǫ > 0 for

which γ̃ǫ(z) > −∞. For a fixed ǫ > 0, the set of elements z in R[X ]
†
which

satisfy γ̃ǫ(z) > −∞ form an R-subalgebra of R[X ]† which we denote by R[X ]†ǫ.

Thus γ̃ǫ defines a norm on R[X ]
†
ǫ. For any wcfg algebra A, there exists a

surjection R[X1, . . . , Xn]
†
→ A for some finite set of variables X1, . . . , Xn ([15,

Thm. 2.2]). Denote by Aǫ the image of R[X1, . . . , Xn]
†
ǫ under such a surjection

and by γǫ the quotient seminorm induced on Aǫ by γ̃ǫ. Note that γǫ are
pseudo-valuations in the sense of [6, Def. 1.4] and hence give rise to a family
of seminorms on A.

Let A be a wcfg algebra and let A[ζ]
†
be the weak completion of the poly-

nomial algebra A[ζ] in n-variables for some n ∈ N. Then, A[ζ]
†
consists of all

power series z ∈ A[[ζ]] where z =
∑

aνζ
ν such that there exists an ǫ > 0 with

aν ∈ Aǫ for all ν ∈ Z
n
≥0 and the following holds

inf
|ν|

{γǫ(aν)− ǫ|ν|} > −∞.

Let A be a wcfg R-algebra, f ∈ A and ζ a variable. Then we claim A[f−1]
†
=

A[ζ]
†
/(1 − fζ). First note that the canonical surjection φ : A[ζ] → A[f−1]

mapping ζ to f−1 can be extended to a morphism of wcfg algebras φ† : A[ζ]
†
→

A[f−1]
†
([15, Thm. 1.5]). Since φ†(A[ζ]†) is a weakly complete subalgebra of

A[f−1]
†
(Corollary of [15, Thm. 2.1]) containing the weak generators of A

and f−1, it must be equal to A[f−1]
†
. On the other hand, taking π-adic

completions, the surjection φ̂ : A 〈ζ〉 → A
〈

f−1
〉

has kernel (1 − fζ)A 〈ζ〉.

Therefore, kerφ† = (1− fζ)A[ζ]† and the claim holds.

2.3. Weak formal schemes: With R as before, let A be a wcfg algebra and
Ā = A/mA.
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Let M be an A-module. Let X = Spec Ā be endowed with the Zariski
topology. M induces a functor Γ(· , M̃) on the principal open subsets U = Xf̄

of X defined by Γ(U, M̃) =M ⊗A Af
†, where f ∈ A is a preimage of f̄ ∈ Ā. If

Xf̄ ⊃ Xḡ for some f̄ , ḡ ∈ Ā, there is a canonical A-homomorphism Γ(Xf̄ , M̃) →

Γ(Xḡ, M̃). This defines a presheaf on principal open subsets of X, which is a
sheaf—see [13, Thm. 8–14] for the proof for the case when M is finite and
[12, II.3] for when M is an arbitrary A-module, A is an R-algebra and R is a

complete discrete valuation ring. The functorM → Γ(U, M̃) is exact, since for

any wcfg algebra A and f ∈ A, A†
f is flat over A ([13, 2.5]).

Definition 2.4. An affine weak formal R-scheme is a locally ringed space
isomorphic to (Spec Ā, Ã) for some wcfg algebra A and will be denoted by
Spwf A. A weak formal R-scheme is a locally ringed space (X,OX) such that
every point of X has a neighborhood isomorphic to an affine weak formal
scheme.

Morphisms of weak formal R-schemes will mean morphisms of locally ringed
spaces. Note that any weak formal scheme is automatically a topologically
ringed space in the sense of [11, 0.4.1.1], as any affine subset derives this
structure from the m-adic topology on the corresponding wcfg algebra.

As any wcfg algebra is noetherian ([7]), weak formal schemes are locally
noetherian and hence quasi-separated.

Note: Henceforth, we work over a discrete valuation ring R with field of
fractions K. We fix a uniformizer π ∈ R − {0} such that the topology on R
coincides with the π-adic topology and denote by k the residue field R/(π). It
will be assumed that R is complete and separated with respect to the π-adic
topology.

2.5. Quasi-coherent and coherent sheaves on weak formal schemes: Let X be
a weak formal scheme and F a quasi-coherent sheaf of OX-modules (as defined
for locally ringed spaces—see [11, 0.5.1.3]).

Then as in the scheme theoretic situation, it is easy to show that there
exists an affine open covering of X by subsets Ui = Spwf Ai, such that for each
i, there exists an Ai-module Mi with F|Ui

≃ M̃i. Note that in the situation
where X = Spwf A is an affine weak formal scheme, it may not necessarily be
true that F is the sheafification of some A-module.

Coherent sheaves on an affine weak formal scheme X = Spwf A are in fact
obtained as sheafifications of finite A-modules ([13, Thm. 3.3]). More precisely,

the functor M → M̃ is an equivalence of categories between the category of
finite A-modules and the category of coherent OX-modules. Note also that the
structure sheaf OX of any weak formal scheme X is a coherent sheaf (using

the fact that the functor M 7→ M̃ is exact and since weak formal schemes are
locally noetherian).

2.6. Weak completion of schemes: In [13, §4], Meredith defines the weak
completion of a scheme X of finite type over R, by setting X† = {x ∈ X |
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OX,x 6= πOX,x} along with the structure sheaf O†
X defined on affine open

subsets U ⊂ X by Γ(U,OX†) = Γ(U,OX)
†
. (Note that this indeed defines a

sheaf on X†, as in 2.3 if X is affine and by a well-known extension property
of sheaves for general X , see [11, 0.3.2].) For instance, when X is affine of the
form Spec A, where A is an R-algebra of finite type, we obtain X† = Spwf A†.
Now let A be a wcfg algebra and B an A-algebra of finite type. Then using
the definitions in [13, §4] we can define weak completions of affine schemes of
the type Spec B as follows. Let A[T1, . . . , Tr] ։ B be a presentation of B with
kernel I, where T1, . . . , Tr are a finite set of variables. Then using the quotient

seminorm of the Gauss norm on A[T1, . . . , Tr]
† described in 2.2, it is clear that

the weak completion B† of B is isomorphic to A[T1, . . . , Tr]
†
/I. Hence, B†

being the quotient of a wcfg algebra is also a wcfg algebra. Define the weak
completion of SpecB to be Spwf B†. This is an affine weak formal scheme as
defined in [13, §2]. Note that if A is an R-algebra of finite type, then the weak
completions of Spec A and Spec A† coincide.

We now define weak completions of arbitrary schemes of finite type over A
where A is a wcfg algebra. We first state an easy lemma about glueing sheaves
which we will use repeatedly in the construction of weak formal blowups.

Lemma 2.7. Let X be a topological space with a sheaf G on it. Let (Vj)j∈J be
an open covering of X along with a sheaf Gj defined on each open set Vj such
that Gj is a subsheaf of G|Vj

and satisfying the condition Gj |Vj∩Vj′
= Gj′ |Vj∩Vj′

for all couples j, j′ ∈ J . Consider a presheaf F defined as follows: For any
open set U ⊂ X, let

F(U) = {s ∈ G(U) | s|Vj∩U ∈ Gj(Vj ∩ U) for all j ∈ J}

with morphisms given by restrictions of the morphisms of G. Then, the presheaf
F is a sheaf on X. �

Now suppose Y is a scheme of finite type over a wcfg algebra A. Let (Yi)i∈I
be a finite covering of Y by affine schemes Yi = SpecAi, where Ai is of finite
type over A. Define the weak completion Y † of Y as follows. Denote by Ŷ
the formal completion of Y with respect to the ideal πOY and similarly let
Ŷi = Spf Âi. Let the underlying topological space of Y † be Supp(OY /πOY ),

which is the same as the topological space underlying Ŷ . Define a presheaf
OY † ⊂ OŶ by setting for any arbitrary open subset W ⊂ Ŷ :

OY †(W ) = {s ∈ OŶ (W ) | s|Ŷi∩W
∈ OY †

i

(Ŷi ∩W )}.

Using Lemma 2.7, OY † is a sheaf equipped with which Y † is a weak formal
scheme.

2.8. Admissible weak formal schemes: We call a wcfg algebra admissible if
it has no π-torsion. We say that an affine weak formal scheme Spwf A is
admissible if A is an admissible wcfg algebra. We first show that admissibility
is a local condition.
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Lemma 2.9. Let φ : A → B be a morphism of wcfg algebras and suppose B
is flat as an A-module. Then B is faithfully flat over A if and only if B/πB
is faithfully flat over A/πA.

Proof. One direction of the assertion follows from [4, Prop. 3.3.5]. Now, sup-
pose B/πB is a faithfully flat A/πA-module and N is a finite A-module such
that B⊗AN = 0. This implies that B/πB⊗A/πAN/πN = 0 and so N/πN = 0
or N = πN . Using [15, Thm. 1.6], πA is contained in the Jacobson radical of
A and hence, N = 0. �

Lemma 2.10. Let A be a wcfg algebra. If f0, . . . , fr are elements in A gener-
ating the unit ideal in A/πA, then they generate the unit ideal in A. Hence, if
X = Spwf A is an affine weak formal scheme with f0, . . . , fr ∈ A, then the ba-
sic open subsets (Spwf A[f−1

i ]†)i cover X if and only if the elements f0, . . . , fr
generate the unit ideal in A.

Proof. Let āi ∈ A/πA such that
r
∑

i=0

āifi = 1. Let ai ∈ A be in the preimage of

āi. Then,
∑

āifi = 1 implies that u =
∑

aifi = 1 − πc for some c ∈ A. This
is a unit since πA is contained in the Jacobson radical of A ([15, Thm. 1.6]).
Setting a′i = u−1ai, we see that

∑

a′ifi = 1. �

Proposition 2.11. Let X = Spwf A be an affine weak formal scheme and
(Spwf Bi)i∈J be an affine open covering. A is an admissible wcfg algebra if
and only if Bi is an admissible wcfg algebra for each i ∈ J .

Proof. Using Lemma 2.10 we can assume that Bi = A[f−1
i ]

†
where (fi)i∈J

generate the unit ideal in A and also that i varies over a finite index 1 ≤ i ≤ r.

If A has no π-torsion, the map A → A[π−1] is injective. Since A[f−1
i ]

†
is flat

over A ([13, Cor. 1.4]), tensoring the above map with it, yields an injective

map A[f−1
i ]

†
→ (A[f−1

i ]
†
)[π−1]. Therefore, A[f−1

i ]
†
is admissible.

Before proving the other direction, note that A→
∏r
i=1A[f

−1
i ]

†
is faithfully

flat using Lemma 2.9 and the corresponding fact for ordinary localization.

Combining this with the fact that the map
∏r
i=1 A[f

−1
i ]

†
→

∏r
i=1A[f

−1
i ]

†
[π−1]

is injective, we see that A→ A[π−1] is injective. �

Using the above proposition, we can extend the notion of admissibility to
arbitrary weak formal schemes:

Definition 2.12. A weak formal scheme is said to be admissible if it has an
affine open covering (Spwf Ai)i∈J where each Ai is an admissible wcfg algebra.

Let X be a weak formal scheme and consider the ideal I ⊂ OX defined as fol-
lows: For any open set U ⊂ X, I(U) consists of all the sections f ∈ OX(U) such
that there is an affine open covering (Ui)i∈J satisfying the condition that each
restriction f |Ui

is killed by πn, for some n ∈ N. Then (Supp (OX/I),OX/I) is
a weak formal scheme whose structure sheaf does not have π-torsion.

It is called the admissible weak formal scheme induced from X and is denoted
by Xad.
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2.13. Flat morphisms of weak formal schemes: A morphism of weak formal
schemes f : X → Y is said to be flat if it is flat as a morphism of locally
ringed spaces. That is, if the induced map on the stalks fx : OY,f(x) → OX,x

at each point x ∈ X is a flat morphism ([11, §6.7]). Now consider the case

where f is a morphism of admissible weak formal schemes and let f̂ : X̂ → Ŷ

be the associated morphism of formal schemes. The maps on stalks f̂x modulo
π coincide with the stalks fx modulo π and are therefore flat. Moreover the

maps f̂x are flat after tensoring withK because the stalks on an affinoid dagger
space coincide with the stalks on its completion (see [9, Rem. 2.4]). Using the

flatness criterion in [1, Lemma 2.6.1], we see that the maps f̂x are flat.

If the formal R-schemes X̂ and Ŷ are of finite type, then this is equiva-

lent to the condition that for every affine open U ⊆ Ŷ and every affine open
V ⊆ f−1(U), the morphism V → U corresponds to a flat ring homomorphism

O
Ŷ
(U) → O

X̂
(V ). Since for any wcfg algebra A, the morphism A → Â to its

π-adic completion is flat (Corollaire of Proposition 5.4.3, [4, Chap. III]), the
analogous statement is true for admissible weak formal schemes.

2.14. Fiber product: The tensor product A ⊗†
R B of wcfg algebras A and B

is defined to be the weak completion of the ordinary tensor product A ⊗R B.
This is a wcfg algebra with weak generators provided by the tensor product
of the weak generators of A and B. It defines a product of A and B in the
category of wcfg R-algebras.

Fiber products exist in the category of weak formal schemes. The product of

weak formal schemes Spwf A and Spwf B is Spwf (A⊗†
RB) = (Spec (A⊗R B))

†
.

The fiber product in the category of admissible weak formal schemes of two
admissible weak formal schemesX and Y is the admissible weak formal scheme
(X × Y )ad induced from the fiber productX×Y in the category of weak formal
schemes.

3. Weak formal blowups

We now define weak formal blowing-up, which is a universal construction
with respect to making an ideal in a weak formal scheme invertible. Let us
first consider the case when X = Spwf A is an affine weak formal scheme. Let
I ⊂ OX be a coherent open ideal and J = Γ(Spec A/πA, I) be the finitely
generated open ideal in A associated to it ([13, Thm. 3.3]). Consider the
scheme theoretic blowup of J on X = Spec A given by P = Proj

(
⊕

d≥0 J
d
)

.

The weak formal blowup of I on X is defined to be the weak completion P † of
P (see 2.6).

Now, suppose X is an arbitrary weak formal scheme and I a coherent open

ideal on X. Let X̂ and Î be the formal completions with respect to the ideal
πOX of X and I respectively. The formal blowup ([3, §2]) of Î on X̂ is given
by

X̂
Î
= lim−→

n

Proj

(

⊕

d≥0

Îd ⊗O
X̂
O

X̂
/πnO

X̂

)
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together with the canonical projection map X̂
Î
→ X̂.

Consider an affine open covering {Ui}i∈I of X, where Ui = Spwf Ai where

each Ai is a wcfg algebra. Denote by Ûi the corresponding affine open formal

subschemes Spf Âi of X̂. Let Pi
† denote the weak formal blowup of I|Ui

on Ui,

as constructed above. Note that the restriction X̂
Î
×

X̂
Ûi of the formal blowup

X̂
Î
to Ûi denoted by P̂i, coincides with the formal blowup of Î|Ûi

on Ûi.

Let V ⊂ X̂
Î
be an arbitrary open set. Define a subpresheaf of O

X̂
Î

, denoted

by OXI
, as follows:

OXI
(V ) = {s ∈ O

X̂
Î

(V ) | s|P̂i∩V
∈ OP †

i

(P̂i ∩ V ) for all i ∈ I}.

If U ⊂ V ⊂ X̂
Î
are two open sets, let the morphism OXI

(V ) → OXI
(U)

be given by the restriction of the morphism OX̂
Î

(V ) → OX̂
Î

(U) to OXI
(V ).

Again using Lemma 2.7, we see that this is a sheaf on the topological space

underlying X̂
Î
. Denote by XI, the locally ringed space whose topological space

is the same as that underlying X̂
Î
, equipped with the sheaf OXI

. Clearly, the
construction does not depend on the choice of covering.

Definition 3.1. With notation as above, the weak formal blowup of I on X

is the weak formal R-scheme XI defined as above, along with the canonical
projection map XI → X.

Proposition 3.2. We can immediately deduce the following properties of weak
formal blowups:

(a) Let X = Spwf A be an affine admissible weak formal scheme and I ⊂ OX be
a coherent open sheaf of ideals. Then the ideal IOXI

⊂ OXI
is invertible.

Let I = Γ(Spec A/πA, I) ⊂ A be the finitely generated ideal correspond-
ing to I ([13, Thm. 3.3]) with generators f0, . . . , fr. The locus in XI where
IOXI

is generated by fi is given by Spwf Ai, where Ai = A′
i/(π− torsion)

and

A′
i = A

[

fj
fi

; j 6= i

]†

⊆ Afi
†.

Hence, the weak formal blowup XI is an admissible weak formal scheme.
(Note that this corresponds to [1, Prop. 2.6.7].)

Proof. Let Ã′
i = A

[

fj
fi

; j 6= i
]

and Ãi = Ã′
i/(fi − torsion). The scheme-

theoretic blowup X of I on the ordinary scheme SpecA has an affine open
covering by Spec Ãi where i varies between 0, . . . , r. The analogous assertions
hold in the scheme-theoretic situation: the ideal IOX is invertible on X ; The
locus in X where IOX is generated by fi is given by Spec Ãi. Since I contains
a power of π (being an open ideal), (fi − torsion)Ã′

i

⊂ (π − torsion)Ã′
i

. On

the other hand, since A is admissible, Ãi has no π-torsion and therefore (π −

torsion)Ã′
i

= (fi − torsion)Ã′
i

. Therefore, we get Ãi = Ã′
i/(π − torsion). It

follows from the definition that the weak formal blowup XI has an affine open
covering (Spwf Ai)i=0,...,r. Note that since Ã′

i is of finite type over A (which is
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a wcfg algebra), its completion A′
i is a wcfg algebra and hence is flat over Ã′

i

([7] and [13, Cor. 1.4]). Similarly, A′
i is flat over Ã′

i and the first assertion is
proved.

Since A′
i is flat over Ã

′
i, we get (π − torsion)A′

i
= (π − torsion)Ã′

i

⊗ A′
i and

similarly for (fi − torsion)A′
i
(as in the proof of [1, Prop. 2.6.7]). From this it

follows that the weak completions of Ãi and Ã
′
i are Ai and A

′
i respectively and

the second assertion holds. �

(b) Universal property of weak formal blowups: (Note that this corresponds to
[1, Prop. 2.6.9].) Let X be an admissible weak formal scheme and I ⊂ OX

be a coherent open ideal. Then XI, the weak formal blowup of I on X,
satisfies the following universal property:

Any morphism of weak formal schemes φ : Y → X satisfying the prop-
erty that IOY is invertible in OY, factorizes uniquely through XI, that is,
there exists a unique morphism ψ : Y → XI which makes the following
diagram commutative:

Y
φ //

ψ   

X

XI.

τ

OO

Proof. Suppose there exists a morphism of weak formal schemes φ : Y → X

such that IOY is invertible in OY. Since weak formal blowing up is a local
construction we may assume that X is affine, say X = Spwf A. The ideal
I ⊂ OX is associated to a finitely generated ideal I = (f0, . . . , fr) ⊂ A. Further,
we can assume that Y is also an affine weak formal scheme, Y = Spwf B.
Consider the morphism of ordinary schemes SpecB → Spec A. Since I is
invertible on Spec B, by the universal property of (scheme-theoretic) blowups
for the blowup P of I on Spec A, this map factorizes uniquely via P , so that
we get the morphism of schemes SpecB → P . Using [15, Thm. 1.5], we can
extend this to get a unique morphism of weak formal schemes Spwf B → P †

as desired. �

(c) Let X be an admissible weak formal scheme, A,B ⊂ OX be coherent open
ideals on X and XA be the weak formal blowup of A on X. Let B ′ :=
BOXA

⊂ OXA
and denote by (XA)B ′ the weak formal blowup of B ′ on XA.

Then, the composition of the weak formal blowup of B ′ on XA with the
weak formal blowup of A on X, given by

(XA)B ′ → XA → X

is isomorphic to the weak formal blowup of AB on X.
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Proof. We use the notation of Proposition 3.2(a). The statement follows from
the universal property of weak formal blowups (Proposition 3.2(b)) and the fact
that the ideal A is invertible on (XA)B ′ since it has no fi-torsion. Compare
with the proof in case of formal schemes ([1, Rem. 2.6.10]). �

(d) In the category of admissible weak formal schemes, weak formal blowups
commute with flat base change.

Proof. It is enough to prove this for a flat morphism of affine weak formal
schemes φ : Y → X where X = Spwf A and Y = Spwf B. Suppose A ⊂ OX

be a coherent open ideal, and XA → X is the weak formal blowup on X with
respect to A. Let A be associated to the finitely generated ideal a ⊂ A and

S =
⊕

d≥0 a
d. Then XA = (ProjS)

†
and admits a covering by affine weak

formal schemes Spwf S†
(fi)

(where S†
(fi)

is isomorphic to Ai, in the notation

of Proposition 3.2(a)). Locally aS†
(fi)

is generated by fi and is invertible in

S†
(fi)

. Let S′ =
⊕

d≥0(aB)d. Then, aS′ †
(fi)

= fiS
′ †
(fi)

. Since B is flat over

A, (fi − torsion)B = 0, and fi is not a zero-divisor in S′ †
(fi)

. Hence aS′ †
(fi)

is

invertible in S′ †
(fi)

and we obtain the required result. �

Definition 3.3. A topological space X is said to be quasi-paracompact if
there exists a covering {Xi}i∈J by quasi-compact open subspaces Xi which is
moreover a covering of finite type, i.e. for any index i ∈ J , the intersection
Xi ∩Xj is nonempty for at most finitely many j ∈ J .

We say that a weak formal scheme X is quasi-paracompact, if its underlying
topological space is quasi-paracompact.

Proposition 3.4. Let X be an admissible quasi-paracompact weak formal
scheme. Let U ⊂ X be a quasi-compact open subscheme. Then any coher-
ent open ideal FU on U extends to a coherent open ideal F ⊂ OX on X,
which moreover satisfies the condition that for any open subscheme V ⊂ X

disjoint from U , F|V coincides with OX|V . (Note that this corresponds to [1,
Prop. 2.6.13]).

Proof. Let us first consider the case when X is an affine weak formal scheme.
We use the idea for the construction in the analogous result in the scheme-
theoretic situation ([11, 9.4]). Let i : U → X be the canonical morphism
and consider the induced morphism of structure sheaves j : OX → i∗OU .
Let F = j−1(i∗FU). We first show that i∗FU is quasi-coherent. Indeed,
using the methods in the proof of the analogous scheme-theoretic result ([11,
Prop. 9.2.1]), we can reduce it to the case of an open immersion of a basic
open subscheme into X, in which case the result is clear. Then, F being the
preimage of a quasi-coherent sheaf is itself quasi-coherent ([11, 0.5.1.4]). Using
the fact that any wcfg algebra is noetherian and since F ⊂ OX is a subsheaf
of the coherent sheaf OX, we see that F is a coherent open ideal satisfying the
required properties.
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Now, let X be a quasi-paracompact weak formal scheme and U ⊂ X be
a quasi-compact open subscheme with a coherent open ideal FU on U . Let
{Xi}i∈J be an affine open covering of X and denote by FUi

the restriction of
FU to Xi ∩ U . Using the result in the affine case, we can extend FUi

to a
coherent open ideal Fi on Xi. To construct a coherent sheaf of ideals F on X,
we use the same idea as in the construction of weak formal blowups. Consider

the formal completion X̂ of X along the subscheme defined by the ideal πOX.
Using [1, Prop. 2.6.13], we can extend the formal completion F̂U of FU on U

to a coherent sheaf F̂ on X̂. Then using Lemma 2.7, we can define a subsheaf
F of F̂ on X as follows: for any open W ⊂ X, let

F(W ) = {s ∈ F̂(W ) | s|W∩Xi
∈ Fi(W ∩Xi)}.

This is a coherent open ideal by construction, which moreover satisfies the
required properties. �

Proposition 3.5. Let X be an admissible quasi-compact weak formal scheme
and let φ : X′ → X and φ′ : X′′ → X′ be weak formal blowups. Then, the
composition φ ◦ φ′ : X′′ → X is also a weak formal blowup.

Proof. We follow the proof in [3, Prop. 2.5] and use the corresponding fact in
the scheme-theoretic situation ([17, 5.1.4]). Let φ : X′ → X and φ′ : X′′ → X′

be the weak formal blowups of A ⊂ OX on X and A′ ⊂ OX′ on X′ respectively.
First consider the case when X is affine, say X = Spwf A. LetA be associated to
the coherent open ideal a ⊂ A. Let X̃ = SpecA and φ̃ : X̃′ → X̃ be the scheme
theoretic blowups of a on X̃. Let j : X′ → X̃′ be the associated morphism of
ringed spaces and u : OX̃′ → j∗OX′ be the corresponding morphism of sheaves.

Using the arguments in the proof of Proposition 3.4, Ã′ = u−1(j∗A
′) ⊂ OX̃′

is a coherent open ideal and such that j∗Ã′ generates A′ ⊂ OX′ .
Let φ̃′ : X̃′′ → X̃′ be the scheme theoretic blowup of Ã′ on X̃′. Using

[17, 5.1.4], there exists an admissible open ideal b ⊂ A such that bOX̃′ =

AmÃ′
n
OX̃′ for some integers m,n and φ̃ ◦ φ̃′ : X̃′′ → X̃ is the scheme the-

oretic blowup on X̃ of the ideal in OX̃ associated to ab. Let ι : OX̃ →

φ̃∗OX̃′ be the morphism of sheaves induced from φ̃. The inverse image b′ =

ι−1(φ̃∗(A
mÃ′

n
OX̃′)) is a coherent open ideal in X̃ since it is noetherian. There-

fore, φ ◦ φ′ : X′′ → X is the weak formal blowup of ab′ in X which settles the
assertion in the affine case.

Since weak formal blowing-up is compatible with flat base change (Propo-
sition 3.2(d)), we can use the arguments in [1, Prop. 2.6.11] to globalize the
argument. �

3.6. Using Proposition 3.4 and Proposition 3.5, it is easy to derive the following
corollaries (see [1, Prop. 2.6.14 and 2.6.15]).

(a) Let X be a quasi-paracompact admissible weak formal scheme. Consider
a covering X =

⋃

i∈JXi of finite type by quasi-compact open subschemes
Xi ⊂ X and weak formal blowups φi : X

′
i → Xi, i ∈ J . Then there is a
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weak formal blowup φ : X′ → X such that for each i ∈ J , there exists a
unique morphism φ−1(Xi) → X′

i and for all i ∈ J the following diagram
commutes:

φ−1(Xi) //

φ ##❍
❍❍

❍❍
❍❍

❍❍
X′
i

φi

��
Xi.

(b) Let X be a quasi-paracompact admissible weak formal scheme. Let φ′ :
X′ → X and φ′′ : X′′ → X′ be weak formal blowups. Then, there exists a
weak formal blowup φ′′′ : X′′′ → X along with a morphism σ : X′′′ → X′′

such that the following diagram commutes:

X′

	

φ′

// X

X′′

φ′′

OO

X′′′.
σ

oo

φ′′′

OO

4. Establishing an equivalence of categories

Dagger spaces can be interpreted as generic fibers of weak formal schemes
just as rigid analytic spaces can be thought of as generic fibers of formal
schemes. We make this relationship precise in this section and prove the result
stated at the beginning.

Defining the functor:

Lemma 4.1. Consider R[X1, . . . , Xn]
†
, the weak completion of the polynomial

ring in n-variables. Then,

R[X1, . . . , Xn]
†
⊗R K = K 〈X1, . . . , Xn〉

†
,

where K 〈X1, . . . , Xn〉
†
is the Monsky–Washnitzer algebra also denoted by Wn

(as in [9, 1.2]) consisting of power series over K, convergent over a radius
larger than one.

Proof. For convenience, we include here the easy and well-known proof.

R[X1, . . . , Xn]
† ⊗RK consists of power series of the form f =

∑

ν
aνX

ν with

coefficients aν ∈ K along with a constant c such that for all ν ∈ Z
n
≥0 the

following condition holds:

(1) |ν| ≤ c[ordπ(aν) + 1].

We can choose constants c1, c2, with c1 > 0 so that |ν| ≤ c1ordπ(aν) + c2.
We want to show that f converges on a polydisc with radius strictly larger

than 1. Suppose |Xi| ≤ 1 + ǫ for some ǫ > 0 and 0 ≤ i ≤ n. Then,

|aν1,...,νnX
ν1
1 . . .Xνn

n | = |aν | |X1|
ν1 . . . |Xn|

νn = |aν |(1 + ǫ)|ν| ≤ e
c2
c1
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if we choose c1 so that e
1
c1 = 1 + ǫ. Now, by increasing c1 if necessary, we

can find an M > 0 such that |aν1...νnX
ν1
1 . . .Xνn

n | ≤M for sufficiently large ν.
Thus the growth condition (1) implies that f =

∑

0≤ν1,...,νn
aν1...νnX

ν1
1 . . . Xνn

n

is overconvergent. We can reverse the above argument to prove the opposite
direction as well. �

4.2. Given a wcfg algebra A, we can interpret A⊗RK as the localization
A⊗RK = A⊗R(S

−1R) = S−1A where S = R \ {0}. Since any wcfg R-algebra
is a homomorphic image of the weak completion of R[X1 . . .Xn] for some vari-

ables X = X1, . . . , Xn ([15, Thm. 2.2]), we can write A in the form R[X ]
†
/a for

some ideal a ⊂ R[X ]
†
. But then using the above lemma, A⊗RK = K〈X〉

†
/(a)

is a K-dagger algebra. Thus, we can define a functor rig† from the category of
affine weak formal schemes to the category of affinoid dagger spaces, associat-
ing to Spwf A, the affinoid dagger space Sp (A⊗R K).

The π-adic completion of R[X ]
†
/a is an R-algebra of topologically finite

type, R 〈X〉 /(a). On tensoring it with K, we obtain the affinoid algebra
K 〈X〉 /(a) which coincides with the completion of the dagger algebra

K〈X〉
†
/(a) ([9, Prop. 1.6]). Let rig denote Raynaud’s functor from the cate-

gory of formal R-schemes, locally of topologically finite type, to the category
of rigid analytic K-spaces ([3, §4]). Then, we obtain the following diagram at
the affine level:

Spwf A
❴

��

✤ rig† // Sp (A⊗R K)
❴

��
Spf Â

✤ rig // Sp (Â⊗R K).

Let f ∈ A. Using 2.2, we know that A[f−1]
†
⊗RK = A[ζ]

†
/(1− fζ)⊗RK,

where ζ is a variable. It follows from the description of A[ζ]† using Gauss

norms explained in 2.2 and [5, 4.43] that A[ζ]† ⊗R K is the dagger algebra
associated to the product of the affinoid variety Sp (A ⊗R K) with the closed

dagger disc SpK〈ζ〉†. But this dagger algebra coincides with (A⊗R K)[ζ]† =

(A⊗RK)⊗†
KK〈ζ〉† (compare [9, 1.17]). Tensoring with K the exact sequence

0 −→ (1− fζ) −→ A[ζ]
†
−→ A[ζ]

†
/(1− fζ) −→ 0

yields the equality A[ζ]
†
/(1− fζ)⊗R K = (A⊗R K)〈ζ〉

†
/(1− fζ). Thus, the

functor rig† maps A[f−1]
†
to (A⊗R K)〈f−1〉

†
.

Therefore, we obtain the following diagram showing that a basic open sub-
scheme of Spwf A is mapped to a rational subdomain of Sp (A⊗R K):

Spwf A ✤ // Sp (A⊗R K)

Spwf A[f−1]
†

❴

OO

✤ // Sp (A⊗R K)〈f−1〉
†
.

❴

OO
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It follows that any open weak formal subscheme of Spwf A (being quasi-
compact) is mapped to an admissible open in Sp (A⊗R K) under the functor

rig†. To globalize the construction, we can follow the proof in [1, Prop. 2.4.3].
If X is an arbitrary weak formal scheme, we can fix a covering by affine weak
formal schemes (Ui)i∈I . From the above diagram, it is clear that the functor

rig† maps any open subscheme of Ui to an admissible open in Ui,rig† . Since
weak formal schemes are quasi-separated, the intersection Ui ∩ Uj is quasi-
compact for each pair i, j ∈ I, and hence is mapped to admissible open subsets
in Ui,rig† and Uj,rig† respectively. We can glue the affinoid dagger spaces Ui,rig†

along these admissible opens ([2, §9.1.3]) to obtain the dagger space Xrig† .
Thereby, we obtain the following commutative diagram of functors:

Admissible weak formal R-schemes
rig†

−−−−−−−−−→ K-dagger spaces

F





y F ′





y

Admissible formal R-schemes
rig

−−−−−−−−−→ Rigid K-analytic spaces.

Here, F is the formal completion functor and F ′ is the faithful functor as
defined in [9, 2.19].

4.3. Now observe that the functor rig† factors via the functor X 7→ Xad through
the category of admissible weak formal R-schemes, since tensoring with K kills
π-torsion. Therefore the generic fiber of a weak formal scheme X and that of
the induced admissible weak formal scheme Xad coincide.

We claim that rig† takes values in the category of quasi-separatedK-dagger
spaces. We can see this as follows. First note that, given affinoid dagger
spaces Sp (Wm/a) and Sp (Wn/b), the associated affinoid rigid spaces under
the functor F ′ (as in the above diagram of functors) are given by Sp (Tm/a)
and Sp (Tn/b) respectively, and their fibered product is Sp (Tn+m/(a + b)).
On the other hand, the fibered product of the dagger spaces is given by
Sp (Wm+n/(a+b)) (refer [9, 1.16]) and hence we see that taking fibered product
commutes with the functor F ′.

Now, given an admissible weak formal scheme, its associated admissible for-
mal scheme is locally topologically of finite type and hence quasi-separated,
with quasi-separated generic fiber which is the image under the functor rig
(refer above diagram of functors). But this rigid space is G-topologically iso-
morphic to the dagger space associated to the given weak formal scheme under
the functor rig† ([9, Thm. 2.19]). Further, since the functor F ′ commutes with

fibered products, we see that the dagger space obtained as image under rig† is
also quasi-separated. Hence we obtain:

Proposition 4.4. The functor A 7→ A⊗RK from admissible wcfg R-algebras
to K-dagger algebras induces a functor rig† : X 7→ Xrig† from the category of
admissible weak formal R-schemes to the category of quasi-separated K-dagger
spaces.

Münster Journal of Mathematics Vol. 6 (2013), 271–294



Weak formal schemes and dagger spaces 285

4.5. Specialization map: As in the formal geometric situation, there exists a
bijective correspondence between closed immersions of weak formal schemes
of the form Spwf B → Spwf A with B a local integral domain of dimension
1 which is finite over R, and points of the dagger space Sp (A ⊗R K). Given
such a closed immersion, the kernel p of the associated surjective morphism
φ# : A → B is a prime ideal generating a maximal ideal in A ⊗R K. On the
other hand, given a maximal ideal m ⊂ A ⊗R K, the field K ′ = (A ⊗R K)/m
is finite over K ([9, 1.4.2]). The image of A in K ′ given by B = A/(m ∩ A) is
a wcfg algebra ([15, Thm. 2.1]) which is a local ring of dimension 1, finite over
R. If we let p = m∩A, then we see that any point in Sp (A⊗RK) corresponds
to a closed immersion Spwf A/p → Spwf A as required.

We can now define a specialization map at the level of underlying points,

sp : |Xrig† | → |Xk|

by associating to a point in Xrig† the image of the closed immersion SpecB/πB
→ Spec A/πA (using the notation in the previous paragraph). Note that if
X = Spwf A is an affine weak formal scheme with A some wcfg algebra, then

|Xrig† | = |X̂rig| since Â⊗K is the completion of A⊗K and using [9, Thm. 1.7].
Hence the specialization map defined above coincides with Raynaud’s special-
ization map ([1, Prop. 2.7.7]). Therefore, we can deduce from [1, Prop. 2.7.8]
that it is surjective onto the set of closed points of Xk.

Localization of categories: There exists a one-to-one correspondence be-
tween weak formal blowups of a weak formal scheme and rational subdomains
of the corresponding dagger space obtained as its generic fiber. One way of
this correspondence is shown in the following result. We remark here that for
any category C and a class of morphisms S in C, the localization CS of C by
S always exists (refer [8, III.2]). Hence we can localize the category of weak
formal schemes by weak formal blowups.

Proposition 4.6. The functor rig† transforms weak formal blowups into iso-
morphisms. Therefore, rig† factors through the localization of admissible weak
formal schemes by the class of weak formal blowups.

Proof. Using the notation of Proposition 3.2(a), in the affine situation the
weak formal blowup XI of I on X = Spwf A has a covering by (Spwf Ai)i,
i = 0, . . . , r where

Spwf Ai = A

[

fj
fi

; j 6= i

]†

/(π − torsion).

Since I is open in A, it contain a power of π and hence f0, . . . , fr generate the
unit ideal in A ⊗R K. But this is equivalent to the fact that f0, . . . , fr have
no common zeroes on Xrig† . Hence Spwf Ai is mapped under rig† to rational
subdomains in Xrig† and as i varies through 0, . . . , r we obtain a covering of

Xrig† . Therefore, the map XI → X is mapped to the isomorphism XI,rig†
∼
→

Xrig† . This settles the assertion in the affine case.
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The result in the general case follows since weak formal blowing up is a local
construction. �

The following lemma establishes the other direction.

Lemma 4.7. Let X be a quasi-paracompact admissible weak formal scheme
and Xrig† the associated dagger space. Suppose Urig† is an admissible covering
of finite type of Xrig† by quasi-compact open subspaces. Then there exists a
weak formal blowing up X′ → X along with an open covering U′ of X′ such that
the associated family of subspaces U′

rig† of Xrig† coincides with Urig† . (Note
that this corresponds to [1, Lemma 2.8.4].)

Proof. Let us first consider the case where X = Spwf A is an affine weak formal
scheme, so that Urig† can be taken to be a finite covering. By the analogue of
the theorem of Gerritzen–Grauert for dagger spaces ([9, 2.8]), each Urig† ∈ Urig†

has a finite covering by rational subdomains. Therefore, we can take each Urig†

to be of the form

Urig† = Sp (A⊗R K)

〈

f1
f0
, . . . ,

fr
f0

〉†

for some global sections f0, . . . , fr of OX
rig†

having no common zeros. This

implies that they generate the unit ideal in A ⊗R K and hence that there
is a relation of the form c0f0 + . . . + crfr = 1 for some ci ∈ A ⊗R K. Let
n be sufficiently large so that πnci and πnfi are in A for all i. Then the
ideal (πnf0, . . . , π

nfr) in A is admissible since it contains π2n. Consider the
associated coherent open ideal A ⊂ OX and the corresponding weak formal
blowup XA → X. From the proof of Proposition 3.2(a), we know that the
locus in XA where AOXA

is generated by f0, is given by U = Spwf A0 with

A0 = A
[ fj
f0
|j 6= 0

]†
/(π − torsion) and clearly, rig† maps U to Urig† .

Consider the product A of the coherent open ideals associated to each
Urig† ∈ Urig† and its weak formal blowup X′ → X. Denote the correspond-
ing collection of open subschemes of X′ by U′. To see that U′ covers X′, note
that any closed point x ∈ X′ induces a closed point in its special fiber Xk which
corresponds to a point of Xrig† (see 4.5) and hence lies in some Urig† in Urig† .
So x ∈ U ′ ∈ U′ which implies that the closed part X−

⋃

U ′∈U′ U ′ is empty.
In the general case, consider an affine open covering (Xj)j∈J of X of finite

type. Since Xrig† is quasi-separated, Urig† restricts to an admissible covering
by quasi-compact open subspaces on Xj,rig† of finite type. Using the assertion
in the affine case, we can construct suitable coherent open ideals Aj ⊂ OXj

.
Using Proposition 3.4, we can extend each Aj to a coherent open ideal in OX

and then consider their product A ⊂ OX. The weak formal blowup XA of A
on X admits a system of open formal subschemes U′ which induces the family
Urig† . �

A technical digression: We need the following technical results to prove the
fullness of rig†. We deduce them from the analogous statements in the rigid
analytic context ([1, Lemmata 1.4.12 and 1.4.13]).
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Lemma 4.8.

(i) Let Wd → A be a finite monomorphism where A is a K-algebra which
is torsion-free as a Wd-module. Suppose f ∈ A. Then there exists a
unique monic polynomial pf = ζr+ a1ζ

r−1+ · · ·+ ar ∈ Wd[ζ] of minimal
degree such that pf (f) = 0. Furthermore, pf generates the kernel of the
Wd-homomorphism

Wd[ζ] −→ A; ζ 7→ f

(ii) Keep the same notation as above. Suppose x ∈ MaxWd and let y1, . . . , ys
be the maximal ideals in A lying over x.

Then max
i=1,...,s

|f(yi)| = max
j=1,...,r

|aj(x)|
1/j. Hence |f |sup = max

j=1,...,r
|aj |

1/j.

(iii) Let φ : B → A be a finite morphism of dagger algebras. Then, for any
f ∈ A there is an integral monic equation

f r + b1f
r−1 + · · ·+ br = 0

with coefficients bi ∈ B such that |f |sup = max
i=1,...,r

|bi|
1/i
sup.

Proof. (i) Consider the subalgebraWd[f ] of A generated overWd by f . This is
still finite overWd, sinceWd is noetherian. Consider the surjection σ :Wd[ζ] →
Wd[f ] given by ζ 7→ f . Let the kernel of this surjection be I. The above
surjection can be extended to a surjection (also denoted by σ) σ : Wd+1 =

Wd〈ζ〉
†
→ Wd[f ] (see [9, 1.9]) so that we obtain an isomorphism Wd+1/I ≃

Wd[f ]. Taking completions we get isomorphisms

Td+1/(I) ≃ Td 〈ζ〉 /(I) ≃ Td 〈ζ〉 /(pf(ζ)) ≃ Td[f ]

where pf (ζ) ∈ Td[ζ] is the unique monic polynomial of minimal degree given
by [1, Lemma 1.4.12].

For ρ > 1, consider Td(ρ) (along with its Gauss norm) which consists of
z ∈ Td such that |z|ρ < ∞. Let δ > 0 corresponding to ρ be such that,

γ
(d)
δ gives the corresponding pseudo-valuation on Td(ρ) (i.e. Td(ρ) = {z ∈

Td | γ
(d)
δ (z) > −∞}). We can extend γ

(d)
δ to γ

(d+1)
δ on Td 〈ζ〉 by setting:

γ
(d+1)
δ

(

∑

j

ajζ
j
)

= min
j

{γ
(d)
δ (aj)− δ · j}

([5, 4.43]). By construction, there exists ρ > 1 such that f is contained in
the image of Td+1(ρ) → Td[f ], and hence contained in Td(ρ)[f ]. Let δ > 0
corresponding to ρ be defined as above and let γ̃δ be the quotient seminorm

of γ
(d+1)
δ on Td[f ]. Then, γ̃δ(f) > −∞. Note that Td[f ] is finite free as a

Td-module, and is of degree s, where s is the degree of pf (ζ). Let pf(ζ) =
ζs + as−1ζ

s−1 + . . . + a1ζ + a0 with coefficients ai ∈ Td, and hence f s =
−as−1f

s−1 − . . . − a1f − a0. On T sd ≃ Td[f ] (isomorphic as Td-modules),

consider the order function µδ(t1, · · · , ts) = min
i
{γ

(d)
δ (ti)} where (t1, . . . , ts) ∈
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T sd . Using [6, Lemma 1.10], the pseudo-valuation γ̃δ is linearly equivalent to
µδ in the sense of [6, Def. 1.7]. Hence

γ̃δ(f) > −∞ ⇐⇒ min
i
{γ

(d)
δ (ai)} > −∞.

This shows that pf (ζ) ∈ Wd[ζ] as required.
(ii) This follows from the previous statement, that MaxA = MaxA′ ([9,

Thm. 1.7]) and the corresponding statement in the rigid analytic context ([1,
Lemma 1.4.12]).

(iii) Let A′ and B′ denote the completions of A and B respectively. Consider
the following diagram:

B′ φ′

−−−−−−−−−→ A′

x





x





B
φ

−−−−−−−−−→ A.

Using Noether normalization for dagger algebras ([9, 1.4]), there is a mor-
phism Wd → B which induces a finite monomorphismWd →֒ B/ kerφ, so that
Wd → A is a finite monomorphism. Then Td → B′ induces a finite monomor-
phism Td → A′ ([9, 1.12]). As in the proof of [1, Lemma 1.4.13], we see that
there is an integral equation

f r + a1f
r−1 + · · ·+ ar = 0

with coefficients aj ∈ Td whose images bj ∈ B′ satisfy |f |sup = max
j=1,...,r

|bj |
1/j
sup.

Now using the arguments in the proof of i), we see that the coefficients aj are in
fact in Wd. Therefore, replacing aj by its image bj ∈ B, we obtain an integral
equation f r + b1f

r−1 + · · ·+ br = 0 with coefficients bj ∈ B for j = 1, . . . , r.
Further, since MaxA = MaxA′ we obtain

|f |sup = max
x∈MaxA

|f(x)| = max
x∈MaxA′

|f(x)| = max
j=1,...,r

|bj|
1/j . �

As an aside, we prove Noether normalization for wcfg algebras.

Proposition 4.9. Let A be a wcfg algebra. Then A is integral over R[ζ1, . . . , ζd]
†

for some finite set of variables ζ1, . . . , ζd.

Proof. Let Arig† = A⊗RK and consider the inclusion A →֒ Arig† . Since A is a

wcfg algebra, we can find a surjection α : R[ζ1, . . . , ζn]
†
→ A for some n ∈ N.

On tensoring with K, we obtain the surjection αK : K 〈ζ1, . . . , ζn〉
†
→ Arig† .

By Noether normalization for dagger algebras ([9, 1.4(2)]), there exists a finite

injection K 〈ζ1, . . . , ζd〉
†
→ K 〈ζ1, . . . , ζn〉

†
→ Arig† for some d ∈ N, so that we

can consider the following diagram:

K 〈ζ1, . . . , ζd〉
†
−−−−→ K 〈ζ1, . . . , ζn〉

† αK−−−−→ Arig†

x





x





x





R[ζ1, . . . , ζd]
†

−−−−→ R[ζ1, . . . , ζn]
† α

−−−−→ A.
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Now, note that A consists of all those elements f ∈ Arig† which satisfy |f |αK
≤

1. This implies that any such element f ∈ A also satisfies |f |sup ≤ 1. Us-

ing Lemma 4.8(iii), f satisfies an integral equation with coefficients aj in

K 〈ζ1, . . . , ζd〉
†
satisfying |f |sup = max

j
|aj |

1/j
sup. Since |f |sup ≤ 1, we get |aj |sup

= |aj | ≤ 1. Therefore, aj ∈ R[ζ1, . . . , ζd]
†
and hence A is integral over

R[ζ1, . . . , ζd]
†
. �

Proof of the main theorem:

Lemma 4.10. Let A be an admissible wcfg algebra and Arig† be the corre-
sponding dagger algebra. Suppose f1, . . . , fn are elements in Arig† such that
|fi|sup ≤ 1 for i = 1, . . . , n. Then A′ = A[f1, . . . , fn] is an admissible wcfg
algebra which is finite over A. Further, the canonical morphism τ : Spwf A′ →
Spwf A coincides with the weak formal blowup of the coherent open ideal a =
(πr , πrf1, . . . , π

rfn) ⊂ A for some r chosen so that πrfi ∈ A for all i. (Note
that this corresponds to [1, Lemma 2.8.5].)

Proof. Let R[ζ1, . . . , ζn]
† → A be a surjective homomorphism with ζ1, . . . , ζn

some variables and let α : K〈ζ1, . . . , ζn〉
†
→ Arig† be the induced surjection.

By Noether normalization for dagger algebras ([9, 1.4.2]), Arig† admits a

finite injection K 〈ζ1, . . . , ζd〉
†

→֒ K 〈ζ1, . . . , ζn〉
†
→ Arig† for some d ∈ N.

Using Lemma 4.8(iii), fi (for some 1 ≤ i ≤ n) satisfies an integral equation

with coefficients aj ∈ K 〈ζ1, . . . , ζd〉
†
satisfying |fi|sup = max

j
|aj |

1/j
sup. Since

|fi|sup ≤ 1, the coefficients of the integral equation satisfy |aj |sup = |aj | ≤ 1.

The images āj ∈ Arig† of these coefficients satisfy |āj |α ≤ 1 and hence lie
in A. So A′ is integral and of finite type over A, hence finite over A. This
implies that A′ is an admissible wcfg algebra with associated dagger algebra
A′

rig† = Arig† .
Consider the scheme theoretic blowup Y → Spec A of the ideal

a = (πr , πrf1, . . . , π
rfn) ⊂ A

on Spec A. The ideal aA′ ⊂ A′ is generated by πr and hence is invertible.
Therefore, using Proposition 3.2(b), Spec A′ → Spec A factorizes via Y .

The locus V in Y , where aOY is generated by πr, coincides with the image
of Spec A′. We claim that V = Y . Y is covered by (Spec Ai)i=0,...,r where

Ai = A

[

πr

πrfi
,
πrf1
πrfi

, . . . ,
πrfn
πrfi

]

/(π − torsion).

To prove the claim we show that aAi is generated by πr. Suppose aAi is
generated by πrfi for some i. Consider the inclusions Ai →֒ Ai[fi] →֒ Arig† .
Since πr ∈ (πrfi)Ai, and πr is not a zero divisor in Ai, fi is invertible in
Ai[fi] with inverse f−1

i ∈ Ai. Let f si + a1f
s−1
i + . . . + as = 0 be an integral

equation for fi over Ai. Multiplying the above equation with f−s+1
i ∈ Ai we

get fi + a1 + . . .+ asf
−s+1
i = 0. Therefore, fi ∈ Ai and hence is a unit in Ai,

which implies that, aAi is generated by πr. So, Y → Spec A coincides with
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Spec A′ → Spec A. Taking weak completions and using [15, Thm. 1.5] we see
that Spwf A′ → Spwf A is the weak formal blowup of a on Spwf A. �

We can now prove the main result announced at the beginning and show that
rig† induces an equivalence of categories:

Theorem 4.11. There is an equivalence of categories between

• the category (Wf Sch /R)S of quasi-paracompact admissible weak for-
mal R-schemes, localized by the class S of weak formal blowups, and

• the category Dag/K of quasi-separated quasi-paracompact K-dagger
spaces.

We prove that the functor rig† from the category of quasi-paracompact
admissible weak formal R-schemes to the category of quasi-separated quasi-
paracompactK-dagger spaces satisfies the condition of localization by the class
S of weak formal blowups, i.e. we show that rig† is universal with respect to
functors from quasi-paracompact admissible weak formal schemes to a category
D such that weak formal blowups are mapped to isomorphisms. To show
this we can follow the proof in [1, Thm. 2.8.3], using Proposition 4.6 and the
following results (i, ii, iii and iv). In particular, the induced functor from the
category (Wf Sch /R)S to Dag/K remains faithful.

(i) Two morphisms of admissible weak formal R-schemes, φ, ψ : X → Y

coincide if the associated morphisms φrig† , ψrig† : Xrig† → Yrig† coincide.

Proof. Consider the following commutative diagram of functors:

Admissible weak formal R-schemes
F

−−−−−−−−−−−−−→
Formal completion

Admissible formal R-schemes

rig†





y

rig





y

K-dagger spaces
F′

−−−−−−−−−−−→ Rigid K-analytic spaces.

Then, from [9, Thm. 2.19], the functor F ′ is faithful. From the proof of Ray-
naud’s theorem (as in [1, Thm. 2.8.3b]), the functor rig is faithful. Using [11,

10.6.10], the formal completion functor F is faithful. Therefore, rig† is also
faithful. �

(ii) Let X,Y be quasi-paracompact admissible weak formal schemes with a
morphism Φ : Xrig† → Yrig† between the associated dagger spaces. Then
there exists a weak formal blowup τ : X′ → X and a morphism φ : X′ → Y

of admissible weak formal schemes such that φrig† = Φ ◦ τrig† .

Proof. Let us first consider the affine situation where X = Spwf A and Y =
Spwf B and let Φ# : B ⊗R K = Brig† → Arig† = A ⊗R K be the morphism

induced from Φ. Choose a surjection α : R[ζ1, . . . , ζn]
†
→ B with (ζ1, . . . , ζn)

some variables and let αK : K 〈ζ1, . . . , ζn〉
†
→ Brig† be the induced surjection.

Note that |b|sup ≤ 1 for all b ∈ B.
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Now, consider the composition of maps

R[ζ1, . . . , ζn]
† α
→ B →֒ Brig†

Φ#

→ Arig† .

If fi denotes the image of ζi in Arig† , then |fi|sup ≤ 1, since Φ# is contractive.

Using Lemma 4.10, A′ = A[f1, . . . , fn] is a wcfg algebra satisfyingA
′
rig† = Arig†

such that τ : Spwf A′ → Spwf A is a weak formal blowup. Further, Φ# restricts
to a morphism B → A′ inducing a morphism φ : Spwf A′ → Spwf B which
satisfies φrig† = Φ ◦ τrig† . This settles the assertion in the affine case.

Consider the general case, where X and Y are quasi-paracompact admissible
weak formal schemes. Fix affine open coverings of finite type U and V of X and
Y respectively and let Urig† and Vrig† be the induced admissible coverings of

Xrig† and Yrig† . Then Φ−1(Vrig†) is an admissible covering of Xrig† . Writing

each Urig† ∈ Urig† as a union of elements in Φ−1(Vrig†), we obtain a refinement
Wrig† of Urig† which is an admissible covering of finite type and such that
each element of Wrig† is mapped by Φ into some element in Vrig† . Using
Lemma 4.7 for the covering Wrig† of Xrig† , we obtain a weak formal blowup
ρ : X′ → X and an affine open covering U′ of X′ such that U′

rig† = Wrig† . Since
for any U ′ ∈ U′, the associated open subspace U ′

rig† of Xrig† is mapped to some

Vrig† ∈ Vrig† , using the result in the affine case, we can find a weak formal
blowup τU ′ : U ′′ → U ′ and a morphism of weak formal schemes φU ′ : U ′′ →
V →֒ Y such that φU ′,rig† = Φ|U ′

rig†
◦ τU ′,rig† . Further, using 3.6 (a), there

exists a weak formal blowup τ : X′′ → X′ satisfying the property that for each
U ′ ∈ U′ there exists a corresponding unique morphism σU ′ : τ−1(U ′) → U ′′

such that τ |τ−1(U ′) = τU ′ ◦ σU ′ . The morphisms φU ′ ◦ σU ′ can be glued to
obtain a well defined morphism φ : X′′ → Y. Further, the induced maps
under rig† satisfy φU ′,rig† ◦ σU ′,rig† = Φ|U ′

rig†
◦ τ |τ−1(U ′),rig† . Now, using the

faithfulness of rig† (4.11(i)) we see that the morphism φ constructed above
satisfies φrig† = Φ ◦ τrig† . �

We can in fact extend this result to show:

(iii) Let X and Y be quasi-compact admissible weak formal schemes such that

the morphism between the associated dagger spaces Φ : Xrig†
∼
→ Yrig† is

an isomorphism. Then, there exist weak formal blowups τ : X′ → X and
φ : X′ → Y satisfying φrig† = Φ ◦ τrig† .

Proof. Using 4.11(ii) for the morphisms Φ and Φ−1, we obtain the following
diagram:

X′

τ1

��

φ1

❄❄
❄

��❄
❄❄

❄❄
❄❄

❄

Y′

τ2

��

φ2

⑧⑧
⑧

��⑧⑧
⑧⑧
⑧⑧
⑧

X Y
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where τ1, τ2 are weak formal blowups of coherent open ideals A ⊂ OX, B ⊂ OY

respectively and φ1, φ2 are morphisms of weak formal schemes.
Now, consider the weak formal blowing-up σ1 of BOX′ on X′ and similarly,

the weak formal blowing-up σ2 of AOY′ on Y′. Due to the universal property
of blowups (Proposition 3.2(b)), φ1 ◦σ1 factors through Y′ via a morphism ψ1

and similarly, φ2 ◦ σ2 factors through X′ via a morphism ψ2. Further, since
A ⊂ OX remains invertible in OX′′ , using the universal property of blowups
for σ2, we see that ψ1 factors through Y′′ via a morphism α1 and similarly
ψ2 factors through X′′ via a morphism α2. Thereby, we obtain the following
diagram

X′′
α1 //

σ1

��

ψ1

❄❄
❄

��❄
❄❄

❄❄
❄❄

❄

Y′′α2oo

σ2

��

ψ2

⑧⑧

��⑧⑧
⑧⑧
⑧⑧
⑧

X′

τ1

��

φ1

❄❄
❄

��❄
❄❄

❄❄
❄❄

❄

Y′

τ2

��

φ2

⑧⑧
⑧

��⑧⑧
⑧⑧
⑧⑧
⑧

X Y.

Applying rig† to the above diagram, we obtain a diagram which commutes with
Φ and Φ−1 since all the blowups become isomorphisms under rig† (Proposi-

tion 4.6). Further, because the functor rig† is faithful (Theorem 4.11(i)), we
see that the above diagram is also commutative and so α1 and α2 are inverse to
each other. Then, the assertion follows from the fact that the composition of
two weak formal blowups is again a weak formal blowup (Proposition 3.5). �

(iv) Let XK be a dagger space which is quasi-paracompact and quasi-sepa-
rated. Then, there exists a quasi-paracompact admissible weak formal
scheme X such that Xrig† ≃ XK .

Proof. Fix an admissible covering (Xi,K)i∈J of finite type consisting of quasi-
compact open subspaces Xi,K of XK and consider first the case when J is
finite. We may assume that Xi,K is affinoid for all i ∈ J ([9, Prop. 2.8]). We
prove the assertion by induction on the number of elements in the covering of
XK . For the case when the covering consists of a single element, XK = SpAK
where AK is a dagger algebra, fix a surjection K 〈ζ1, . . . , ζn〉

†
→ AK . The

image of R[ζ1, . . . , ζn]
†
under this surjection is a wcfg algebra, denote this

by A. Then Spwf A is a weak formal model of SpAK . Now, assume that
XK = X1,K ∪ X2,K where X1,K and X2,K are quasi-compact open subspaces
of XK admitting weak formal models X1 and X2 respectively. Since XK is
quasi-separated, UK = X1,K ∩ X2,K is quasi-compact. We can now choose a
finite covering of X1,K by affinoid subdomains and restrict it to UK to get
a finite admissible covering of UK consisting of affinoid subdomains. Using
Lemma 4.7 we obtain a weak formal blowup X′

1 → X1 such that the open
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immersion UK → X1,K is induced by an open immersion U1 → X′
1, where

U1,rig† = UK . Similarly, using Lemma 4.7 for X2,K we obtain another weak
formal model U2 for UK . Applying Theorem 4.11(iii), we obtain weak formal
blowups U → U1 and U → U2 which can be extended to weak formal blowups
X′′

1 → X1 and X′′
2 → X2 (Proposition 3.4). Now, X′′

1 and X′′
2 can be glued along

U to obtain a weak formal model X such that Xrig† = XK . Following the proof
in [1, Prop. 2.8.3e] and using Proposition 3.4, we can extend this construction
to the general case. �

This completes the proof of Theorem 4.11.

Corollary 4.12. Let X be a separated K-scheme of finite type. Then the

dagger space Xrig† obtained via the dagger analytification functor ([9, 3.3]) is a
separated and quasi-paracompact dagger space and hence admits a weak formal
model X.

Proof. The rigid analytification functor ([1, §1.13]) associates a partially proper
rigid analytic space Xrig to X. Furthermore, Xrig is separated and quasi-
paracompact ([1, Prop. 2.8.6]). Using [9, 2.27], one can associate a partially

proper dagger space Xrig†

to Xrig. It is clearly quasi-paracompact, since they
have the same underlying topological spaces. Further, using [9, 2.19.4], we see

that Xrig is separated, so that Xrig† is separated as well. �
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