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Abstract

For n ≥ 1 we consider an n-dimensional simplicial complex Σ which
has 2n+ 2 vertices and represents the n-sphere. Let Sncn be the C∗-
algebra associated to Σ by a construction of J. Cuntz. Sncn has
a canonical filtration by ideals Ik which corresponds the skeleton
filtration of Σ. We compute the K-theory of this filtration.



Kurzfassung

Sei n ≥ 1. Wir betrachten einen n-dimensionalen Simplizialkom-
plex Σ mit 2n+2 Ecken, der die n-Sphäre repräsentiert. Sei Sncn die
zu Σ assozierte C∗-algebra. Sncn besitzt eine kanonische Filtrierung
durch Ideale Ik, die der Skelettfiltrierung von Σ entsprechen. Wir
berechnen die K-Theorie dieser Filtrierung.
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Chapter 1

Introduction

C∗-algebras are important objects of study in functional analysis on
Hilbert spaces with algebraic methods. These algebras give a link
between algebra and topology, since they possess both analytical
and topological structures.

K-theory of C∗-algebras can be defined using projections and
unitaries in some large size algebra of matrices. In K-theory one
associates to each C∗-algebra A two abelian groups K0(A) and
K1(A). K-theory of C∗-algebras is a pair of covariant functors
K∗ : A 7−→ K∗(A), for ∗ = 0, 1, from the category of C∗-algebras to
the category of abelian groups which have the following important
properties: homotopy invariance, half exactness, continuity, stabil-
ity, Bott periodicity, excision and normalization in the sense that
K0(C) = Z and K0(SC) = 0, where SC is the suspension of the
complex numbers.
A deep result in K-theory is Bott periodicity. It says that K0(A)
is isomorphic to K0(S

2A), where S(A) is the suspension of the C∗-
algebra A.
It plays an important role in the Atiyah-Singer index theorem [3].
By using Bott periodicity one gets a six-term exact sequence of K-
groups for any short exact sequence of C∗-algebras. This is very
useful in order to compute the K-theory of a C∗-algebra. Another
six-term sequence exists for C∗-crossed-products by actions of Z
[23].
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The K-theory of C∗-algebras generalizes and extends the classi-
cal topologicalK-theory which was introduced by Atiyah and Hirze-
bruch [2] to the non-commutative case. More precisely, topological
K-theory of a compact space X is just the K-theory of the unital
commutative C∗-algebra C(X).
K-theory has found many applications in representation theory of
groups, topology, geometry, index theory and many other subjects
of mathematics and physics. The K-theory of C∗-algebras plays a
central role in what is called non-commutative geometry, which was
pioneered by A. Connes [7]. K-theory of C∗-algebras is one of two
powerful tools of this theory, the other one being cyclic homology.
In non-commutative geometry the place of K-theory of spaces is
taken by the K-theory of C∗-algebras and Banach algebras.
By now, the K-groups of many important classes of C∗-algebras are
known. So, the next important question is what K-theory can tell
us about various kinds of C∗-algebras.
Elliott succeeded in classifying AF-algebras by their K-theory. This
initiated a program to classify various kinds of C∗-algebras by their
K-theory.
If A is an AF-algebra, K1(A) = 0, therefore all of the K-theory in-
formation for AF-algebras is contained in the group K0(A). In [16],
Elliott proved that two AF-algebras A and B are stably isomorphic
if and only if K0(A) is order isomorphic to K0(B).
For a large and important class of C∗-algebras there is a compu-
tation of their K-theory groups. In particular, the K-theory can
be computed for certain universal C∗-algebras given by generators
and relations, such as the Cuntz algebras generated by isometries
s1, ..., sn with relation

∑
i sisi

∗ = 1, which were introduced originally
by J. Cuntz [13]. These were the first examples of noncommutative
C∗-algebras whose K-theory has torsion. It was computed in [11] .

Another example of an algebra given by generators and rela-
tions which received much attention in recent years is the non-
commutative torus, which is generated by non-commuting unitaries.
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Its K-theory was computed by Pimsner and Voiculescu [23].
The aim of this thesis is to study certain C∗-algebras associated to n-
dimensional noncommutative simplicial complexes and to compute
their K-theory groups. These algebras were recently introduced in
the work of J. Cuntz in [9] and were studied in the case of n = 1,
one-dimensional simplicial complexes, in [26]. A special case of a
one-dimensional simplicial complex is the non-commutative circle.
Its K-theory was computed in [21]. The generalization of the non-
commutative circle yields interesting examples of non-commutative
C∗-algebras. If Σ is a simplicial flag complex, define CflagΣ as the
universal C∗-algebra with positive generators hs, s ∈ VΣ, satisfy-
ing the relations

∑
s∈VΣ

hs = 1 and hsht = 0 for {s, t} /∈ Σ.
We consider the flag complex ΣSn representing the n-sphere Sn

with vertices VΣSn := {0−, 0+, 1−, 1+, ..., n−, n+} with the condi-
tion that {i+, i−} /∈ ΣSn. The associated C∗-algebra CflagΣSn

is
the universal C∗-algebra with 2n + 2 positive generators hs, where
s ∈ VΣSn := {0−, 0+, 1−, 1+, ..., n−, n+}, and the relations∑

i

hi+ +
∑
i

hi− = 1, hi+hi− = 0 ∀i ∈ {0, 1, ..., n}.

We denote this C∗-algebra by Sncn . The K-theory of Sncn was deter-
mined in [9] as the K-theory of the point.
Given an n-dimensional simplicial flag complex Σ, one has a filtra-
tion of the C∗-algebra CflagΣ by ideals Ik, 0 ≤ k ≤ n+ 1,

CflagΣ = I0 ⊃ ... ⊃ In+1,

which corresponds to filtration of Σ by its k-dimensional skeleton
sub-complexes.
Here, Ik is the ideal in Sncn generated by products containing at
least k + 1-different generators. In our study we will try to recover
the topological information in the skeleton filtration (Ik) of Sncn . In
other words, we want to compute the K-theory of Sncn /Ik for arbi-
trary k.
This thesis is organized as follows.
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In Chapter 2, we review the basics of C∗-algebras and their K-
theory and present some background material which is needed at
various points in this thesis.
In Chapter 3, we define the universal C∗-algebra associated to a
simplicial flag complex as introduced in [10]. After this we give a
technical lemma to determine the quotient of the skeleton filtration
of a general universal C∗-algebra associated to a simplicial flag sub-
complex. Next we define a universal C∗-algebra CfΣn associated to a
certain flag subcomplex Σn of ΣSn and compute its K-theory. Then
we analyze the topological information of such algebras by using
their skeleton filtration.
In Chapter 4 we compute in detail the K-theory of the universal
C∗-algebras Sncn /Ik in low dimension, i.e., when n = 1 and n = 2.
We verify the results expected by J. Cuntz in his work [9].
We show that the value of the K-theory of Sncn /Ik for each k is a
finitely generated free abelian group, moreover the K-theory of the
quotient Ik/Ik+1 and the K-theory of the ideals Ik are also torsion-
free.
For higher n, the situation becomes much more complicated and
this is the topic of the last chapter of this thesis. In this case we
state a general theorem to compute the K-theory of the quotient
Sncn /Ik for each k ≤ 2n+ 1.
We find that the K-theory of the quotient Sncn /Ik for 1 ≤ k ≤ 2n+1
is related to the K-theory of Ik in the following way.

Theorem We have isomorphisms as follows:

K0(S
nc
n /Ik) = K1(Ik)⊕ Z

and

K1(S
nc
n /Ik) = K0(Ik).

For small n, n = 1 and n = 2, we can calculate the K-theory of
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Ik by applying the six-term exact sequence in the extensions

0 −→ Ik
i−→ Ik−1

π−→ Ik−1/Ik −→ 0.

We find that the map i∗ : K∗(Ik) −→ K∗(Ik−1) is zero for 1 ≤ k ≤
n+ 1, and ∗ = 0, 1. For k > n+ 1 there are counterexamples.
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Chapter 2

Preliminaries

In this chapter we give a survey of some basic definitions and facts
on C∗-algebras and their K-theory which we will use in this thesis.

2.1 C∗-algebras

We begin with the definition of a C∗-algebra and give some exam-
ples.
References for the general theory of C∗-algebras are [20] and [22].

2.1.1 C∗-algebras

Definition 2.1.1 A C∗-algebra A is a complex Banach algebra with
a conjugate-linear involution ∗ : A −→ A, such that

(x∗)∗ = x, (xy)∗ = y∗x∗, ‖x∗x‖ = ‖x‖2

for all x, y in A. The C∗-condition ‖x∗x‖ = ‖x‖2 implies that the
involution is an isometry in the sense that ‖x∗‖ = ‖x‖ for all x in
A.
A C∗-algebra is called unital if it possesses a unit. It follows easily
that ‖1‖ = 1.

Definition 2.1.2 A *-homomorphism ϕ : A −→ B between two
C∗-algebras is a homomorphism such that ϕ(x∗) = ϕ(x)∗ for all
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x ∈ A. If A and B are unital, then ϕ is called unital if ϕ(1A) = 1B.
An isomorphism between two C∗-algebras is a bijective *-homomorphism.

It is an important basic fact that every ∗-homomorphism between
C∗-algebras is continuous (in fact, even norm-decreasing). If two
C∗-algebras are isomorphic, then they are automatically isometric.

Example 2.1.3

1. Let X be a locally compact topological space. We denote by
C0(X) the algebra of all complex-valued continuous functions
on X vanishing at infinity with pointwise addition and multipli-
cation. The algebra C0(X) with involution defined by f ∗(x) =
f(x) for each f ∈ C0(X), x ∈ X, and with the norm ‖f‖∞ =
sup{|f(x)|, x ∈ X} is a commutative C∗-algebra.

If X is compact, then the constant function 1 is a unit, i.e. an
element satisfying 1f = f1 = f for each f ∈ C0(X).

2. Let H be an arbitrary Hilbert space. We denote by B(H) the
algebra of all bounded operators on H. B(H) with the operator
norm ‖x‖ = sup{‖xξ‖, ξ ∈ H, ‖ξ‖ = 1} for each x ∈ B(H)
and the involution given by the map which assigns x ∈ B(H)
its adjoint is a C∗-algebra.

3. Let A and B be two C∗-algebras. The direct sum of A and B,
denoted by A ⊕ B, with the norm ‖(a, b)‖ := max{‖a‖, ‖b‖}
and the involution (a, b)∗ = (a∗, b∗) for each a ∈ A, b ∈ B, is a
C∗-algebra.

4. The C∗-algebra Mn(A) of n× n-matrices over a C∗-algebra A
is again a C∗-algebra with the involution (aij)

∗
i,j = (a∗ji)i,j and

the norm ‖a‖ = sup{‖abt‖, b ∈ An, ‖b‖ = 1} (where the norm
on An is defined as in 3).
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A sub-C∗-algebra of a C∗-algebra A is a subalgebra of A which is a
C∗-algebra with respect to the operations given on A. Let S be a
subset of a C∗-algebra A. Then the sub-C∗-algebra generated by S,
denoted by C∗(S), is the smallest sub-C∗-algebra of A that contains
S.
The following fundamental results were proved by Gelfand, Naimark
and Segal
citeGN :
Every commutative C∗-algebra is isomorphic to C0(X) for some
locally compact space X. Furthermore, every C∗-algebra is isomor-
phic to a sub-algebra of B(H) for some Hilbert space H.

Definition 2.1.4 An element x in a C∗-algebra A is called
• self-adjoint if x = x∗.
• a projection if x = x∗ = x2.
•a unitary if xx∗ = x∗x = 1.
• positive if x = y∗y for some y ∈ A.
• an isometry if x∗x = 1
• a partial isometry if x∗x is a projection.

2.1.2 Unitization, ideals and quotients

A C∗-algebra can have at most one identity element. It is not
automatic that it possesses an identity. Sometimes it is difficult to
deal with algebras without identity. It is then useful to extend the
algebra A to a larger one Ã which has an identity.

Definition 2.1.5 Let A be a C∗-algebra without unit. The unitiza-
tion Ã of A is the direct sum of the vector spaces A and C, with the
product

(a, λ)(b, µ) = (ab+ aµ+ λb, µλ)

for all a, b ∈ A and λ, µ ∈ C. The norm is given by :

‖(a, λ)‖ := sup{‖ab+ λb‖, b ∈ A, ‖b‖ = 1}
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The algebra Ã is a unital C∗-algebra. For every C∗-algebra without
unit there exists a unique unital C∗-algebra Ã containing A as an
ideal such that Ã/A ∼= C.
If X is a locally compact space and X̃ := X ∪ ∞ is its one-point
compactification, then C(X̃) is the unitization of C0(X).
This construction provides a useful tool for dealing with C∗-algebras
without unit, but it does not solve all problems related to the ab-
sence of an identity. Therefore one also introduces another concept
to deal with some problems, that is an approximate identity.

Definition 2.1.6 An approximate identity for a C∗-algebra A is a
net (eλ)λ∈Λ, Λ some directed index set, of self adjoint elements of A
satisfying

(i) eλ ≥ 0 , ‖eλ‖ ≤ 1 for all λ ∈ Λ,

(ii) limλ ‖aeλ − a‖ = limλ ‖eλa− a‖ = 0 for every a ∈ A.

Proposition 2.1.7 Every C∗-algebra has an approximate identity.

Another important concept which we need frequently in our study
is the concept of ideals and quotients of C∗-algebras.
We recall that an ideal in a C∗-algebra is a closed sub-C∗-algebra
I ⊂ A such that a ∈ I implies ab ∈ I and ba ∈ I for all b ∈ A.

Proposition 2.1.8 Let I be an ideal of some C∗-algebra A. Then
the quotient A/I is a C∗-algebra with the norm ‖a+ I‖ = inf{‖a+
i‖, a ∈ A, i ∈ I}, and involution π(a)∗ = π(a∗), where π : A −→
A/I is the canonical projection.

If A is unital then A/I is unital with unit π(1A). Here the kernel
of the homomorphism π is precisely the ideal I. It is clear that the
sequence

0 −→ I −→ A −→ A/I −→ 0

is exact.

Theorem 2.1.9 Let ϕ : A −→ B be a ∗-homomorphism between
C∗-algebras A and B, then
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1. ϕ is continuous, with norm less than or equal to 1.

2. Kerϕ is an ideal in A.

3. ϕ(A) is a C∗-algebra.

4. If ϕ is injective, then it is isometric.

We refer to [20] for the proof of this theorem and the proposition
above.

2.1.3 Representations of C∗-algebras

Definition 2.1.10 A representation of a C∗-algebra A on a Hilbert
space H is a ∗-homomorphism π : A −→ B(H). If π is injective
then it is called faithful.

In this case π is isometric, i.e ‖π(a)‖ = ‖a‖.

Theorem 2.1.11 [17] Every C∗-algebra has a faithful representa-
tion on some Hilbert space.

This theorem was proved in [17] and means that every C∗-algebra
is isometrically isomorphic to a norm-closed ∗-algebra in B(H), for
some Hilbert space H. This is one of the most important results in
the theory of C∗-algebras.

2.1.4 Universal C∗-algebras

Later we will need some properties of universal C∗-algebras. Many
C∗-algebras can be constructed in the form of universal C∗-algebras.
In this paragraph, we state the main definition and give some ex-
amples. Further details and proofs may be found in [10].

Definition 2.1.12 Let A be a complex ∗-algebra, such that for each
x ∈ A the expression

‖x‖u := sup{‖π(x)‖ | π is a *-representation of A}
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is finite. Then we define the enveloping C∗-algebra C∗(A) to be the
closure of the quotient A/{x | ‖x‖u = 0} with the induced norm.

One can also define C∗(A) as the closure of the universal represen-
tation of A.
C∗(A) has the following universal property: if ϕ : A → B is a

∗-homomorphism between C∗-algebras A and B, then there exists
a unique ∗-homomorphism ϕ′ : C∗(A) → B such that ϕ′ ◦ α = ϕ,
where α is the canonical ∗-homomorphism from A to C∗(A). Also,
‖ϕ(x)‖u ≤ ‖x‖u. In particular, if ‖x‖u = 0 this means that x
belongs to the kernel of ϕ.

Definition 2.1.13 Let Λ and I be two index sets and let P be the
∗-algebra of all non-commutative polynomials in variables xi, xi

∗, i ∈
I, with involution (a1 . . . an)

∗ = an
∗ . . . a1

∗, ak ∈ {xi, xi
∗|i ∈ I}. Let

R = {Pλ |λ ∈ Λ} be a subset of P , and JR be the ideal in P generated
by the relations R. Then A := P/JR is called the universal ∗-
algebra with generators xi, xi

∗, i ∈ I and relations R. The enveloping
C∗-algebra of A is called the universal C∗-algebra with generators
xi, xi

∗, i ∈ I and relations R.

Let γ : P −→ P/JR be the quotient map. Then Pλ(γ(xi), γ(xi
∗)|i ∈

I) = 0 for all λ ∈ Λ. Moreover, if B is an involutive ∗−algebra with
elements yi ∈ B, i ∈ I, such that Pλ(yi, yi

∗|i ∈ I) = 0 for all λ, then
there exists one and only one ∗-homomorphism ϕ : P/JR −→ B,
such that ϕ(γ(xi)) = yi for all i ∈ I.

Theorem 2.1.14 Let P ,R, and P/JR be as above. If the envelop-
ing C∗-algebra C∗(A) of A exists, then it possesses the following
universal property: If B is C∗-algebra with elements yi ∈ B, i ∈ I,
such that Pλ(yi, yi

∗|i ∈ I) = 0 for all λ, then there exists a unique
∗− homomorphism ϕ : C∗(A)→ B, such that ϕ(γ(xi)) = yi for all
i ∈ I, where γ : P → C∗(A) is the natural map.

Example 2.1.15
• A typical example of an algebra defined by generators and rela-

tions is the Toeplitz algebra. It is the universal C∗-algebra generated
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by an isometry, i.e one generator s satisfying the relation s∗s = 1.
The Toeplitz algebra is denoted by T .

• The universal C∗-algebra generated by a unitary u is isomorphic
to the C∗-algebra C(S1) of continuous functions on the circle.

Both algebras above give interesting examples of objects in non-
commutative geometry. They were used by J. Cuntz [10] to give
an alternative proof of the Bott periodicity. We will discuss this in
more detail later.

• Another example is the Cuntz algebra On. It is the univer-
sal C∗-algebra generated by isometries s1, s2, ..., sn and relations
si
∗si = 1 and

∑
sisi

∗ = 1, 1 ≤ i ≤ n. The Cuntz algebras give
important examples of algebras which are simple and have torsion
in K-theory. The C∗-algebras On was introduced by J. Cuntz in
[13]. He also computed their K-theory.

• Another important example in our study is the C∗-algebra of
continuous functions on the n-sphere C(Sn). This algebra is iso-
morphic to the universal C∗-algebra generated by self-adjoint ele-
ments x0, x1, ..., xn with relations xixj = xjxi,

∑
i xi

2 = 1 where
i, j ∈ {0, 1, ..., n}.

2.1.5 Projections and Unitaries of C∗-algebras

The K-theory of C∗-algebras is defined by means of projections and
unitaries. Next we look at some important properties and equiva-
lence relations which we will need later on.

Definition 2.1.16 Let A be a unital C∗-algebra. Two projections
p, q in A are called

• Murray-von Neumann equivalent, denoted p ∼ q, if there exist
some element v ∈ A such that p = vv∗ and q = v∗v.
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• unitarily equivalent, denoted p∼uq, if there exist a unitary
u ∈ A such that q = upu∗.

• homotopy equivalent, denoted p∼hq if there exist a continu-
ous path of projections in A, p(t) : [0, 1] −→ A, such that p(0) =
p, p(1) = q, t ∈ [0, 1].

It is not hard to prove that the relations above are equivalence
relations.
Homotopy equivalence is the strongest one of the three and Murray-
von Neumann equivalence is the weakest one. To show that we need
to examine some facts about unitaries and projections of C∗-algebra.
Let A be a unital C∗-algebra. Denote by U(A) the set of unitaries
of A and by U0(A) the connected component of the unit element in
U(A). We have the following

Lemma 2.1.17 Let A be a unital C∗-algebra and u ∈ U(A).
(1) If u ∈ U(A) and ‖u− 1‖ < 2, then there exists h = h∗ ∈ A such
that u = exp(ih).
(2) U0(A) consists exactly of products of the form exp(ih1)...exp(ihn),
where h1, ..., hn are self adjoint in A.
(3) If σ : A → B is a (unital) surjective ∗-homomorphism of C∗-
algebras A and B, then the induced map σ : U0(A) −→ U0(B) is
surjective.

Lemma 2.1.18 For any two projections p, q in a unital C∗-algebra,
the following statements hold.
(i) If ‖p− q‖ < 1, then p∼uq.
(ii) p∼hq, iff there exists u ∈ U0(A) such that p = uqu∗

The proof of these two lemmas uses some basic facts about invert-
ibles and unitaries in C∗-algebras. It can be found in [20], [24] and
[10].
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Proposition 2.1.19 Let p, q be two projections in a unital C∗-
algebra A. Then
(i) p∼uq ⇒ p ∼ q

(ii) p∼hq ⇒ p∼uq

Proof. (i) Suppose p∼uq, and let q = upu∗ with u unitary. Put
v = qup. Then v∗v = (qup)∗(qup) = p and vv∗ = (qup)(qup)∗ = q

(ii) Assume p is homotopic to q. The idea is to break up the path
from p to q into steps which are small enough, so that it is sufficient
to prove the claim when ‖p−q‖ is small. Then we apply the lemmas
2.1.17 and 2.1.18 above to complete the proof. 2

2.2 K-theory of C∗-algebras

K-theory of certain C∗-algebras is the main subject of our study.
In this section we present the definition of the K0-group with some
basic examples. We will also extend the definition in order to de-
fine the K0-group of non-unital C∗-algebras. More applications and
examples of this material can be found in [4], [27], [15] and [24].

2.2.1 Projections and P∞(A)

Let A be a unital C∗-algebra. At the level of unital C∗-algebras
homotopy equivalence and unitary equivalence are not the same.
But it will be true that all the equivalence relations coincide in the
algebra of matrices with coefficients in A.

One has an embedding A ↪→ M2(A) given by a 7→
(
a 0
0 0

)
. We

will regard projections of A as projections in M2(A). Moreover,
M2(A) may possess many projections, even if A itself does not have
any non-trivial projections. At least M2(A) contains the projections
of M2(C).
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Proposition 2.2.1 Let p, q be projections in some unital C∗-algebra
A. We have :

(i)

(
p 0
0 0

)
∼h

(
0 0
0 p

)
in M2(A).

(ii) If p ∼ q in A then

(
p 0
0 0

)
∼u

(
q 0
0 0

)
in M2(A).

(iii) If p ∼ q in A then

(
p 0
0 0

)
∼h

(
q 0
0 0

)
in M2(A).

Proof. To prove the first statment of the proposition it is enough
to check that the path of the projections given by :

p(t) = p

(
cos2(π2 t) cos(π2 t) sin(π2 t)

cos(π2 t) sin(π2 t) sin2(π2 t)

)
, t ∈ [0, 1] .

connects the two projections given by the matrices in (i). For the
second statment, let p ∼ q in A with p = v∗v and q = vv∗ for some
v ∈ A. To get a unitary equivalence in M2(A), consider the unitary(

v 1− vv∗
v∗v − 1 v∗

)
.

It satisfies

(
q 0
0 0

)
= u

(
p 0
0 0

)
u∗.

To prove the third part, assume that q = upu∗ and define a family
of unitaries

u(t) =

(
cos(π2 t) sin(π2 t)u
− sin(π2 t)u

∗ cos(π2 t)

)
∈M2(A), t ∈ [0, 1].

We obtain a path of projections p(t) := u(t)

(
p 0
0 0

)
u(t)∗ connect-

ing

(
p 0
0 0

)
and

(
0 0
0 q

)
.

From the first part in the proposition we know that

(
0 0
0 q

)
∼h(

q 0
0 0

)
. 2

24



Now, let us denote by M∞(A) :=
⋃
n≥1Mn(A), the union of the

Mn(A),

A ↪→Mn(A) ↪→Mn(A) ↪→ ... ↪→M∞(A), a 7→
(
a 0
0 0

)
,

and denote by P∞(A) the set of projections in M∞(A). Then ac-
cording the proposition above, we have the following theorem.

Theorem 2.2.2 The equivalence relations, ∼,∼u,∼h coincide on
the set of projections P∞(A) in M∞(A).

2.2.2 K0-group

In this paragraph we describe the K-group K0(A) and we give some
basic examples to show how we can calculate this group.

Definition 2.2.3 Let A be a unital C∗-algebra. For any p ∈ P∞(A)
denote by [p] the equivalence class of p with respect to the equivalence
relation ∼. The set V (A) := {[p] | p ∈ P∞(A)} with the addition

given by [p]+[q] = [p⊕q], where p⊕q :=

(
p 0
0 q

)
, is a semi-group.

Actually V (A) is an abelian semi-group, since if p, q ∈ P∞(A), such

that p ∈ Pn(A) and q ∈ Pm(A), put v =

(
0 q

p 0

)
∈ Pn+m(A),

this gives vv∗ =

(
p 0
0 q

)
= p ⊕ q and vv∗ =

(
q 0
0 p

)
= q ⊕ p, so

p⊕ q ∼ q ⊕ p.
We denote by K0(A) the Grothendieck group of V (A). Recall that
the Grothendieck group G(S) for some semi-group S is the universal
abelian group generated by S.

G(S) is functorial and satisfies the universal property of groups.

We give some basic examples which we shall use later in our cal-
culations.
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Example 2.2.4

• K0(C) = Z.
Proof. For p, q ∈ P∞(C), p ∼ q if and only if dim(im p) =
dim(im q), so there is an isomorphism, V (P∞(C)) −→ N,
[p] 7→ dim(im p). Hence V (P∞(C)) ∼= N and therefore K0(C) =
Z, is the Grothendieck group of the semigroup N. 2

• K0(Mn(C)) = Z, since for an integer k ∈ N, M∞(Mk(C)) ∼=
M∞(C). So, the projections in P∞(C) and P∞(Mn(C)) coin-
cide. Therefore we get the same result as above.

• Let A = B(H) for an infinite-dimensional separable Hilbert
space H. M∞(B(H)) is a subalgebra of B(H∞), where H∞
is the infinite direct sum of the Hilbert space H. Let p, q be
projections in B(H∞). The map [p] 7→ dim(im p) is an iso-
morphism of the set of equivalence classes of P∞(B(H)) and
the set N∪{∞}. Hence V (B(H)) ∼= N∪{∞}, since all infinite
dimensional projections are equivalent. So the Grothendieck
group has only a single element and therefore K0(B(H)) = 0.

For a ∗-homomorphism ϕ : A −→ B of unital C∗-algebras, the map
P∞(A) −→ P∞(B) given by (pij)ij 7→ (ϕ(pij))ij defines a homomor-
phism K0(ϕ) : K0(A) −→ K0(B).

Proposition 2.2.5 K0 is a functor.

Definition 2.2.6 Let A be a C∗-algebra (not necessarily with a
unit) and let π : Ã → C be the quotient homomorphism associated

to the unitization. Then we define K0(A) := Ker(K0(Ã)
K0(π)−→ Z).

This definition extends the definition ofK0 to non-unital C∗-algebras.

2.2.3 The axiomatic approach to K0

The K0-group satisfies a limited set of properties( which character-
ize this groups on the category of all C∗-algebras. For a C∗-algebra,
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K0 satisfies the following short list of properties) homotopy invari-
ance, half-exactness, continuity, stability, and K0(C) = 0.

Homotopy invariance

Definition 2.2.7 • Let A and B be C∗-algebras. Two morphisms
ψ, ϕ : A → B are called homotopic, denoted by ψ ∼h ϕ, if there is
a path Φt : A −→ B of ∗-homomorphism, t ∈ [0, 1] such that the
function t 7→ Φt(a) is in C([0, 1], B) for each a ∈ A, and Φ0 = ψ

,Φ1 = ϕ.
• Two C∗-algebras A and B are said to be homotopy equivalent,

written by A ∼h B, if there are homomorphisms A
α−→ B

β−→ A

such that α ◦ β ∼h IdB and β ◦ α ∼h IdA
• A C∗-algebra A is called contractible if A ∼h 0.

Proposition 2.2.8 If ψ and ϕ are homotopic homomorphism, then
K0(ψ) = K0(ϕ) : K0(A) −→ K0(B), moreover if A and B are
homotopy equivalent, then K0(A) ∼= K0(B), and if A ∼h 0, then
K0(A) = 0.

Definition 2.2.9 Let A be a C∗-algebra. Define the cone of A to
be C∗-algebra CA := C0((0, 1], A).

Lemma 2.2.10 CA is contractible and K0(CA) = 0.

Proof. This follows easly with the maps α, β : CA
α−→ 0

β−→ CA

given by α : f 7→ 0, β : 0 7→ 0, and the path of ∗-homomorphisms
Φt : CA −→ CA defined by Φt(f)(s) := f(st) t, s ∈ [0, 1]. So
CA ∼h 0, and therefore K0(CA) = 0. 2

This algebra plays a central role in the construction of the higher
K-theory of C∗-algebras.

Half-exactness
There is the question, if we have a short exact sequence 0 −→ J −→
A −→ B −→ 0 of C∗-algebras, is the corresponding sequence in K0-
groups still exact? In fact there is a counterexample which shows
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that the property fails, namely the short exact sequence

0 −→ C0(0, 1) −→ C0[0, 1] −→ C⊕ C −→ 0.

This induces the following sequence in K-theory

0→ 0→ Z π∗−→ Z⊕ Z→ 0

, which is not exact since π∗(n) = (n, n) is not surjective. So we
consider the following weaker varient of exactness called half exact-
ness.

Proposition 2.2.11 Let 0 −→ J
i−→ A

π−→ A/J −→ 0 be an
exact sequence of C∗-algebras. Then the sequence

K0(J)
K0(i)−→ K0(A)

k0(π)−→ K0(A/J)

is exact.

For the proof we refer to [10],[27] or [4]

Let A be a C∗-algebra. Define the suspension of A by

SA := A(0, 1) = {f : [0, 1] −→ A, f is continuous|f(0) = f(1) = 0}.

Let ϕ : A −→ B be a ∗-homomorphism. The mapping cone of ϕ is
given by

Cϕ(A,B) := {(a, f) ∈ A⊕ CB | ϕ(a) = f(0)}.

The mapping cylinder is given by

Zϕ(A,B) := {(a, f) ∈ A⊕B[0, 1]|ϕ(a) = f(0)}

where B[0, 1] := {f : [0, 1] −→ B|f is continuous}. One has an
inclusion Cϕ ⊂ Zϕ and a ∗-homomorphism ψ : Zϕ −→ B given by
ψ(a, f) = ϕ(a). We have the following

Proposition 2.2.12 1. The short sequence K0(Cϕ)−→K0(Zϕ)
k0(ψ)−→

K0(B) is exact.
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2. Let 0 −→ J
i−→ A

π−→ A/J −→ 0 be an exact sequence of
C∗-algebras. then
(a) There is a commutative diagram

0 −→ J −→ A −→ B −→ 0
e ↓ ‖

0 −→ SA −→ Cπ −→ A −→ 0

with exact rows, where e is the natural inclusion of J in Cπ
defined by e(x) = e(x, 0).
(b) K0(Ce) = 0 and K0(e) : K0(J) −→ K0(Cπ) is an isomor-
phism.
(c) There is a long exact sequence

K0(SJ) −→ K0(SA) −→ K0(SB) −→ K0(J) −→ K0(A) −→ K0(B).

Continuity and Stability
For any inductive system of C∗-algebras, we can construct a new
C∗-algebra, the C∗-algebra inductive limit. The continuity property
of K0-groups allows a computation of K0 of the inductive limit.

Definition 2.2.13 If (An, ϕn,m)Λ is an inductive system, then the
C∗-algebra inductive limit lim

→
An is defined as the completion with

respect to the norm ‖(xn)‖ = lim
n→∞
‖xn‖ of the quotient of

A∞ := {(xn)n≥1 | xn ∈ An, ∃Nsuch that xn+1 = ϕn(xn), n ≥ N}

by

{(xn)n≥1 ∈ A∞ | lim
n→∞
‖xn‖ = 0}

This quotient is by definition a dense subalgebra of lim
→
An.

An important example of an inductive limit C∗-algebra is given by
the inductive system of matrices

...−→Mn(C)
ϕn−→Mn+1(C)

ϕn+1−→Mn+2(C)−→...
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with inclusion maps ϕn : x 7→
(
x 0
0 0

)
. If we denote by K the

algebra of compact operators on the Hilbert space H, then

lim
−→

Mn(C) = K.

More generally for any C∗-algebra A

lim
−→

Mn(A) ∼= lim
−→

Mn(C)⊗ A ∼= K ⊗ A,

where the isomorphism Mn(A) ∼= Mn(C) ⊗ A is given by eij(a) 7→
eij ⊗ a.

Theorem 2.2.14 For any inductive system of C∗-algebras A1 −→
A2 −→ A3 −→ ..., one has

K0(lim−→
An) = lim

−→
K0(An).

We can use this theorem to compute the K0-group of the algebra of
compact operators K:

K0(K) ∼= K0(lim−→
Mn(C)) ∼= lim

−→
K0(Mn(C)) ∼= lim

−→
Z ∼= Z,

where lim
→

Z is the inductive limit of the sequence

Z idZ−→ Z idZ−→ Z idZ−→ ....

Note that K0(Mn(C)) = Z from the example 2.2.4.

Corollary 2.2.15 (Stability) For any C∗-algebra A we have K0(A) =
K0(A⊗K).

Proof. First, there is a natural homomorphism A −→ Mn(A),

given by a 7→
(
a 0
0 0

)
, a ∈ A. It induces an isomorphism

K0(A) −→ K0(Mn(A)). Recall that A⊗K is the inductive limit of
Mn(A) and apply the theorem above to get the proof. 2
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2.2.4 Higher K-groups

K1-group
Here we describe K1(A), the first K-group of a C∗-algebra A. It is
described by unitaries in M∞(A∼), where M∞(A∼) := lim

→
Mn(A

∼).

Moreover, K1 : A → K1(A) defines a functor from the category of
C∗-algebras to the category of abelian groups, with the same prop-
erties as the functor K0 but normalized in the sense that K1(C) = 0
and K1(C0(0, 1)) = Z.

Definition 2.2.16 Let A be a unital C∗-algebra. Denote by U(M∞(A∼)) =:
lim
→
U(Mn(A

∼)) where U(Mn(A
∼)) is the group of unitaries in Mn(A

∼).

Define K1(A) := U(M∞(A∼))/U0(M∞(A∼)), where U0(M∞(A∼)) is
the path component of the unit in M∞(A∼).

Example 2.2.17 K1(C) = 0.
Proof. Un(C) is path connected: since each unitary in C has
finite spectrum, it belongs to U0(C). Therefore, K1(C) has only one
element, and K1(C) = 0. 2

Consequently, K1(Mn(C)) = 0 and K1(K) = 0. furthermore,
K1(B(H)) = 0. In fact, if u ∈ Un(B(H)) = U(B(Hn)), using
the functional calculus one can find x ∈ B(H) such that u :=
exp(ix), x = ϕ(u). Apply lemma 2.1.17 to conclude that u ∈
U0(B(H)). So K1(B(H)) contains only one element and K1(B(H)) =
0.

Remark 2.2.18 The K1-group of a non-unital C∗-algebra and the
K1-group of its unitization coincide. This follows from the split
exact sequence

0 −→ A −→ Ã −→ C −→ 0,

which induces the exact sequence

0 −→ K1(A) −→ K1(Ã) −→ K1(C) −→ 0

in K-theory, and from the example above, since K1(C) = 0, so there
is an isomorphism K1(A) ∼= K1(Ã).
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Actually there are equivalent definitions of the K1-group which are
useful in certain computations. Namely, K1 := {[u]1 |u ∈ U∞(A)},
where u ∼1 v for two unitaries u ∈ Un(A) and v ∈ Um(A) iff(
u 0
0 1

)
∼u

(
v 0
0 1

)
in Uk(A) for some number k ≥ max{m,n}.

Another useful description of K1 is K1 = GL∞(Ã)/GL∞(Ã)0, where
GL∞(Ã) is the group of invertible elements inM∞(Ã) and GL∞(Ã)0

is the connected component of the unit. In fact, it is enough to
show that there exist an isomorphism U(M∞(Ã))/U0(M∞(Ã)) ∼=
GL∞(Ã)/GL∞(Ã)0 to see that definition is equivalent to definition
2.2.12
Indeed, K1(A) is an abelian group, since we can deal with the group
operation in K1(A) as the group operation in K0(A), more precisely,
for two unitaries u, v in U∞(A),

[u].[v] =

(
u 0
0 1

) (
v 0
0 1

)
∼h

(
u 0
0 1

) (
1 0
0 v

)
=

(
u 0
0 v

)
= [u⊕v].

The following theorem states a deep relation between K0(A) and
K1(A) for a C∗-algebra A, since the algebraic equivalence relations
of projections in C∗-algebras can be described in terms of homotopy
equivalence, so one can find the following natural isomorphism .

Theorem 2.2.19 For any C∗-algebra A and the suspension SA of
A, there is a natural isomorphism K1(A) −→ K0(SA).

One can define the homomorphism in theorem 2.2.19 as follows:

Let A be a unital C∗-algebra and u is a unitary in Un(A). Choose
a path v ∈ U(C[0, 1],M2n(A))0 such that v(0) = 12n and v(1) =
diag(u, u∗). Put

p := v

(
1n 0
0 0

)
v∗.

Then p is a projection in M2n(S̃A). Set θA([u]) = [p]− [1n]. θA gives
a homomorphism from K1(A) to K0(SA), and the theorem above
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says that it is an isomorphism.

2.2.5 The index map in K-theory

We come now to the most important part in K-theory, the long
exact sequence and the connecting map between K0 and K1.

Theorem-Definition 2.2.20 For each exact sequence 0 −→ J
i−→

A
π−→ B −→ 0 of C∗-algebras, there is an exact sequence

K1(J) −→ K1(A) −→ K1(B)
δ−→ K0(J) −→ K0(A) −→ K0(B).

The connecting map δ is called the index map in K-theory and
is defined as follows: For u ∈ Un(B) and a lift w ∈ U2n(A) of(
u 0
0 u∗

)
in the sense that π(w) =

(
u 0
0 u∗

)
, the connecting map

δ : K1(B) −→ K0(J) is given by [u] 7−→ [w1nw
∗]− [1n].

It is clear that δ([u]) ∈ K0(J), since

K0(π)([w1nw
∗]) =

(
u 0
0 u∗

) (
1n 0
0 0

) (
u∗ 0
0 u

)
= 1n.

So ([w1nw
∗] − [1n]) ∈ KerK0(π) = K0(J). Here, the important

point just to verify that δ is well defined on K1(B), with other
words δ does not depend on the choice of w, and if w is a lift of
diag(u, v), then δ is independent of the size of u and v. The proof
of this point and the exactness at K0(J) and K1(B) involves techni-
cal calculations, so we refer for a complete proof to [4], [27], and [24]

We give a typical example to understand the index map in K-
theory. Let us consider the case where J = K is the C∗-algebra
of compact operators, A = B(H) and B = B(H)/K is the Calkin
algebra.

We obtain the short exact sequence

0 −→ K i−→ B(H)
π−→ B(H)/K −→ 0.
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Let v ∈ B(H) be a partial isometry with finite-dimensional kernel
and cokernel. Then u := π(v) is a unitary in B(H)/K. Put

w :=

(
v 1− vv∗
1− v∗v v∗

)
∈M2n(B(H)).

It easy to check that w is a unitary and clear that π(1 − vv∗) =
π(1− v∗v) = 0, so

π(w) =

(
π(v) π(1− vv∗)

π(1− v∗v) π(v∗)

)
=

(
π(v) 0

0 π(v)∗

)
=

(
u 0
0 u∗

)
.

Then w1nw
∗ =

(
vv∗ 0
0 1− v∗v

)
, so δ : K1(B(H)/K) −→ K0(K) is

given by δ([u]) = δ([π(w)]) = [w1nw
∗]− [1n] = [1− v∗v]− [1− vv∗].

By a small calculation one can verify that

[1−v∗v]−[1−vv∗] = [Ker v]−[Ker v∗] = dim ker v−dim Ker v∗ = Index v.

In the classical index theory, one considers the case that v is a
Fredholm operator with finite dimensions Ker and Coker. The In-
dex of v belongs to the integers and we get the classical index map
δ : K1(B(H)/K) −→ K0(K) ∼= Z.

2.2.6 Bott Periodicity

Bott Periodicity one of the deepest result in K-theory. It is very
important to determine the K-theory of C∗-algebras related in an
extension. It is also significant in the non-commutative Atiyah-
Singer index theorem. Besides the original proof which was giveb
by Bott, many proofs of this theorem have been introduced. Here,
we give a sketch of the elegant proof given by J. Cuntz [11].

Definition 2.2.21 Let A be a unital C∗-algebra and p a projection
in Mn(A). Define a loop fp : S1 −→ Un(A) by fp(z) = exp(2πit)p+
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(1n − p), t ∈ [0, 1]. It is clear that fp is unitary and fp(0) = fp(1) =

1n, so fp is an element in Un(S̃A). One can check that the following
relations are satisfied:

1. fp⊕q = fp · fq for any projections p, q in U∞(A) ⊂M∞(A), and
hence ,
[fp⊕q] = [fp] + [fq] in K1(A)

2. f0 = 1,

3. If p, q ∈Mn(A) are two projections such that p ∼h q in P (Mn(A)),

then fp ∼h fq in Un(S̃A). Thus we obtain a homomorphism
βA : K0(A) −→ K1(SA) defined by βA([p]− [q]) = [fpfq

∗].

Theorem 2.2.22 The map βA : K0(A) −→ K1(SA) is an isomor-
phism for any C∗-algebra A.

The map βA is called Bott map. In the following, we give a sketch
of the proof of the theorem above which introduced by J. Cuntz.

1. Recall that T is the Toeplitz algebra given in example 2.1.15.
The sequence 0 −→ K −→ T −→ C(S1) −→ 0 is exact.

2. By removing one point from the commutative circle above, we
obtain the reduced exact sequence

0 −→ K −→ T0 −→ C0(R) −→ 0.

3. By using the nuclearity of C0(R) and K, we get the exact se-
quence 0 −→ A⊗K −→ A⊗ T0 −→ A⊗ C0(R) −→ 0 for any
C∗-algebra A. Observe that A⊗ C0(R) = SA.

4. Applying the long exact sequence in K-theory in the above
sequence, we get

−→ K1(A⊗K) −→ K1(A⊗ T0) −→ K1(SA) −→

−→ K0(A⊗K) −→ K0(A⊗ T0) −→ K0(SA).
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5. There exists a split exact sequence 0 −→ T0
i−→ T π−→ C −→

0. A section of π is given by the map s : C −→ T , λ 7→ 1T · λ.
Tensoring this sequence by a C∗-algebra A and applying the
functor K0 and K1, we get such exact sequences

0 −→ K∗(A⊗ T0)
i∗−→ K∗(A⊗ T )

π∗−→ K∗(A) −→ 0, ∗ = 0, 1.

One can check that s∗ : K∗(A) −→ K∗(A ⊗ T ) is an isomor-
phism. So K∗(A⊗ T0) = 0, ∗ = 0, 1.

6. Apply the result in the step (5) above in the long exact sequence
in (4), we get the isomorphisms

K1(SA) ∼= K0(A⊗K) ∼= K0(A),

where the last isomorphism comes from the stability of the
functor K.

By using the connecting map and Bott periodicity, one can give a
definition of the higher K-group, Kn, for n ≥ 1, as follows.

Definition 2.2.23 For each integer n ≥ 2 and C∗-algebra A we set
Kn(A) := K0(S

nA).

Remark 2.2.24 For each short exact sequence

0 −→ I −→ A −→ B −→ 0

there is a long exact sequence

... −→ Kn(I) −→ Kn(A) −→ Kn(B) −→ Kn−1(I) −→ ...

Corollary 2.2.25 For each short exact sequence

0 −→ I −→ A −→ B −→ 0

there is a six-term exact sequence

K0(I) −→ K0(A) −→ K0(B)
δ ↑ ↓∂
K1(B) ←− K1(A) ←− K1(I).
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Here δ is the index map and ∂ is given by ∂([p]) = [exp(2πix)],
where [p] is a class of projections in K0(B) and x is a selfadjoint lift
of p to A. It is an easy corollary of the periodicity therom and the
long exact sequence in K-theory.
We give an example to show that Bott periodicity is useful in com-
puting the K-theory groups of C∗-algebras.

Example 2.2.26 For each n ≥ 1, consider the n-sphere

Sn = {(x1, x2, ..., xn+1) ∈ Rn+1| x1
2 + x2

2 + ...+ xn+1
2 = 1}.

The space Sn is homeomorphic to the one-point compactification
of Rn, so we have an isomorphism C(Sn) ∼= C0(R̃n). Since the real
line is homeomorphic to the open interval, C0(R) isomorphic to SC
and consequently SnC is isomorphic to C0(Rn). By Bott periodicity,
we obtain

K0(C0(Rn)) ∼= K0(S
nC) ∼= Kn(C)

βC∼=
{
K0(C) ∼= Z, n even,
K1(C) ∼= 0, n odd.

and similarly

K1(C0(Rn)) ∼= Kn+1(C) ∼=
{
K1(C) ∼= 0, n even,
K0(C) ∼= Z, n odd.

Now, consider the split exact sequence

0 −→ C0(Rn) −→ C0(R̃n) −→ C −→ 0,

and apply the split exactness of K-groups. Then we obtain

K0(C(Sn)) ∼= K0(C0(R̃n)) ∼= K0(C0(Rn))⊕ Z

and

K1(C(Sn)) ∼= K1(C0(Rn)).
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2.2.7 K-groups of C∗-algebras and topological K-theory
of spaces

Topological K-theory was introduced around 1960 by Atiyah and
Hirzebruch in [2]. It is defined by equivalence classes of vector
bundels over compact topological spaces. Toplogical K-theory was
developed by Atiyah, Bott, Singer, and many other authors. For
more details we refer to [1], [19] and [18].

Definition 2.2.27 Let X be a compact Hausdorff space. Let V ec(X)
be the set of all isomorphism classes [E] of vector bundles E over
X. The set V ec(X) with the addition given by [E] + [F ] = [E ⊕ F ]
for any two vector bundles E,F over X is an abelian semi-group.
We then define K0(X) to be the grothendieck group of V ec(X).

Actually, K0(X) is not only an abelian group but also a ring, with
multiplication given by tensor the product of vector bundles.
One defines the higher topological K-groups as Kn(X) := K0(X ×
Rn), n ∈ N. The topological K-groups satisfy the following impor-
tant properties: contravariant functoriality, homotopy invariance,
Bott periodicity and excision. Therefore, there are only two inde-
pendent topological K-groups K0(X) and K1(X). In fact one can
reconstruct the topological K-theory in terms of the K-theory of
unital commutative C∗-algebras.
Let X be a compact topological space. First recall Swan’s theo-
rem [25] which asserts that any vector bundle E over X is a direct
summand of some trivial bundle, i.e. there exists a vector bundle
E

′
such that E ⊕ E ′

is trivial. Let E be a vector bundle over X.
Denote by Γ(E) the set of sections of E over X. Then Γ(E) has a
C(X)-module structure induced from the pointwise product in the
way that for each f ∈ C(X) and σ ∈ Γ(E) (fσ)(x) = f(x)σ(x) for
any x in X.
By Swan’s theorem, we have the following split exact sequence

0 −→ E −→ X × Cn −→ E
′ −→ 0.
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Applying the Γ functor, we get the following split exact sequence

0 −→ Γ(E) −→ Γ(X × Cn) −→ Γ(E
′
) −→ 0.

We can write

Γ(X × Cn) ∼= C(X)⊕ ...⊕ C(X)︸ ︷︷ ︸
n−times

∼= C(X)n.

Hence,Γ(E) ⊕ Γ(E
′
) ∼= C(X)n, i.e. Γ(E) is a direct summand in

C(X)n. Thus Γ(E) is a free finitely generated projective C(X)-
module.
Now we are ready to state the Serre-Swan theorem which provides
the bridge between the world of vector bundles and the world of
projections, and consequently from the topological K-theory to the
K-theory of C∗-algebras.

Theorem 2.2.28 (Swan-Serre) For any compact space X, the
category of vector bundles over X and the category of finitely gen-
erated projective modules over C(X) are equivalent.

By the above theorem, we can pass from the set of vector bundles to
the set of projections of matrices over C(X). For a vector bundle E,
we find a projection p : x −→ End(Ex) such that p(x) ∈Mn(C(X))
for each x in X. Two vector bundles E,F are equivalent if and
only if the corresponding projections p, q are equivalent in the sense
that there exist a partial isometry u in Mn(C(X)) such that uu∗ =
p, u∗u = q.
Finally we have the following:

Corollary 2.2.29 For a compact Hausdorff space X, we have an
isomorphism K0(X) ∼= K0(C(X)).

Now it is clear that the K-theory of C∗-algebras extends the topo-
logical K-theory to the non-commutative world of C∗-algebras.
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Chapter 3

Higher-dimensional
noncommutative simplicial
complexes and their K-theory

In this chapter we investigate the universal C∗-algebras associated
to simplicial flag complexes. We introduce the general definitions
and some examples of this kind of algebras. The K-theory for such
algebras is computed. We present a technical lemma to determine
the quotient of the skeleton filtration of a general universal C∗-
algebra associated to a simplicial flag complex. Next, we describe a
particular universal C∗-algebra associated to a special flag complex
Σn. We denote it by CfΣn. We examine the K-theory of this algebra.
Moreover we prove that the qoutient of this algebra by the ideal I2
is commutative.

In order to understand the topological properties of these alge-
bras, we study their skeleton filtration which is denoted by (Ik). We
find that the K-theory of the quotient Ik/Ik+1 is isomorphic to the
K-theory of its abelianization for every k. This yields an isomor-
phism between the K-theory of CfΣn/Ik and its abelianization.

3.1 Noncommutative simplicial complexes

In this section we look at the properties and some examples of uni-
versal C∗-algebras associated to simplicial complexes. These were
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introduced by J. Cuntz [9].

Definition 3.1.1 ([9]) A simplicial complex Σ consists of a set of
vertices VΣ and a set of non-empty subsets of VΣ, the simplexes in
Σ, such that:

• If s ∈ VΣ, then {s} ∈ Σ.

• If F ∈ Σ and ∅ 6= E ⊂ F then E ∈ Σ.

Σ is called locally finite if every vertex of Σ is contained in only
finitely many simplexes of Σ, and finite-dimensional (of dimension
6 n) if it contains no simplexes with more than n+ 1-vertices.
For a simplicial complex Σ one can define the topological space |Σ|
associated to this complex. It is called the ”geometric realization”
of the complex and can be defined as the space of maps f : VΣ −→
[0, 1] such that

∑
s∈VΣ

f(s) = 1 and f(s0).....f(si) = 0 whenever
{s0, ..., si} /∈ Σ. If Σ is locally finite, then |Σ| is locally compact.

Following J. Cuntz, one can associate to every simplicial com-
plex a universal C∗-algebra with generators and relations. In the
following we give some examples of such algebras.

• CΣ is the universal C∗-algebra with positive generators hs, s ∈
VΣ, satisfying the relations

hs0hs1...hsn
= 0 whenever {s0, s1, ..., sn} /∈ Σ,∑

s∈VΣ

hsht = ht ∀ t ∈ VΣ.

Here the sum is finite, because Σ is locally finite.

• CabΣ is the abelian version of the universal C∗-algebra above, i.e.
satisfying in addition hsht = hths forall s, t ∈ VΣ.

Remark 3.1.2 ([9]) There exists a canonical surjective map CΣ −→
CabΣ .
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A simplicial map between two simplicial complexes Σ and Σ
′
is

a map ϕ : VΣ −→ VΣ′ such that, whenever (t0, ..., tn) is a simplex in
Σ this implies that (ϕ(t0), ..., ϕ(tn)) is a simplex in Σ

′
.

Proposition 3.1.3 ([9]) Every simplicial map ϕ : Σ−→Σ
′
between

two simplicial complexes Σ and Σ
′
induces a ∗- homomorphism ϕ∗ :

CΣ′ −→ CΣ.

Proof. Define ϕ∗ : CΣ′−→CΣ by hs 7−→ gs :=
∑

ϕ(t)=sht and hs
mapped to 0 if s is not in the image of ϕ. We verify that the sum
of all gs over s is equal to if one the sum of all ht over t is equal to
one and the products gs0.....gsn

= 0 whenever hs0.....hsn
= 0.

For the first condition, we have∑
s
gs =

∑
s

(∑
ϕ(t)=s

ht

)
=

∑
t
ht = 1,

and for the second condition

gs0.....gsn
=

∑
ϕ(t0)=s0

ht0.....
∑

ϕ(tn)=sn

htn

=
∑

ϕ(t0)=s0
.....

∑
ϕ(tn)=sn

htnht0......htn = 0

because ϕ is a simplicial map. 2

It has been shown in [9] that the K-theory of CΣ coincides with
the K-theory of CabΣ (which in turn is isomorphic to C0(|Σ|). In the
sequel we will study the K-theory of another C∗-algebra that can
be associated with certain complexes.

3.2 Noncommutative flag complexes

Definition 3.2.1 ([9]) A simplicial complex Σ is called flag or full,
if it is determined by its 1-simplexes in the sense that
{s0, ..., sn} ∈ Σ⇐⇒ {si, sj} ∈ Σ for all 0 ≤ i < j ≤ n.
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Definition 3.2.2 ([9])

Let Σ be a locally finite flag complex. Denote by V the set of
its vertices. Define CflagΣ as the universal C∗-algebra with positive
generators hs, s ∈ V , satisfying the relations∑

s∈V

hsht = ht, t ∈ V

and

hsht = 0 for {s, t} /∈ Σ.

Denote by Ik the ideal in CflagΣ generated by products containing at

least n+ 1 different generators. The filtration (Ik) of CflagΣ is called
the skeleton filtration.

For simplicity we denote CflagΣ by CfΣ. This algebra is an inter-
esting example of a non-commutative C∗- algebra described by a
simplicial complex. CfΣ is simply defined and occurs in connection
with the Baum-Connes conjecture as shown in [9].

In the following, we introduce first a general technical lemma to
compute the quotient of the skeleton filtration for a general algebra
associated to a flag complex. We shall apply it later in our special
cases.

For a subset E ⊂ V , let ΣE ⊂ Σ be the subcomplex generated by
E and let IΣE

be the ideal in CfΣE
generated by products containing

all generators of CfΣE
. The following lemma already appeared in [9].

We give a detailed proof.

Lemma 3.2.3 ([9])

Ik/Ik+1
∼=

⊕
E⊂V,|E|=k+1

IΣE

Proof. CfΣ/Ik+1 is generated by the images ḣi, i ∈ V of the
generators in the quotient.
Given a subset E ⊂ V with |E| = k + 1, let

AE = C∗({ḣi|i ∈ E}) ⊂ CfΣ/Ik+1.
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Let BE denote the ideal in AE generated by products containing all
generators ḣi, i ∈ E, and let BE denote its closure. If E 6= E

′
, then

BEBE′ = 0, because the product of any two elements in BE and BE′
contains products of more than k+1-different generators, which are
equal to zero in the algebra CfΣ/Ik+1

It is clear that BE ⊂ Ik/Ik+1 so that⊕
E⊂V ,|E|=k+1

BE ⊂ Ik/Ik+1.

Conversely, let x ∈ Ik/Ik+1. Then there is a sequence (xn) con-
verging to x, such that each xn is a sum of monomials ms in ḣi
containing at least k + 1-different generators. Then ms ∈ BE for
some E and

xn =
∑

ms ∈
⊕

E⊂V ,|E|=k+1
BE.

The space
⊕

E⊂V ,|E|=k+1BE is closed, because it is a direct sum of
closed ideals. It follows that

Ik/Ik+1 =
⊕

E⊂V ,|E|=k+1
BE

Let now

πE : CfΣ −→ C
f
ΣE
.

be the canonical evaluation map defined by

πE(hi) =

 hi
′ ∀i ∈ E

0 if i /∈ E,

where hi
′
denotes the generator in CfΣE

corresponding to the index
i in E, in other words

CfΣE
= C∗(h

′

i|i ∈ E).

We prove that πE(Ik+1) = 0. Since polynomials of the form∑
...hi0...hij ...hik+1

..., i0, ..., ij, ..., ik+1, ... ∈ V
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are dense in Ik+1 , it is enough to show that πE(x) = 0 for each such
polynomial x. We have

πE(x) =
∑

...h
′

i0
...h

′

ij
...h

′

ik+1
... = 0,

since there is at least one il which is not in E. For this index
πE(hil) = 0. Thus πE(x) = 0. Therefore πE descends to a homo-
morphism

π̇E : CfΣ/Ik+1 −→ CfΣE

Now we show that πE is surjective as follows : Since πE(Ik+1) = 0 ,
we have Ker πE ⊃ Ik+1. It follows that the following diagram

CfΣ −→ CfΣE

↘ ↑
CfΣ/Ik+1

commutes and π̇E(ḣi) := πE(hi) = hi
′
is well defined. This shows

that πE(CfΣ) is a closed subalgebra in CfΣE
and isomorphic to π̇E(CfΣ/Ik+1).

We have π̇E(BE) = IΣE
. It is clear that KerπE is the ideal gener-

ated by hi for i not in E and therefore Ker π̇E is generated by ḣi for
i not in E . This comes at once from the definitions of π̇E(ḣi) and
πE(hi) above and the fact that both are equal. We conclude that
BEKer π̇E = 0. This again implies that BE ∩Ker π̇E = 0. Moreover
the following diagram is commutative:

CfΣ −→ CfΣE⋃ ⋃
BE −→ IΣE

↘ ↑
BE/Ker π̇E.

So, π̇E(BE) is dense and closed in IΣE
. Therefore π̇E : BE −→ IΣE

is injective and surjective.
2
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Let

∆ := {(t0, ..., tn) ∈ Rn+1 | 0 ≤ ti ≤ 1,
n∑
i=1

ti = 1}

be the standard n-simplex. Denote by C∆ the associated universal
C∗-algebra with generators hs, s ∈ {t0, ..., tn}, such that hs ≥ 0 and∑

s hs = 1. Denote by I∆ the ideal in C∆ generated by products of
generators containing all the hti, i = 0, ..., n. For each k, denote
by Ik the ideal in C∆ generated by all products of generators hs
containing at least k + 1 pairwise different generators. We also
denote by Iabk the image of Ik in Cab∆ . We have the following lemma.

Lemma 3.2.4 Let C∆ and Ik defined as above. Then we have an
isomorphism

Ik/Ik+1
∼=

⊕
4′
I4′ ,

where the sum is taken over all k-simplexes 4′
in Σ.

Proof. As in the proof of lemma 3.2.3 above with Σ = ∆ and
ΣE = ∆

′
, we find that:

Ik/Ik+1 =
⊕
4′
I4′ .

2

For any vertex t in ∆ there is a natural evaluation map C4 −→ C
mapping the generators ht to 1 and all the other generators to 0.

Proposition 3.2.5 (i) The evaluation map C4 −→ C defined above
induces an isomorphism in K-theory.
(ii) The surjective map I4 −→ Iab4 induces an isomorphism in K-

theory, where Iab4 is the abelianization of I4 .

Proof. For (i) it is enough to prove that C4 is homotopy equivalent
to C. Consider the ∗-homomorphisms α : C −→ C4, λ 7→ cλ := λ.1
and β : C4 −→ C, hi 7→ 1

n+1 , i ∈ {0, 1, ..., n}. It is clear that
β ◦α = idC. Define ϕt : C4 −→ C4 by ϕt(hi) = 1−t

n+1 + thi, t ∈ [0, 1].
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It is obvious that ϕ1 = idC4 and ϕ0 = α ◦ β. So α ◦ β ∼ idC4. This
implies that C4 is homotopy equivalent to C.
Using lemma 3.2.4 above, one can use induction on the dimension
n of 4 to prove the claim (ii). For the complete proof we refer to
[9]. 2

Remark 3.2.6 Let ∆ and I4 ⊂ C4 as above. Then K∗(I4) ∼=
K∗(C), ∗ = 0, 1, if the dimension n of 4 is even and K∗(I4) ∼=
K∗(C0(0, 1)), ∗ = 0, 1, if the dimension n of 4 is odd.

Proposition 3.2.7 [9] Let Σ be a locally finite simplicial complex.
Then CabΣ is isomorphic to C0(|Σ|), the algebra of continuous func-
tions vanishing at infinity on the geometric realization |Σ| of Σ.

Notation: The subcomplex Σ(n−1) of Σ that has the same vertices
and whose simplexes are exactly the k-simplexes of Σ with k ≤ n−1
is called the n− 1-skeleton of Σ.

Corollary 3.2.8 Let Iabn be the kernel of the evaluation map CabΣ −→
CabΣ(n−1). Then the abelian C∗-algebra CabΣ /I

ab
n is isomorphic to C0(|Σ(n−1)|).

3.3 C∗-algebras associated to certain flag com-

plexes

In this section we study the C∗-algebras CfΣn associated to simplicial
flag complexes Σn of a specific simple type. These simplicial com-
plexes will occur in the skeleton filtration of the ”non-commutative
spheres” that we will study below. We determine the K-theory of
CfΣn and also the K-theory of its skeleton filtration. These results
will be used below to determine the K-theory of the skeleton filtra-
tion for the noncommutative spheres.
We denote by Σn the simplicial complex with n + 2 vertices, given
in the form
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VΣn = {0+, 0−, 1, ..., n},

and

Σn = {σ ⊂ VΣn | {0+, 0−} * σ}.

Let

An := CfΣn = C∗(h0−, h0+, h1, h2, ..., hn | h0−h0+ = 0, hj > 0,
∑
j

hj = 1)

be the universal C∗- algebra associated to Σn. Denote by Kn the
natural ideal in An generated by products of generators containing
all hj, j ∈ VΣn. Then An and Kn occur in the skeleton filtration as

An := I0 ⊃ I1 ⊃ I2 ⊃ ..... ⊃ In+1 := Kn

The aim of this section is to prove that the K-theory of the ideals
Kn in the algebras An is equal to zero. This will be used later to
compute the K-theory of the skeleton filtration of more general flag
complexes.
We have the following

Lemma 3.3.1 Let CfΣn be as above. Then CfΣn is homotopy equiva-
lent to C.

Proof. Let β : C−→CfΣn be the natural homomorphism which
sends 1 to 1Cf

Σn
. For a fixed i ∈ VΣn such that i 6= 0−, 0+, define the

homomorphism

α : CfΣn−→C

by α(hi) = 1 and α(hj) = 0 for any j 6= i. Notice that α ◦ β = idC.
Now define
ϕt : CfΣn −→ CfΣn,

hi 7−→ hi + (1− t)(
∑

j 6=i hj),
hj 7−→ t(hj), j ∈ VΣn \{i}. The elements ϕt(hj), j ∈ VΣn, satisfy the
same relations as the elements hj in CfΣn :
(i) ϕt(hj) ≥ 0
(ii) ϕt(

∑
j hj) = ϕt(hi) +

∑
j 6=i ϕt(hj) = hi + (1 − t)(

∑
j 6=i hj) +
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t(
∑

j 6=i hj)

= hi +
∑
j 6=i

hj for fixed i

=
∑
j

hj = 1 for all j ,

(iii) ϕt(h0−)ϕt(h0+) = t2(h0−h0+) = 0.
We note that ϕ1 = idCf

Σn
and ϕ0 = β ◦ α.

This implies that

ϕ0 = β ◦ α ∼ IdCf
Σn
.

This means that CfΣn is homotopy equivalent to C. 2

Now we describe the subquotients of the skeleton filtration in CfΣn.

Proposition 3.3.2 In the C∗-algebra CfΣn one has

Ik/Ik+1
∼=

⊕
4
I4k⊕

⊕
σ
IΣk−1 ,

where the sum is taken over all subcomplexes 4 of Σn which are
isomorphic to the standard k-simplex 4k and over all subcomplexes
σ of Σn which contain both vertices 0+, 0− and are isomorphic to
Σk−1. Moreover, I4k denotes the ideal generated by products con-

taining k + 1 different generators in Cf4k, while IΣk−1 denotes the
ideal generated by products containing k + 1 different generators in
CfΣk−1.

Proof. We use Lemma 3.2.3. For every E ⊂ VΣn with |E| = k+1,
we have two cases. Either {0+, 0−} is not a subset of E, then ΣE is
a k- simplex, or {0+, 0−} is a subset of E, then ΣE is a subcomplex
in Σn isomorphic to Σk−1. This proves our proposition. 2

Lemma 3.3.3 For each flag complex Σ with k vertices, CfΣ/I1 is
commutative and isomorphic to Ck.
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Proof. Let ḣi denote the image of a generator hi for CfΣ. One has
the following relations :∑

i

ḣi = 1, ḣiḣj = 0, i 6= j.

For every ḣi in CfΣ/I1 we have

ḣi = ḣi(
∑
i

ḣi) = ḣ2
i .

Hence CfΣ/I1 is generated by k different orthogonal projections and

therefore CfΣ/I1 ∼= Ck. 2

In particular, CfΣn/Ik is commutative an isomorphic to Cn+2.

Lemma 3.3.4 I1/I2 in CfΣ2/I2 is isomorphic to Iab1 /I
ab
2 in CabΣ2/Iab2 .

Proof. From the proposition 3.3.3 above, one has

I1/I2 ∼=
⊕

41
I41

where 41 is 1-simplex, and

Iab1 /I
ab
2
∼=

⊕
41
Iab41.

We will see below in Lemma 4.2.1 that

I41
∼= Iab41

∼= C0(0, 1).

2

Lemma 3.3.5 CfΣn/I2 is a commutative C∗-algebra.

Proof. Consider the extension

0 −→ I1/I2 −→ CfΣn/I2 −→ CfΣn/I1 −→ 0
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and the analogous extension for the abelianized algebras.
The extensions above induce the following commutative diagram :

0 −→ I1/I2 −→ CfΣn/I2 −→ CfΣn/I1 −→ 0
↓ ↓ ↓

0 −→ Iab1 /I
ab
2 −→ CabΣn/Iab2 −→ CabΣn/Iab1 −→ 0

We have from 3.3.3 isomorphisms CfΣn/I1 ∼= CabΣn/Iab1
∼= Cn+2 and

from 3.3.4 that I1/I2 ∼= Iab1 /I
ab
2 , so

CfΣn/I2 ∼= CabΣn/Iab2 .

2

Remark 3.3.6 This result is still true for any finite- dimensional
simplicial complex. The above argument gives another proof for the
theorem in [26] which asserts that CfΣn/I2 is commutative for every
one-dimensional simplicial complex Σ.

The following proposition is given to recovers the topological in-
formation of the noncommutative simplicial complex algebras CfΣn.
It will also be used to describe the K-theory of the quotient alge-
bras CfΣn/Ik. Their K-theory is in fact the same as the one of their
corresponding abelianized algebras. Before we prove the following
proposition, first we consider the next lemma

Lemma 3.3.7 : The C∗-algebra A1 = CfΣ1 is commutative and
K∗(K1) = 0, ∗ = 0, 1.

Proof. A1 is generated by three positive generators, h0−, h0+, h1.
Consider the product of two generators, say h1h0−. We have that
1, h0− and h0+ commute with h0−, therefore also h1 = 1−h0−−h0+.
By a similar computation we can show that h0+ and h1 commute.
This implies that A1 is commutative. Therefore I2 = 0 in CfΣ1 Then,
at once K∗(I2) = 0, where I2 := K1 .

2
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Proposition 3.3.8 : Let CfΣn be of the form above. Consider the

surjective map CfΣn −→ CabΣn.
The induced surjection Ij/Ij+1−→Iabj /Iabj+1 induces an isomorphism
in K-theory, j ∈ {0, 1, 2, ..., n+ 1}.

Proof. We use induction on n.
Step 1.
When n = 1, the assertion is true from lemma 3.3.7, since I0 =
CfΣ1, I1 and I2 are abelian.
Step 2.
Let the assertion be true for n.
Notation : Denote by (I

(n)
k ) the skeleton filtration of CfΣn and (I

(n+1)
k )

the skeleton filtration of CfΣn+1, respectively. Then

K∗(I
(n)
j /I

(n)
j+1)
∼= K∗(I

(n)ab
j /I

(n)ab
j+1 )

for all j ∈ {0, 1, 2, ..., n+ 1}. In particular

K∗(I
(n)
n+1)
∼= K∗(I

(n)ab
n+1 ) = K∗(Kn) = 0,

where I
(n)
n+2 and I

(n)ab
n+2 are equal to zero in the skeleton filtration of

CfΣn and CabΣn, respectively.
Step 3.
For n + 1 we consider the skeleton filtration of the algebra CfΣn+1.
From proposition 3.3.2 above, we have

I
(n+1)
j /I

(n+1)
j+1

∼=
⊕

4j
I(n+1)
4j ⊕

⊕
σ
I(n+1)

Σj−1

for allj ∈ {0, 1, 2, ..., n+ 2}, where the first sum is taken over all
j- simplexes 4j in Σn+1 and the second sum is taken over all the
simplicial subcomplexes σ ∼= Σj−1 with |σ| = j + 1 in Σn+1.

Similarly, in the abelian C∗-algebra CabΣn+1, we get

I
(n+1)ab
j /I

(n+1)ab
j+1

∼=
⊕

4j
I(n+1)ab
4j ⊕

⊕
σ
I(n+1)ab

Σj−1 .

It is obvious that In+1
Σj−1
∼= Kj−1 and similarly I(n+1)ab

Σj−1
∼= Kabj−1.

Since the assertion is true for n, we have

K∗(I
(n)
j /I

(n)
j+1)
∼= K∗(I

(n)ab
j /I

(n)ab
j+1 ).
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Then K∗(Kj−1) ∼= K∗(Kabj−1) for all j ≤ n+ 1 and, this implies that

K∗(I(n+1)
Σj−1 ) ∼= K∗(I(n+1)ab

Σj−1 ) for all j ≤ n+1. From proposition 3.2.5,

K∗(I(n+1)
4j ) ∼= K∗(I(n+1)ab

4j ) and so

K∗(I
(n)
j /I

(n+1)
j+1 ) ∼= K∗(I

(n)ab
j /I

(n+1)ab
j+1 )

for all j ≤ n+ 1.

So, we only need to prove the case when j = n + 2. From now
and during the rest of the proof the ideals Ij will denote I

(n+1)
j in

the algebra CfΣn+1 for every j. Note that here

In+3 = Iabn+3 = 0.

Consider the following commutative diagram.

0 −→ Ik+1 −→ Ik −→ Ik/Ik+1 −→ 0
↓ ↓ ↓

0 −→ Iabk+1 −→ Iabk −→ Iabk /I
ab
k+1 −→ 0

We use induction on k to show that K∗(Ik) ∼= K∗(I
ab
k ) for all k =

0, 1, ..., n+ 2. In the case k = 0, I0 is the first term in the skeleton
filtration of CfΣn which by definition equal to the algebra itself and
Iab0 is equal to CabΣn. So the above diagram takes the form

0 −→ I1 −→ CfΣn −→ CfΣn/I1 −→ 0
↓ ↓ ↓

0 −→ Iab1 −→ CabΣn −→ CabΣn/Iab1 −→ 0.

Applying the long exact sequence in K-theory, we obtain the fol-
lowing commutative diagram in K-theory:

K1(I1) −→ K1(CfΣn) −→ K1(CfΣn/I1) −→ .....

↓ ↓ ↓
K1(I

ab
1 ) −→ K1(CabΣn) −→ K1(CabΣn/Iab1 ) −→ .....
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..... −→ K0(I1) −→ K0(CfΣn) −→ K0(CfΣn/I1)
↓ ↓ ↓

..... −→ K0(I
ab
1 ) −→ K0(CabΣn) −→ K0(CabΣn/Iab1 ).

Since CfΣn and CabΣn are homotopy equivalent to C from lemma 3.3.1
above, they are isomorphic in K-theory. We know also from 3.3.3
that CfΣn/I1 and CabΣn/Iab1 both are isomorphic to Cn+2. Therefore,
the above long exact sequence gives us that K∗(I1) is isomorphic to
K∗(I

ab
1 ).

For j = 1, we get the following commutative diagram

0 −→ I2 −→ I1 −→ I1/I2 −→ 0
↓ ↓ ↓

0 −→ Iab2 −→ Iab1 −→ Iab1 /I
ab
2 −→ 0

The above commutative diagram induces a long commutative dia-
gram in K-theory. Using the five lemma, the fact that that

K∗(I1/I2) ∼= K∗(I
ab
1 /I

ab
2 )

and the fact thatK∗(I1) is isomorphic toK∗(I
ab
1 ), we see thatK∗(I2)

is isomorphic to K∗(I
ab
2 ).

Repeating this argument for k = 2, 3, ..., n + 1, we finally obtain
that K∗(In+2) ∼= K∗(I

ab
n+2).

In particular Iabn+2 = 0, and this implies that

K∗(In+2) ∼= K∗(I
ab
n+2) = 0.

So we have completed the induction step , and hence the assertion
is true for each n. 2

Remark 3.3.9 Let An and Kn be defined as above. We have K∗(Kn) =
0, ∗ = 0, 1.

Proof. It is proved automatically by the proposition above, since
Kn = In+1

n . 2
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Theorem 3.3.10 Let (Ik) denote the ideals in the skeleton filtration
of CfΣn and (Iabk ) the image of (Ik) in CabΣn. Then the surjective map

CfΣn/Ik −→ CabΣn/Iabk induces an isomorphism in K-theory for k =
1, ..., n+ 1.

Proof. Consider the following commutative diagram

0 −→ Ik −→ CfΣn −→ CfΣn/Ik −→ 0
↓ ↓ ↓

0 −→ Iabk −→ CabΣn −→ CabΣn/Iabk −→ 0.

From 3.3.1 the map CfΣn −→ CabΣn is a K-isomorphism since both

CfΣn and CabΣn are homotopic to C. The proof of proposition 3.3.8
above implies that the maps Ik −→ Iabk are K-isomorphisms for
k = 1, 2, ..., n+ 1. Apply the corresponding long exact sequence for
the above commutative diagram and use the five lemma for each k =
1, ..., n+1. We get the isomorphisms K∗(CfΣn/Ik) ∼= K∗(CabΣn/Iabk ) and
consequently from corollary 3.2.8 the last K-groups are isomorphic
to K∗(C0(|Σ(k−1)|)). 2
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Chapter 4

Computations (non-commutative
n-sphere)

4.1 Introduction

Recall definition 3.2.2 of CfΣ. If we consider the flag complex ΣSn

with vertices {0−, 0+, 1−, 1+, ..., n−, n+} and the condition that ex-
actly the edges {i−, i+} do not belong to ΣSn, the geometric realiza-
tion of ΣSn is the n-sphere Sn. We consider the universal C∗-algebra
with 2n+2 positive generators hi, i ∈ VΣSn := {0−, 0+, 1−, 1+, ..., n−, n+}
and satisfying the relations∑

i

hi+ +
∑
i

hi− = 1, hi+hi− = 0 ∀i ∈ {0, 1, ..., n}.

The algebra described above is exactly the algebra CfΣSn
. We will

denote it by Sncn . The abelianization of this C∗-algebra is isomor-
phic to the algebra of continuous functions on the n-sphere Sn as
shown in [9]. The K-theory of Sncn is described by the following
theorem, proved in [9].

Theorem 4.1.1 The evaluation map ev : Sncn −→ C at the vertex
1+, which maps the generator h1+ to 1 and all the other generators
to 0, induces an isomorphism in K-theory. (The same is true for
the evaluation maps, corresponding to the other vertices.)

57



Proof.

Define κi+ to be the homomorphism from Sncn to Sncn that maps
the generator hi+ to 1 and the other generators to zero. It is clear
that κi+ is the composition of the evaluation map for the vertex i+

and the natural inclusion map C j−→ Sncn . Denote by id the identity
homomorphism of Sncn . Our purpose is to show that K∗(κ1+) =
K∗(id) for a fixed vertex 1+.

Consider the homomorphisms α and β from Sncn to M2(S
nc
n ) in the

form

α =

(
id 0
0 α1

)
and β =

(
β0 0
0 β1

)
.

Here α1, β0 and β1 are defined as follows :

α1(hi+) = hi+ + hi−, α1(hi−) = 0 for i = 0, 1,

α1(hs) = hs for all other generators hs,

β0(h0+) = h0++h0−, β0(h0−) = 0 β0(hs) = hs for all other generators hs,

and

β1(h1+) = h1++h1−, β1(h1−) = 0 β1(hs) = hs for all other generators hs.

One has the following homotopies

• α is homotopic to β, by using the homomorphisms ϕt from Sncn
to M2(S

nc
n ) mapping h0+, h0− to Rtβ(h0+)Rt

∗, Rtβ(h0−)Rt
∗ and

all other generators hs to β(hs) where Rt are rotation matrices,
t ∈ [0, π/2]. Clearly, we have ϕ0 = β and ϕπ/2 = α.

• α1 is homotopic to κ0+, using the homomorphism which maps
h0+ to t(h0+ +h0−)+ (1− t)1, h0− to 0, h1+ to t(h1+ +h1−), h1−

to 0 and all the other generators hs to ths, t ∈ [0, 1].

• β0 is homotopic to κ0+, using the homomorphism, which maps
h0+ to t(h0++h0−)+(1−t)1, h0− to 0 and all the other generators
hs to ths.
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• β1 is homotopic to κ1+, using the homomorphism, which maps
h1+ to t(h1++h1−)+(1−t)1, h1− to 0 and all the other generators
hs to ths.

From the above homotopies

K∗(α) = K∗(id⊕ α1) = K∗(id⊕ κ0+)

and

K∗(κ0+ ⊕ κ1+) = K∗(β).

Since K∗(α) = K∗(β), this implies that K∗(κ1+) = K∗(id), and in
the other side K∗(κ1+) = K∗(ev) ◦K∗(j). This means that K∗(ev)
is the inverse of K∗(j) and this prove that K∗(S

nc
n ) and K∗(C) are

isomorphic.

2

We will now try to recover the topological information in Sncn , look-
ing at the K-theory of Sncn /Ik for different k, where Ik is the ideal
in Sncn generated by products containing at least k+1 different gen-
erators. Thus (Ik) is the skeleton filtration for Sncn . Denote by Sabn
the abelianization of Sncn and let Iabk be the image of Ik in Sabn . Thus
(Iabk ) is the skeleton filtration for Sabn .
We start with the case n = 1

4.2 The case n=1

By lemma 3.3.3, we have a C∗-isomorphism Sncn /I1
∼= C2n+2. In

particular, if n = 1, then Snc1 /I1
∼= C4.

Lemma 4.2.1 In Sncn , we have an isomorphism

I1/I2 ∼= Iab1 /I
ab
2 .

When n = 1, I1/I2 ∼= C0(0, 1)4.
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Proof. In Sabn
I1
ab/I2

ab ∼=
⊕

σ
Iabσ .

And in Sncn
I1/I2 ∼=

⊕
σ
Iσ

where the direct sum is taken over all the 1-simplexes σ in ΣSn. Iσ is
the ideal generated by products of generators containing h1 and h2 in
the universal C∗-algebra Cfσ which is generated by positive elements
h1, h2, such that h1 + h2 = 1. This C∗-algebra is commutative.
Therefore

Iσ ∼= C0(0, 1)

and the map Iσ −→ Iabσ is an isomorphism. In the case n = 1, there
are four 1-simplexes in ΣS1. So we have I1/I2 ∼= C0(0, 1)4. 2

Lemma 4.2.2 CΣS1 is commutative.

Proof. An easy computation as 3.3.5 shows that CΣS1/I2 is com-
mutative. Since in the algebra CΣS1 the the product of any three
different generators is zero, so the ideal I2 = 0. Then CΣS1 is com-
mutative. 2

Lemma 4.2.3 Snc1 /I2 is isomorphic to CΣS1 .

Proof. Consider

φ : CΣS1 −→ Snc1 /I2, hi 7−→ ḣi, i ∈ {0−, 0+, 1−, 1+}.

The elements hi in CΣS1 satisfy the relations of the ḣi in Snc1 /I2, so
φ is a well defined homomorphism. It is evident that φ is surjective.
It remains to prove that φ is injective.
Let

ρ : CΣS1 −→ B(H), hi 7−→ gi

be a unital representation. So in B(H), we have∑
i

gi =
∑
i

ρ(hi) = ρ(
∑
i

hi) = ρ(1) = 1
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and all gi commute since CΣS1 is commutative. Now, define

π : Snc1 −→ B(H), π(ḣi) = gi.

Then π annihilates I2 and therefore factors as

Snc1 −→ Snc1 /I2
π′−→ B(H)

where π′ is a well defined homomorphism such that ρ = π′ ◦ φ.
2

Proposition 4.2.4 Snc1 /I2
∼= Sab1 .

Proof.
By 4.2.3, Snc1 /I2 is isomorphic to the commutative algebra CΣS1 .

Thus Snc1 /I2 is an abelian C∗-algebra. Consider the following com-
mutative diagram

0 −→ I1/I2 −→ Snc1 /I2 −→ Snc1 /I1 −→ 0
↓ ↓ ↓

0 −→ Iab1 /I
ab
2 −→ Sab1 /I

ab
2 −→ Sab1 /I

ab
1 −→ 0.

Since

Snc1 /I1
∼= Sab1 /I1

∼= C4

from lemma 3.3.3. And

I1/I2 ∼= Iab1 /I
ab
2

from lemma 4.2.1. By five-lemma, we get

Snc1 /I2
∼= Sab1 /I

ab
2

In Sab1 , we have Iab2 = 0. So

Snc1 /I2
∼= Sab1 = C(S1).

2
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Remark 4.2.5 We have that

C(|ΣS1|) ∼= C(S1),

since |ΣS1| and S1 are homeomorphic spaces .

We now consider the simplicial flag complex Λ with 3 vertices {1, 2, 3}
such that {1, 3} /∈ Λ.

Lemma 4.2.6 The universal C∗-algebra CfΛ generated by positive
generators h1, h2, h3 with sum equal to one and h1h3 = 0 is homo-
topy equivalent to C.

Proof. Let α : CfΛ−→C be the homomorphism which sends h2 to

1 and h1, h3 to 0. And let β : C−→CfΛ be the natural homomorphism

which sends 1 in C to the the identity element in CfΛ.
It’s clear that α ◦ β = idC. Define

ϕt : CfΛ −→ C
f
Λ,

by mapping h2 to h2 + (1 − t)(h1 + h3) and hi to thi for i = 1, 3.
The ϕt(hi) satisfy the following relations :
(i) ϕt(hi) > 0 ∀i ∈ {1, 2, 3}.
(ii) ϕt(h1) + ϕt(h2) + ϕt(h3) = th1 + (h2 + (1− t)(h1 + h3)) + th3 =
h1 + h2 + h3 = 1.
(iii) ϕt(h1)ϕt(h3) = th1th3 = t2h1h3 = 0.
Since the elements ϕt(hi) satisfy the relations of the hi in CfΛ, ϕt is
well defined.
It is obvious that ϕ1 = idCf

Λ
and ϕ0 = β ◦α. This means that β ◦α is

homotopic to IdCf
Λ
. Hence it follows that CfΛ is homotopy equivalent

to C. 2

Lemma 4.2.7 In the previous lemma, let IΛ be the ideal in CfΛ gen-
erated by the products containing all generators h1, h2, h3 . Then IΛ

is homotopy equivalent to zero.
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Proof. We have from the previous lemma that

ϕt : CfΛ −→ C
f
Λ

is well defined .
We show that ϕt maps IΛ to IΛ and therefore induces by restriction
a homomorphism

ϕt|IΛ := ϕ̂t : IΛ −→ IΛ.

Let x = ...h1h
k
2h3... be a typical element in IΛ. We have

ϕ̂t(h1h
k
2h3) = ϕt(h1)ϕt(h

k
2)ϕt(h3)

= th1(h2 + (1− t)(h1 + h3)
k)th3 = h1P (h2)h3

where P is polynomial without constant term. So the product is in
IΛ. Note that we used in the equations above that h1h3 = 0.

It is clear that ϕ̂0 = 0 and ϕ̂1 = idIΛ.
This yields that IΛ is homotopy equivalent to zero. 2

Lemma 4.2.8 For the skeleton filtration (Ik) in Snc1 , I2/I3 has triv-
ial K-theory.

Proof. Consider the skeleton filtration

Snc1 := I0 ⊃ I1 ⊃ I2 ⊃ I3.

By lemma 3.1.2, we have

I2/I3 ∼=
⊕

Λi

IΛi
,

where Λi is the subcomplex of ΣS1 generated by {0+, 0−, 1+, 1−}\{i},
and IΛi

is the ideal generated by products containing all generators
hj , j ∈ VΣS1 \ {i}.
There are four orthogonal ideals of this form. The orthogonality is
clear, since e.g. if x ∈ IΛ0+

and y ∈ IΛ0−
, the product

xy = (...h1+hk0−h1−...)(...h1+hl0+h1−...)
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contains four different generators, so it is equal to zero in I2/I3.
Using lemma 4.2.7, we get that IΛi

is homotopic to zero. This
implies that K∗(I2/I3) = 0. 2

Proposition 4.2.9 In Snc1 we have K∗(I2) = K∗(I3), ∗ = 0, 1.

Proof. We construct the short exact sequence

0 −→ I3 −→ I2 −→ I2/I3 −→ 0.

Apply the six term-exact sequence and use the lemma above. We
get two isomorphisms in K-theory K∗(I2) ∼= K∗(I3), ∗ = 0, 1. 2

Proposition 4.2.10 We have

K∗(S
nc
1 /I3)

∼= K∗(S
nc
1 /I2)

∼= K∗(C(S1)).

Proof. Consider the short exact sequence

0 −→ I2/I3 −→ Snc1 /I3 −→ Snc1 /I2 −→ 0.

Applying the six-term exact sequence, we get

K0(I2/I3) −→ K0(S
nc
1 /I3) −→ K0(S

nc
1 /I2)

↑ ↓
K1(S

nc
1 /I2) ←− K1(S

nc
1 /I3) ←− K1(I2/I3).

From lemma 4.2.8 we have K∗(I2/I3) = 0 , so that the above six-
term exact sequence reduces to the following two isomorphisms

K0(S
nc
1 /I3)

∼= K0(S
nc
1 /I2)

and
K1(S

nc
1 /I3)

∼= K1(S
nc
1 /I2).

Note that by lemmas 4.2.4 and 4.2.5 the C∗-algebras Snc1 /I2 and
C(S1) have the same K-theory. This proves the proposition. 2
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Proposition 4.2.11 In the algebra Snc1 , we have K0(I2) = K0(I3) =
Z and K1(I2) = K1(I3) = 0.

Proof. I2 is a closed two sided ideal in Snc1 . We have the following
short exact sequence

0 −→ I2
i−→ Snc1

π−→ Snc1 /I2 −→ 0.

During the rest of this section, denote K∗(i) by i∗ and K∗(π) by π∗
for ∗ = 0, 1. From the above exact sequence we obtain the following
six-term exact sequence .

K0(I2)
i0−→ K0(S

nc
1 )

π0−→ K0(S
nc
1 /I2)

↑ ↓
K1(S

nc
1 /I2) ←− K1(S

nc
1 ) ←− K1(I2).

We have from Theorem 4.1.1

K∗(S
nc
1 ) ∼= K∗(C),

which is generated by [1Snc
1

], where 1Snc
1

denotes the identity element
in Snc1 .

And from the above lemma we have

K∗(S
nc
1 /I2)

∼= K∗(C(S1)).

It’s well known from example 2.2.26 that K∗(C(S1)) ∼= Z, for ∗ =
0, 1 So, the above six-term exact sequence reads as

K0(I2)
i0−→ Z π0−→ Z

↑ ↓
Z ←− 0 ←− K1(I2).

With respect to the isomorphism K0(S
nc
1 /I2)

∼= K0(C(S1)), the im-
age π0([1Snc

1
]) of the generator of K0(S

nc
1 ) corresponds to the gener-

ator [1C(S1)] of K0(C(S1)).
So π0 is bijective. Then i0 is zero, and we have K0(I2) = Z and

K1(I2) = 0. By proposition 4.2.9, we have also K0(I3) = Z and
K1(I3) = 0.

2
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Proposition 4.2.12 Consider the skeleton filtration

Snc1 = I0 ⊃ I1 ⊃ I2 ⊃ I3.

The short exact sequence

0 −→ Ik
i−→ Ik−1

π−→ Ik−1/Ik −→ 0

induces i∗ : K∗(Ik) −→ K∗(Ik−1) which is zero for 1 ≤ k ≤ 2, and
∗ = 0, 1.

Proof. For k = 1, we have the following six-term exact sequence

K0(I1)
i0−→ K0(S

nc
1 )

π0−→ K0(S
nc
1 /I1)

↑ ↓
K1(S

nc
1 /I1)

π1←− K1(S
nc
1 )

i1←− K1(I1).

From theorem 4.1.1K∗(S
nc
1 ) ∼= K∗(C) and by lemma 3.3.3K0(S

nc
n /I1)

∼=
Z4 and K1(S

nc
n /I1) = 0. So there is an embedding Z π0

↪→ K0(S
nc
n /I1),

therefore i0 = 0. It is already i1 = 0. Moreover, it is also clear that
K0(I1) = 0. For k = 2, we get the six-term exact sequence

K0(I2)
i0−→ K0(I1)

π0−→ K0(I1/I2)
↑ ↓

K1(I1/I2)
π1←− K1(I1)

i1←− K1(I2).

From above K0(I1) = 0, and from proposition 4.2.11 K1(I2) = 0, so
i∗ = 0. 2

For k = 3, proposition 4.2.9 gives a counterexample, since i∗ is an
isomorphism between K∗(I2) and K∗(I3), and therefore i∗ 6= 0 for
k = 3.

4.3 The case n=2

In this section we calculate the K-theory of the skeleton filtration
(Ik) of the noncommutative sphere Snc2 .

We consider the skeleton filtration

Snc2 = I0 ⊃ I1 ⊃ I2 ⊃ ... ⊃ I5.
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And we compute theK-theory of the quotient Snc2 /Ik for each k ≤ 5.
We recall the lemmas 3.3.3 and 4.2.1, which give us in this case
Snc2 /I1

∼= C6 and

I1/I2 ∼= Iab1 /I
ab
2
∼= C0(0, 1)12

where 12 is the number of the 1-simplexes in the simplicial complex
ΣS2.

Lemma 4.3.1 The surjective map I2/I3 −→ Iab2 /I
ab
3 yields an iso-

morphism in K-theory.

Proof. In this case

Iab2 /I
ab
3
∼=

⊕
4
Iab4

where 4 is a 2-simplex in the simplicial complex ΣS2, and Iab4 ⊂ Cab4
is the ideal generated by products containing at least three different
generators hk, hl, hm, and k, l,m ∈ VΣS2 . Here, there are 8 ideals of
this form. And

I2/I3 ∼=
⊕

4
I4⊕

⊕
Λ
IΛ,

where 4 is a 2-simplexes and Λ is a triple of vertices in ΣS2 which
do not form a simplex. By lemma 4.2.5, IΛ is homotopy equivalent
to zero, thus every ideal of this form has zero K-theory. So there is
a homotopy equivalence

I2/I3 ∼=
⊕

4
I4

where the sum is taken over all 2-simplex 4 in ΣS2.
From remark 3.2.6 we know that

K∗(I4) ∼= K∗(Iab4 ) ∼= K∗(C)

for a 2-dimensional simplex 4. This yields

K∗(I2
ab/I3

ab) ∼= K∗(I2/I3) ∼= K∗(C8).

2
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Proposition 4.3.2 Let Snc2 and I2 as above. Then
i) Snc2 /I2

∼= Sab2 /I
ab
2 . In particular K∗(S

nc
2 /I2)

∼= K∗(S
ab
2 /I

ab
2 ).

ii) K∗(S
nc
2 /I3)

∼= K∗(C(S2)), ∗ = 0, 1.

Proof. i) Consider the commutative diagram

0 −→ I1/I2 −→ Snc2 /I2 −→ Snc2 /I1 −→ 0
↓ ↓ ↓

0 −→ Iab1 /I
ab
2 −→ Sab2 /I

ab
2 −→ Sab2 /I

ab
1 −→ 0.

By lemmas 3.3.3 and 4.2.1, we have

Snc2 /I1
∼= Sab2 /I

ab
1
∼= C6

and

I1/I2 ∼= Iab1 /I
ab
2
∼= C0(0, 1)12.

Therefore,

Snc2 /I2
∼= Sab2 /I

ab
2

by the five-lemma applied to the abelian groups underlying the cor-
responding algebras.
ii) Consider the following commutative diagram

0 −→ I2/I3 −→ Snc2 /I3 −→ Snc2 /I2 −→ 0
↓ ↓ ↓

0 −→ Iab2 /I
ab
3 −→ Sab2 /I

ab
3 −→ Sab2 /I

ab
2 −→ 0.

Taking into account lemma 4.3.1 and the result (i) above, com-
pairing the induced exact sequence in K-theory and using the five-
lemma, we get

K∗(S
nc
2 /I3)

∼= K∗(S
ab
2 /I

ab
3 ).

Here Iab3 = 0, so that

K∗(S
nc
2 /I3)

∼= K∗(S
ab
2 ).

Generally, we know from [9] that

Sabn
∼= C(Sn).
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From this we deduce that

K∗(S
nc
2 /I3)

∼= K∗(C(S2)).

2

Proposition 4.3.3 In Snc2 , we have K0(I3) = 0 and K1(I3) = Z.

Proof. I3 is a closed two sided ideal in Snc2 . We have the following
short exact sequence

0 −→ I3 −→ Snc2 −→ Snc2 /I3 −→ 0.

From this follows the six-term exact sequence

K0(I3)
i∗−→ K0(S

nc
2 )

π∗−→ K0(S
nc
2 /I3)

↑ ↓
K1(S

nc
2 /I3) ←− K1(S

nc
2 ) ←− K1(I3).

We have from theorem 4.1.1

K∗(S
nc
2 ) ∼= K∗(C).

And from lemma 4.3.2 above

K∗(S
nc
2 /I3)

∼= K∗(C(S2)).

Note that we have actually introduced in example 2.2.26 thatK0(C(S2)) ∼=
Z2 and K1(C(S2)) = 0.
Therefore the above six-term exact sequence reads as follows :

K0(I3)
i∗−→ Z π∗−→ Z⊕ Z

↑ ↓
0 ←− 0 ←− K1(I3).

Where π∗ : K∗(S
nc
2 ) −→ K∗(C(S2)). Now, let 1Snc

2
denote the iden-

tity element in Snc2 . So [1Snc
2

] is a generator of K0(S
nc
2 ) by theorem

4.1.1. Thus we get

π∗([1Snc
2

]) = [π∗(1Snc
2

)] = [(1⊕ 0)] in K0(C(S2)).
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So π∗ is injective, and consequently i∗ is zero. In this way we get
K0(I3) = 0 and the following short sequence

0 −→ Z −→ Z⊕ Z −→ K1(I3) −→ 0

is exact. And finally, the above exact sequence is split in K-theory.
In fact, the composition map

K0(S
nc
2 ) −→ K0(C(S2)) −→ K0(C)

is equivalent to the identity. So that

K1(I3) ∼= Z2/π∗(Z) ∼= Z.

2

Proposition 4.3.4 For Snc2 and I2 as above,

K0(S
nc
2 /I2) = Z and K1(S

nc
2 /I2) = Z7.

Proof. From what has been already proved in the proposition
4.3.2 above, we have

K∗(S
nc
2 /I2)

∼= K∗(S
ab
2 /I

ab
2 ).

So it is sufficient to calculate the K-theory of the abelian algebra
Sab2 /I

ab
2 . According to the proposition 3.2.7, we see this algebra

as the algebra of continuous functions vanishing at infinity on the
geometric realization |Σ(1)

S2 | of Σ
(1)
S2 . Here Σ

(1)
S2 is a subcomplex of ΣS2

which has the same verticies and whose simplixes are exactly the
1-simplexes of ΣS2. Therefore

Sab2 /I
ab
2 = C0(|Σ(1)

S2 |)

Let Γ be the flag complex with five verticies {i±, j±, k} in VΣS2

with the condition that {i±, j±}, {i−, i+} and {j−, j+} /∈ Γ. Let
CfΓ be the universal C∗-algebra with positive generators hs, s ∈
{i±, j±, k}, and the relations

hi±hj± = 0, hi+hi− = 0, hj+hj− = 0,
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(
∑

hi± + hj±) + hk = 1.

Denote by IΓ the ideal in CfΓ generated by products containing all
generators hs.

Now consider the short exact sequence

0 −→ IΓ ⊕ IΓ −→ Sab2 /I
ab
2

π−→ C(S1) −→ 0. (4.1)

To compute the K-theory of Sab2 /I
ab
2 from the above sequence, one

need first to compute the K-theory of the ideal IΓ. So, consider the
following short exact sequence

0 −→ IΓ −→ CfΓ −→ C4 −→ 0.

Just, we get the six-term exact sequence in K-theory which is of
the form

K0(IΓ) −→ K0(CfΓ) −→ K0(C4)
↑ ↓

K1(C4) ←− K1(CfΓ) ←− K1(IΓ).

A computation as in lemma 4.2.6 shows that CfΓ is homotopy equiv-
alent to C, so we get

K0(IΓ) −→ Z −→ Z4

↑ ↓
0 ←− 0 ←− K1(IΓ).

The map Z−→Z4 sends the unit class in K0(CfΓ) to the unit class in
K0(C4), therefore it implies that K0(IΓ) = 0 and the short sequence

0 −→ Z −→ Z4−→K1(IΓ) −→ 0

is exact. It follows that K1(IΓ) = Z3.
We return to the exact sequence 4.1, we get the following exact

sequence in K-theory

K0(IΓ ⊕ IΓ) −→ K0(S
ab
2 /I

ab
2 )

K0(π)−→ K0(C(S1))
↑ ↓ ∂

K1(C(S1)) ←− K1(S
ab
2 /I

ab
2 ) ←− K1(IΓ ⊕ IΓ).
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K0(π) is surjective, since [1] ∈ K0(C(S1) is in the image of K0(π). It
is also injective, since K0(IΓ⊕IΓ) = 0, this yields that ∂ = 0. From
example 2.2.26 K∗(C(S1)) = Z, ∗ = 0, 1. It follows immediately
that K0(S

ab
2 /I

ab
2 ) = Z and K1(S

ab
2 /I

ab
2 ) = Z7.

2

Lemma 4.3.5 In Snc2 , we have K0(I3/I4) = Z3 and K1(I3/I4) = 0.

Proof. Let Σ2 be the flag complex with four vertices {i+, i−, j, k}, i±, j, k ∈
VΣS2 such that {i+, i−} /∈ Σ2.
Define

CfΣ2 := C∗(hi−, hi+, hj, hk|hi−hi+ = 0, hs > 0,
∑
s∈VΣ2

hs = 1).

Denote by ♦ the flag complex with four vertices in {i±, j±} , i, j ∈
{0, 1, 2}, with the condition that {i+, i−},{j+, j−} /∈ ♦ (thus ♦ =
ΣS1 ). According to the general proposition 3.2.3, we have

I3/I4 ∼=
⊕

Σ2⊂ΣS2

IΣ2⊕
⊕

♦⊂ΣS2

I♦

because every subcomplex with four vertices of IΣ2 is the ideal in
ΣS2 is either of the form Σ2 or of the form ♦. CfΣ2 generated by
products containing all generators hs, s ∈ {i−, i+, j, k}, and I♦ is
the ideal in Cf♦ generated by products containing all four different
generators hs, s ∈ {i±, j±} , i, j ∈ {0, 1, 2}, i 6= j. From proposition
3.3.9 K∗(IΣ2) = 0, ∗ = 0, 1.
Now, we investigate the ideals of the form I♦. Cf♦ is exactly the
algebra Snc1 . So the ideal I♦ is the same as I3 in Snc1 . By proposition
4.2.11 above the K-theory of I3 in Snc1 is the K- theory of a point. In
this case we have 3-orthogonal ideals of this form. And this proves
the lemma . 2

Proposition 4.3.6 In Snc2 we have

K0(I4) = 0 and K1(I4) = Z4
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Proof. The method of proof is straightforward by using Bott
periodicity. First, consider the short exact sequence

0 −→ I4 −→ I3 −→ I3/I4 −→ 0

Using the six-term exact sequence, we have

K0(I4) −→ K0(I3) −→ K0(I3/I4)
↑ ↓

K1(I3/I4) ←− K1(I3) ←− K1(I4).

According to proposition 4.3.3 and lemma 4.3.5 we have K0(I3) = 0,
K1(I3) = Z, K0(I3/I4) = Z3 and K1(I3/I4) = 0. We get K0(I4) = 0
and the short sequence

0 −→ Z3 −→ K1(I4) −→ Z −→ 0

is exact. The last exact sequence implies that K1(I3) is torsion free
and isomorphic to Z4. 2

Proposition 4.3.7

K0(S
nc
2 /I4) = Z5 and K1(S

nc
2 /I4) = 0

Proof. For the proof we apply similar arguments as in the proof
of the above proposition.
Consider the short exact sequence

0 −→ I3/I4 −→ Snc2 /I4 −→ Snc2 /I3 −→ 0 .

We now apply the six-term exact sequence. We obtain

K0(I3/I4) −→ K0(S
nc
2 /I4) −→ K0(S

nc
2 /I3)

↑ ↓
K1(S

nc
2 /I3) ←− K1(S

nc
2 /I4) ←− K1(I3/I4)

Recall proposition 4.3.2, and lemma 4.3.5. And consider the value
of the K-theory of C(S2). We find that K1(S

nc
2 /I4) = 0, and the

short sequence

0 −→ Z3 −→ K0(S
nc
2 /I4) −→ Z2 −→ 0
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is exact. This implies that K0(S
nc
2 /I4) is torsion free and isomorphic

to Z5. 2

In the following we give a general lemma to find the K-theory
of a C∗-algebra associated to a certain flag comples Σ

′

n which is a
subcomplex of the complex ΣSn. We will use it later in a special
case.
Let Σ

′

n be the simplicial complex with 2n + 1 vertices, s.t VΣ′n
=

{0, 1+, 1−, ..., n+, n−} with the condition that {i+, i−} /∈ Σ
′

n for each
i ∈ {1, 2, ..., n}. Define Cf

Σ′n
to be the universal C∗-algebra with

positive generators hs, s ∈ VΣ′n
with the relations∑

s

hs = 1 and hi+hi− = 0 , i = {1, 2, ..., n}.

Lemma 4.3.8 Let Cf
Σ′n

be as above. Then Cf
Σ′n

is homotopy equiva-

lent to C.

Proof. Choose α : Cf
Σ′n
−→C be a homomorphism which sends

h0 to 1 and all the other generators to 0. And let β : C−→Cf
Σ′n

be

the natural homomorphism which sends 1 to 1Cf

Σ
′
n

. Now define,

ϕt : Cf
Σ′n
−→Cf

Σ′n

h0 7−→ h0 + (1− t)(
∑
s

hs), hs 7−→ t(hs), s ∈ VΣ′n
\ 0

The rest of the proof is similar to that of the lemma 3.3.1.

2

Lemma 4.3.9 In Snc2 , we have K0(I4/I5) = 0 and K1(I4/I5) = Z6

Proof.
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Let Σ
′

2 := Σ
′
be the simplicial complex with 5 vertices, s.t VΣ′ =

{0+, 0−, 1+, 1−, 2−}. Define Cf
Σ′

as

Cf
Σ′

:= C∗(h0−, h0+, h1−, h1+, h2−|hi ≥ 0,∑
i=1

hi = 1, h0−h0+ = 0, h1−h1+ = 0),

i ∈ VΣ′ . We have

I4/I5 ∼=
⊕

Σ′
IΣ′ .

Here IΣ′ is the ideal generated by products containing all generators
of Cf

Σ′
. Consider the skeleton filtration

Cf
Σ′

:= I
′

0 ⊃ I
′

1 ⊃ I
′

2 ⊃ I
′

3 ⊃ I
′

4 := IΣ′ .

The aim is to prove that K∗(IΣ′)
∼= K∗(C). We have divided the

proof into a sequence of steps.

Step 1 :

Cf
Σ′
/I

′

1
∼= CabΣ′/I

′

1
∼= C5.

This is analogous to the lemma 3.3.3, since both Cf
Σ′
/I

′

1 and CabΣ′/I
′

1
are generated by 5 projections.
Step 2 : Proceed as in proof of lemma 4.2.1. This implies that

I
′

1/I
′

2
∼= I

′ab

1 /I
′ab

2
∼= C0(0, 1)5.

Step 3 :

K∗(CfΣ′/I
′

2)
∼= K∗(CabΣ′/I

′ab

2 ).

This follows by the same method as in proposition 4.3.2 and lemma
4.2.1.

Step 4 : A computation similar to that in the proof of lemma
4.3.1, gives us

K∗(I
′

2/I
′

3)
∼= K∗(I

′

2
ab
/I

′

3
ab

) ∼=
⊕

4
K∗(I

′
4)

75



where 4 is a 2-simplex in the complex Σ
′
, and we have four 2-

simplex in this complex.
Step 5 : In the same manner as in the proof of proposition 4.3.2
shows

K∗(CfΣ′/I
′

3)
∼= K∗(CabΣ′/I

′ab

3 ).

In this case I
′ab
3 = 0, so

K∗(CfΣ′/I
′

3)
∼= K∗(CabΣ′)

An easy computation as in 3.3.1 shows that Cf
Σ′

and CabΣ′ are homo-
topy equivalent to C. And by applying the six-term exact sequence
in the following extension

0 −→ I
′

3 −→ Cf
Σ′
−→ Cf

Σ′
/I

′

3 −→ 0 ,

we get K∗(I
′

3) = 0.
Step 6 :

I
′

3/I
′

4
∼=

⊕
Σ2⊂Σ′

IΣ2⊕
⊕

♦⊂Σ′
I♦

where Σ2 and ♦ are defined as in 4.3.5. We have from 4.3.5

K∗(IΣ2) = 0, K∗(I♦) ∼= K∗(C).

In this case is we have only one ideal of the form I♦. So

K∗(I
′

3/I
′

4)
∼= K∗(C).

From step 5 we have K∗(I
′

3) = 0. So K∗(I
′

4) = K∗+1(C).
Step 7 : I4/I5 contains 6 orthogonal ideals of the form IΣ′ . So

K∗(I4/I5) ∼= K∗+1(C6).

2

Proposition 4.3.10 Let Snc2 and I5 as above. We have K0(S
nc
2 /I5)

∼=
Zi for some i = 1, 2, 3, 4.
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Proof. Consider the short exact sequence

0 −→ I4/I5 −→ Snc2 /I5 −→ Snc2 /I4 −→ 0.

Apply the six-term exact sequence. We have

K0(I4/I5) −→ K0(S
nc
2 /I5) −→ K0(S

nc
2 /I4)

↑ ↓
K1(S

nc
2 /I4) ←− K1(S

nc
2 /I5) ←− K1(I4/I5)

Since from proposition 4.3.7K∗(I4/I5)) ∼= K∗+1(C6), and from propo-
sition 4.3.9K∗(S

nc
2 /I4)

∼= K∗(C5), the above six-term exact sequence
gives the following exact sequence.

0 −→ K0(S
nc
2 /I5) −→ Z5 −→ Z6 −→ K1(S

nc
2 /I5) −→ 0

Factorize the above sequence into the following two short sequences.

0 −→ K0(S
nc
2 /I5) −→ Z5 −→ Zr −→ 0

and
0 −→ Zr −→ Z6 −→ K1(S

nc
2 /I5) −→ 0

Where r ∈ {1, 2, 3, 4}. So, from the first sequence we obtain that
K0(S

nc
2 /I5) is isomorphic to one element of the set {Z,Z2,Z3,Z4}.

And the explicit values of K0(S
nc
2 /I5) and K1(S

nc
2 /I5) depend on

K∗(I5) as we will show in the following proposition. 2

Proposition 4.3.11 In Snc2 , we have K1(S
nc
2 /I5) = K0(I5) and

K0(S
nc
2 /I5) = Z⊕K0(I5).

Proof. I5 is a closed two sided ideal in Snc2 . So we have the
following short exact sequence

0 −→ I5
i−→ Snc2

π−→ Snc2 /I5 −→ 0

From this we deduce the following six-term exact sequence

K0(I5)
i∗−→ K0(S

nc
2 )

π∗−→ K0(S
nc
2 /I5)

↑ ↓
K1(S

nc
2 /I5) ←− K1(S

nc
2 ) ←− K1(I5)
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Since from 3.2.5 we have

(i) K∗(S
nc
2 ) ∼= K∗(C)

we get

K0(I5)
i∗−→ Z π∗−→ K0(S

nc
2 /I5)

↑ ↓
K1(S

nc
2 /I5) ←− 0 ←− K1(I5).

By proposition 4.3.10 K0(S
nc
2 /I5) is a finitely generated free abelian

group and π∗ is injective. So i∗ = 0. We get K1(S
nc
2 /I5) = K0(I5),

and the short exact sequence

0 −→ Z −→ K0(S
nc
2 /I5) −→ K1(I5) −→ 0 (4.2)

In the following we show generally in theorem 5.0.12 that the above
short exact sequence is split. So

K0(S2
nc/I5) = K1(I5)⊕ Z.

2
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Chapter 5

Generalization

In this chapter we study the K-theory of the skeleton filtration for
Sncn for higher n. We study the K-theory of the quotient Sncn /Ik for
all k. We find that the K-theory of the quotients Sncn /Ik is related
to the K-theory of Ik as follows.

Theorem 5.0.12 For each k ≤ 2n+ 1 we have isomorphisms

K0(S
nc
n /Ik) = K1(Ik)⊕ Z

and

K1(S
nc
n /Ik) = K0(Ik).

Proof. Consider the skeleton filtration

Sncn = I0 ⊃ I1 ⊃ I2 ⊃ ... ⊃ I2n+1.

The following short sequence

0 −→ Ik
i−→ Sncn

π−→ Sncn /Ik −→ 0

is exact. π : Sncn −→ Sncn /Ik is the quotient map. Hence, by the six
term exact sequence in K-theory, we get

K0(Ik)
i∗−→ K0(S

nc
n )

π∗−→ K0(S
nc
n /Ik)

↑ ↓
K1(S

nc
n /Ik) ←− K1(S

nc
n ) ←− K1(Ik).
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Since we have K∗(S
nc
n ) ∼= K∗(C) by 3.2.5, the above exact cyclic

sequence becomes

K0(Ik)
i∗−→ Z π∗−→ K0(S

nc
n /Ik)

↑ ↓
K1(S

nc
n /Ik) ←− 0 ←− K1(Ik).

Where π∗ maps the class [1] inK0(S
nc
n ) to the class [1] inK0(S

nc
n /Ik).

So K0(S
nc
n /Ik) contains a copy of Z and Z π∗

↪→ K0(S
nc
n /Ik) is an

embedding.

Consequently i∗ = 0 and we have an isomorphism

K1(Sn
nc/Ik) = K0(Ik)

and a short exact sequence

0 −→ Z −→ K0(S
nc
n /Ik) −→ K1(Ik) −→ 0 .

In the remaining part of the proof we show that this short exact
sequence splits. Let α : Sncn /Ik −→ C be the evaluation map.
Consider the natural map ev : Sncn −→ C which sends h1+ to 1 and
all other generators to 0. Then we get the commutative diagram

Sncn
π−→ Sncn /Ik

ev↘ ↓α
C.

Since K∗ is a functor, we obtain the following corresponding com-
mutative diagram in K-theory,

K∗(S
nc
n )

π∗−→ K∗(S
nc
n /Ik)

ev∗↘ ↓α∗
K∗(C),

By theorem 3.1.3 the K-groups of Sncn and C coincide, and the
map

ev∗ : K∗(S
nc
n ) −→ K∗(C)
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is equivalent to the identity. So the composition α∗◦π∗ is equivalent
to the identity and thus the sequence (5) splits. Hence we obtain
the desired isomorphism

K0(S
nc
n /Ik) = K1(Ik)⊕ Z.

2

Let4 be an n-simplex in ΣSn with vertices V4 = {0+, 1+, ..., n+} ⊂
VΣSn . Let C4 be the unital C∗-algebra generated by h

′

s, where s ∈
{0+, 1+, ..., n+}, satisfying the relations

∑
s h

′

s = 1. There exists a
canonical evaluation map Sncn −→ C4 which sends hs to h

′

s if s ∈ V4
and which vanishes for hs if s /∈ V4. Let I4 be the ideal in C4 which
is generated by all products of generators hs containing at least n+1
different generators. Denote the abelianization of C4 by Cab4 , and

let Iab4 be the image of I4 in Cab4 . We have a canonical surjective
map

C4 −→ Cab4 .

Let us denote the skeleton filtration for C4 by (Ik), and the skeleton
filtration for Cab4 by (Iabk ).

Proposition 5.0.13 Let (Ik) and (Iabk ) as just defined.

Then for each k the map Ik/Ik+1−→Iabk /Iabk+1 induces an isomor-
phism in K-theory.

Proof. Notice that Ik/Ik+1
∼=

⊕
4I4 and Iabk /I

ab
k+1
∼=

⊕
4Iab4

where the sum is taken over all k-simplices.

By Proposition 5.0.12 the map I4 −→ Iab4 induces an isomor-

phism inK-theory, and consequently theK-map of Ik/Ik+1−→Iabk /Iabk+1
is an isomorphism. 2

Proposition 5.0.14 The surjective map C4/Ik −→ Cab4/Iabk induces
an isomorphism in K-theory for each k.
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Proof. It is easy to see that C4/I1 ∼= Cab4/Iab1
∼= Cn+1. For all k

we have a commutative diagram

0 −→ Ik/Ik+1 −→ Cf∆/Ik+1 −→ Cf∆/Ik −→ 0
↓ ↓ ↓

0 −→ Iabk /I
ab
k+1 −→ Cab∆ /I

ab
k+1 −→ Cab∆ /I

ab
k −→ 0

where the lines are exact. Applying the long exact sequence of
K-theory, we obtain the following commutative diagram

K1(Ik/Ik+1) −→ K1(Cf∆/Ik+1) −→ K1(Cf∆/Ik) −→ .....

↓ ↓ ↓
K1(I

ab
k /I

ab
k+1) −→ K1(Cab∆ /I

ab
k+1) −→ K1(Cab∆ /I

ab
k ) −→ .....

..... −→ K0(Ik/Ik+1) −→ K0(Cf∆/Ik+1) −→ K0(Cf∆/Ik)
↓ ↓ ↓

..... −→ K0(I
ab
k /I

ab
k+1) −→ K0(Cab∆ /I

ab
k+1) −→ K0(Cab∆ /I

ab
k ).

This diagram can be periodically continued such that the lines are
exact. Let k = 1. Then by proposition 5.0.13 and an application of
the five-lemma we obtain

K∗(C4/I2) ∼= K∗(Cab4/Iab2 ) for ∗ = 0, 1.

We successively use this argument for all k = 2, 3, ..., n. 2

Theorem 5.0.15 Let4 be an n-simplex. Then the map C4/I4 −→
C(Sn) induces an isomorphism in K-theory.

Proof. By proposition 5.0.14 we have

K∗(C4/I4) ∼= K∗(Cab4/Iab4 ).

Due to 3.2.7, Cab4/Iab4 is a commutative C∗-algebra which is isomor-
phic to C0(|∂(4)|). It is well known that |4| is homeomorphic to
Sn. Thus

C0(|∂(4)|) ∼= C(Sn).

2
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We shall compare the above results with the case in the abelian
n-sphere. In the abelian n-sphere we have already the following.
Now, again (Ik) denote the skeleton filtration for C(Sn) and (Iabk )
denote the skeleton filtration for Sabn .

Proposition 5.0.16 In the abelian C∗-algebra Sabn the following
holds.

(i) Iabk /I
ab
k+1
∼=

⊕
4Iab4 for k 6 n + 1, The sum is taken over all

k-simplexes 4 in ΣSn .

(ii) Iabk /I
ab
k+1 = 0 for k > n+ 1

(iii) K∗(S
ab
n /I

ab
k ) ∼= K∗(C(Sn)) for k ≥ n+ 1

Proof. (i) By proposition 3.2.3 we have

Iabk /I
ab
k+1
∼=

⊕
σ⊂V
Iabσ

where V = {0+, 0−, ..., n+, n−} and |σ| = k + 1.

Hence we have three cases

Case 1 : {i+, i−} ⊂ σ for any i. So, we get Iabσ = 0.

Case 2 : {i+, i−} ⊂ σ for some i. We also get Iabσ = 0

Case 3 : {i+, i−} * σ for any i. In this case σ defines a k-simplex.
Then

Iabk /I
ab
k+1
∼=

⊕
4
Iab4

where the direct sum is taken over all k-simplices 4 in ΣSn and
Iab4 ⊂ Cab4 is the ideal defined above.

(ii) For k > n+ 1 there is {i+, i−} ⊂ σ for some i, so Iabk = 0.

(iii) We consider the short exact sequence

0 −→ Iabk −→ Sabn −→ Sabn /I
ab
k −→ 0
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Applying the six-term exact sequence in K-theory, and from above
K∗(I

ab
k ) = 0 for k > n+ 1. So, we obtain the isomorphisms

K∗(S
ab
n /I

ab
k ) ∼= K∗(S

ab
n ).

2

Proposition 5.0.17 Let Sncn as above and Sabn its abelianization.
Then the surjective map Sncn −→ Sabn induces the surjection

Ij/Ij+1−→Iabj /Iabj+1

which is an isomorphism in K-theory for j ∈ {0, 1, 2}.

Proof. For j = 0 we have isomorphisms Sncn /I1
∼= Sabn /I

ab
1
∼= C2n+2

which yield corresponding isomorphisms of K-groups. For j = 1,

I1/I2 ∼= Iab1 /I
ab
2
∼=

⊕
σ
Iσ

where the sum is taken over all 1-simplices in the simplicial complex
ΣSn, and Iσ is the ideal generated by products containing all two
different generators hk, hl where {k, l} ∈ ΣSn.

By proposition 5.0.13 we have an isomorphism

K∗(I1/I2) ∼= K∗(I
ab
1 /I

ab
2 ).

For j = 2,
I2
ab/I3

ab ∼=
⊕

4
Iab4

where 4 is a 2-simplex in the simplicial complex ΣSn, and

I2/I3 ∼=
⊕

4
I4⊕

⊕
Λ
IΛ.

Here Λ is is a triple of vertices in ΣSn which do not form a simplex.
We know by 4.2.7 that the K-theory of IΛ is zero, and by 3.2.5
we know that Iab4 and I4 have the same K-theory. So, we get the

isomorphism K∗(I2/I3) ∼= K∗(I
ab
2 /I

ab
3 ). 2

Remark 5.0.18 This implies also, by the five-lemma that the sur-
jective map Sncn /Ik −→ Sabn /I

ab
k induces an isomorphism in K-theory

for k = 1, 2, 3.
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