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Abstract

In this thesis, we develop stable and efficient Petrov-Galerkin discretizations for two
different transport-dominated problems: first order linear transport equations and a
kinetic Fokker-Planck equation. Based on well-posed weak formulations on the contin-
uous level, the core of our numerical schemes is the choice of the discrete spaces for the
Petrov-Galerkin projection. By first defining a discrete test space and then computing
a problem-dependent discrete trial space such that the spaces consist of matching sta-
ble pairs of trial and test functions, we obtain efficiently computable uniformly stable
discrete schemes.

For first order linear transport equations, we use an optimally conditioned ultraweak
variational formulation. Then, the optimally stable discrete trial space results from the
chosen discrete test space by an easy-to-compute application of the adjoint (differential)
operator. For the kinetic Fokker-Planck equation, we derive a favorable lower bound for
the inf-sup constant on the continuous level with methods inspired by well-posedness
results for parabolic equations. Here, the stable discrete trial space is constructed from
the test space by the application of the kinetic transport operator and the inverse
velocity Laplace-Beltrami operator, so that the specific basis functions can be efficiently
computed by low-dimensional elliptic problems. In both cases we thereby guarantee the
discrete inf-sup stability with the same inf-sup constant as on the infinite-dimensional
level independently of the chosen test spaces.
This guaranteed stability is especially beneficial when considering model reduction

by the reduced basis method for parametrized first-order transport equations. Using
our discretization strategy, we build a reduced model consisting of a fixed reduced test
space generated by a greedy algorithm and parameter-dependent reduced trial spaces
depending on the test space. Since the stability is inherently built into the method, we
can avoid additional stabilization loops within the greedy algorithm, so that we obtain
efficient reduced models by an easily implemented procedure.

Zusammenfassung

In dieser Arbeit entwickeln wir stabile und effiziente Petrov-Galerkin-Diskretisierun-
gen für zwei verschiedene transportdominierte Probleme: lineare Transportgleichungen
erster Ordnung und kinetische Fokker-Planck-Gleichungen. Aufbauend auf wohlgestell-
ten schwachen Formulierungen liegt der Kern unserer numerischen Methoden in der
Wahl der diskreten Räume für die Petrov-Galerkin-Projektion. Indem wir zunächst den
diskreten Testraum definieren und dann einen problemangepassten diskreten Ansatz-
raum so berechnen, dass die Räume aus passenden stabilen Paaren von Ansatz- und
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Testfunktionen bestehen, erhalten wir effizient berechenbare und uniform stabile diskrete
Methoden.

Für lineare Transportgleichungen erster Ordnung benutzen wir optimal konditionier-
te “ultraschwache” Variationsformulierungen. Der optimal stabile diskrete Ansatzraum
entsteht dann aus dem gewählten diskreten Testraum durch eine einfach zu berech-
nende Anwendung des adjungierten (Differential-)Operators. Für die kinetische Fokker-
Planck-Gleichung leiten wir mit Methoden inspiriert von Wohlgestelltheitsresultaten für
parabolische Gleichungen eine vorteilhafte untere Schranke für die Inf-Sup-Konstante
auf der stetigen Ebene her. Hier wird der stabile diskrete Ansatzraum dann aus dem
Testraum durch die Anwendung des kinetischen Transportoperators und des inversen
Geschwindigkeits-Laplace-Beltrami-Operators konstruiert, sodass die speziellen Basis-
funktionen durch niedrigdimensionale elliptische Probleme effizient berechnet werden
können. In beiden Fällen garantieren wir dadurch diskrete Inf-Sup-Stabilität mit der-
selben Inf-Sup-Konstante wie auf der unendlichdimensionalen Ebene unabhängig von
den gewählten Testräumen.
Diese garantierte Stabilität ist insbesondere auch für Modellreduktion durch die Re-

duzierte-Basis-Methode für parametrisierte Transportgleichungen erster Ordnung von
Vorteil. Indem wir unsere Diskretisierungsstrategie nutzen, konstruieren wir ein redu-
ziertes Modell bestehend aus einem festen, durch einen Greedy-Algorithmus generierten
reduzierten Testraum und parameterabhängigen reduzierten Ansatzräumen, die aus dem
Testraum hervorgehen. Da die Stabilität grundsätzlich in die Methode eingebaut ist,
können wir zusätzliche Stabilisierungen im Greedy-Algorithmus vermeiden, sodass wir
effiziente und leicht zu implementierende reduzierte Modelle erhalten.
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g3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.6 Inf-sup constants for the optimal test method and the 2D problem . . . 58
3.7 Inf-sup constants for the optimal test method and the 3D problem . . . 58
3.8 Data for parametric test cases. . . . . . . . . . . . . . . . . . . . . . . . 59

4.1 Computed discrete inf-sup constants for varying mesh sizes and values
for the diffusion and reaction constants d and c. . . . . . . . . . . . . . . 81

xi





1 Introduction

1.1 Motivation
Transport phenomena arise in all major areas of science and technology and their nu-
merical simulation is often crucial for the understanding of natural processes. One
particular example of an application where complex transport equations arise lies in
mathematical models describing the spreading of gliomas in the human brain. Gliomas
are rarely curable brain tumors that are highly infiltrative and possess specific “finger-
like” invasion patterns, which are believed to result from anisotropic cell movement
aligned to white matter tracts of the brain, see [61,62]. As a full resection of the tumor
in surgery is in general not possible, chemotherapy and radiotherapy play an important
part in the treatment of patients. The planning of radiotherapy treatment involves the
assessment of the tumor margins, which is exacerbated by the fact that parts of the
tumor may not be visible in medical imaging and the anisotropic invasion pattern is
highly patient-specific.
Therefore, mathematical models of the tumor invasion that allow for a patient-specific

simulation of the anisotropic cell movement might be useful to enhance the treatment
planning. Multiscale models that aim at describing the different complex processes
involved in glioma invasion have been developed, for instance, in [61,62,90,95]. In these
models, mesoscopic descriptions in form of kinetic equations for the density of the tumor
cells are derived. The models include biological processes on the microscopic cell level
as well as macroscopic data of the patient-specific brain structure leading to anisotropy
in the cell movements. Simulations of the tumor invasion are then mostly based on
macroscopic partial differential equations (PDEs) that result from a limiting procedure
of the mesoscopic model [41, 61, 64]. However, additional insights might also be gained
from simulations of the kinetic mesoscopic equations.
These kinetic equations are high-dimensional, contain several purely advective vari-

ables, and may also depend on additional biological parameters. These characteristics
all pose significant challenges for the numerical solution. Since transport-dominated
PDEs may often involve discontinuous solutions, standard numerical methods may lead
to accuracy and stability problems when not taking the specific structure of the equation
into account. While, for instance, projection-based methods like the finite element (FE)
method are automatically well-posed for elliptic problems, simple Galerkin projections
fail for transport-dominated problems, and additional stabilization is necessary. When
we encounter complex settings including high-dimensional or parametrized equations,
e.g., by biological parameters in the model, this stabilization problem also occurs when
we employ model reduction methods to reduce the complexity of numerical simulations:
Many standard approaches like the reduced basis (RB) method are also based on lin-
ear projections of weak solutions or detailed approximations onto reduced subspaces.
Therefore, in the transport-dominated setting, a stabilization is also necessary in the
generation of reduced models.
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1 Introduction

1.2 Goal and contribution of this work
In this thesis, we aim at building a framework for the efficient and stable simulation
of (possibly kinetic) transport equations that may also involve parameters. To that
end, we develop stable Petrov-Galerkin discretizations based on well-posed variational
formulations for two different model problems:

• Parametrized first-order linear transport equations serve as an example for a hy-
perbolic problem, where the parameter dependence of the equation poses an ad-
ditional difficulty and we can test an application of the RB method.

• The kinetic Fokker-Planck equation as a prototype of a mesoscopic glioma equa-
tion then contains both a multidimensional kinetic transport term on the purely
advective space and time variables and a diffusion term in the velocity.

To obtain well-posed and stable Petrov-Galerkin discretizations, it is crucial to choose
discrete trial and test spaces such that a discrete inf-sup condition with a favorable
estimate for the discrete inf-sup constant can be shown. To achieve this, the main idea of
our discrete schemes is to build the spaces for the Petrov-Galerkin projection completely
from stable trial/test function pairs determined by the variational formulation. Since
in these pairs the trial function can be easily computed from the test function (but not
vice versa), we first choose a fixed discrete test space and then compute the problem-
dependent discrete trial space consisting of the respective trial function counterparts in
the stable pairs. With this strategy, we obtain discretizations that are inherently stable
and efficiently computable. We show in the course of the thesis that this strategy leads
to favorable solutions and is especially useful also in model reduction contexts.

The parametrized first-order linear transport equation considered in chapter 3 is of
the form

∂tuµ(t, x) + bµ(t, x) · ∇xuµ(t, x) + cµ(t, x)uµ(t, x) = fµ(t, x), (1.1)

for all parameter values µ in a compact set P ⊂ Rp, for all times t ∈ (0, T ) and all
x ∈ D ⊂ Rd accompanied with appropriate initial and boundary conditions.
We consider weak solutions to (1.1) in an ultraweak space-time variational formulation

that was already proposed, for instance, in [29,43,51,52]. The ultraweak setting uses an
L2 trial space, while the test space is chosen with a problem-dependent norm containing
the full adjoint transport operator. With this choice, well-posedness of the scheme with
optimal inf-sup and continuity constants can be shown.

To obtain discrete solutions by a stable Petrov-Galerkin projection, related approaches
usually choose a discrete trial space and then seek a discrete test space that ensures
discrete inf-sup stability. However, the optimally stable test space results from applying
the inverse adjoint transport operator to the trial space – which means, solving the PDE
for every basis function, which is in general infeasible. Therefore, stable test spaces can
only be approximated by different strategies [29,43,51,52].
As mentioned above, we use the reverse approach and propose to first choose an

appropriate test space. The trial space that results in optimal inf-sup stability is then
given by an application of the adjoint transport operator. Since this application of
a differential operator (instead of solving PDEs) can be easily and exactly computed
for standard discrete spaces as e.g. an FE space, we obtain a numerical scheme which

2



1.2 Goal and contribution of this work

is optimally stable (with an inf-sup constant of one also for variable coefficients and
independently of the mesh size) and easy to implement. We prove convergence for our
scheme as δ → 0 but do not derive convergence rates in δ. Instead, we investigate the
achieved rates numerically, obtaining convergence rates similar to the ansatz proposed
in [43].
Our proposed scheme is especially advantageous when looking at the parametrized

setting with the aim to solve (1.1) for a large quantity of parameter values or for individ-
ual parameter values in a real-time context with computational and/or time constraints.
In such a setting, the RB method (see for instance [76,83,112] and references therein) has
become a well-known and successful model reduction scheme applied to many different
types of parametrized PDEs. The main idea of the RB method is to first build reduced
spaces from precomputed snapshots, i.e., solutions to the PDE for appropriately cho-
sen parameter values, in a so-called offline phase. Then, reduced solutions are defined
as (Petrov-)Galerkin projections onto the reduced spaces, which can then be evaluated
significantly cheaper and faster than the original discrete solutions in the online phase,
making many-query or real-time requirements possible. However, for the parametrized
transport problems like (1.1) in a Petrov-Galerkin framework and with function spaces
dependent on the transport direction, the application of the RB method is not directly
straightforward: On the one hand, the variational framework highly depends on the pa-
rameter, on the other hand, a Petrov-Galerkin projection onto reduced spaces is again
not automatically stable.
We apply our numerical scheme to the parameter-dependent case by generating fixed

basis functions for the reduced test space by a greedy algorithm and then applying
the (parameter-dependent) transport operator to construct the then also parameter-
dependent reduced trial space. Thereby, we automatically obtain an optimally stable
reduced scheme without any additional stabilization procedures that are necessary, for
instance, when basing the reduced scheme on fixed trial space functions, as in [45,139].
Therefore, our scheme is easy to implement and our numerical examples show that we
obtain very efficient reduced models.

In chapter 4, we consider a kinetic Fokker-Planck equation of the form

∂tu((t, x), v) + v · ∇xu((t, x), v) = ∆v

(
u((t,x),v)
q(x,v)

)
in Ω = It × Ωx × Ωv (1.2)

with suitable inflow boundary conditions. The equation describes a particle density u
dependent on time t ∈ It, position x ∈ Ωx ⊂ Rd, d ∈ {2, 3}, and velocity v ∈ Ωv = Sd−1.
While for the transport equation suitable variational formulations have already been

proposed in the literature, for the kinetic Fokker-Planck equation variational formu-
lations were mainly considered in approaches focusing on the properties of the weak
solution without an orientation towards a subsequent discretization. We therefore es-
tablish a variational framework for (1.2) focusing especially on estimates for the inf-sup
constant. We introduce a variational formulation in all dimensions based on Bochner-
type function spaces as similarly used in [3, 34]. We then analyze the well-posedness
by combining ideas developed for space-time variational formulations of parabolic equa-
tions [65, 119, 129] with our formulation for the transport equation. To show the dual
inf-sup condition, we construct specific function pairs in the trial and test spaces, where
the trial space function is derived from the test space function by the application of the
kinetic transport operator and the inverse Laplace-Beltrami operator.

3



1 Introduction

The construction of the discrete spaces for the Petrov-Galerkin projection is then
based on exactly these function pairs: We first choose an arbitrary discrete test space
and then define the discrete trial space by the same application of kinetic transport and
inverse Laplace-Beltrami operator, such that the spaces consist of the stable function
pairs from the continuous inf-sup proof.
This approach automatically yields a well-posed discrete problem with the same sta-

bility constant as for the continuous problem independently of the choice of the test
space and thus of the mesh size. Our choice ensures that the spaces can be efficiently
computed in the course of the numerical scheme: As for the transport equation, we apply
the transport operator to the test space functions. Here, we additionally have to solve
elliptic problems in the velocity domain due to the inverse Laplace-Beltrami operator.
However, as these problems are low-dimensional and can be carried out in parallel, the
computation of the trial space functions is not dominant in the computational costs of
the solution process of the full high-dimensional equation.

1.3 Overview of the literature

There is a large variety of approaches that are concerned with the numerical solution
of transport-dominated and kinetic equations and the development of suitable model
reduction methods for the parametrized case. We here give an overview of methods
most closely related to our work.

Finite Element Methods for transport-dominated problems Elliptic equations can
be easily and successfully discretized by FE methods, where the discrete solution is usu-
ally defined as Galerkin projection of a variational formulation with a coercive bilinear
form. This simple framework is however not suited for transport-dominated problems
as convection-dominated convection-diffusion equations, or, especially, hyperbolic prob-
lems as, for instance, first-order transport equations: Here, simple Galerkin projections
lead to strong instabilities or cannot even be used from a theoretical point of view, since
standard bilinear forms for first-order hyperbolic equations are not coercive.
Therefore, many different methods have been developed to overcome especially the

stability problems that arise when discretizing transport-dominated problems.
One class of stabilized (continuous) FE methods is the streamline upwind Petrov-

Galerkin method (SUPG), also called streamline diffusion FE method (SDFEM). Intro-
duced by Hughes and Brooks [23,88], the idea of the SUPG/SDFEM method is to add
artificial diffusion only in the transport direction to the equation as a stabilization. A
modified framework is the Galerkin least-squares method (GLS), introduced by Hughes
et al. e.g. for advection-diffusion equations in [89].
The Least-squares Finite Element method (LSFEM) is based on the formulation of

weak solutions as minimizers of suitable energy functionals, most often the norm of the
residual in a Hilbert space. See [20] for an extensive overview and [18] for an introduction
to LSFEM for hyperbolic problems. For linear transport, LSFEM methods have been
proposed and analyzed e.g. in [19,48,101,110], see subsection 3.2.4 for a short description
of the used variational framework. LSFEM for the neutron transport equation is covered
in [102].
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1.3 Overview of the literature

Instead of using conforming continuous discrete spaces, discontinuous Galerkin meth-
ods (DG) are based on nonconforming discrete spaces that may be discontinuous across
element interfaces. The DG method was majorly developed by Cockburn, Shu, et al.,
and is widely used for various problem classes. Just to mention a few works, hp-adaptive
versions of the DG method were applied to first-order transport equations, for instance,
in [16, 84, 86]. In [55], a DG approximation in space and a conforming Petrov-Galerkin
approximation in time was proposed. We refer to [122] for an extensive review of the
DG method and further references.

The Discontinuous Petrov-Galerkin (DPG) method was introduced more recently by
Demkowicz and Gopalakrishnan in [51, 52, 140] and has become very popular for many
different problems in the recent years. The method is both a specific DG method and
a residual minimization, i.e., least-squares, method. The methodology builds on the
observation that “optimal” test spaces for a Petrov-Galerkin method can be derived
from trial spaces by inverting the Riesz operator of the test space. To efficiently com-
pute approximate optimal test functions, a mesh-dependent variational formulation is
introduced, which allows for “inter-element discontinuities” of the test space. Then, the
optimal test functions can be approximated by localized “element-by-element” compu-
tations [52]. There is a large variety of works developing DPG methods on the one
hand for different equations and on the other hand with different approaches concerning
the choice of the respective norms, variational formulations, and exact approximation
of the respective test functions. For linear first-order transport equations, different
discretizations have already been introduced in the original works [51, 52]. With the
focus of using problem-specific energy norms, an optimally stable framework has been
developed in [29]. A DPG scheme focusing on uniform inf-sup stability in view of mesh-
dependent variational formulations is proposed in [22], in [46] the method is enhanced
by a posteriori error estimators and an adaptive strategy. In [94], the method of [22] is
combined with an approximation of the flux and a discretization of a transport equation
along the characteristics, while in [42] the ideas from [22, 46] are used as a basis for a
model order reduction scheme for the radiative transfer equation.
Using a similar optimally conditioned variational framework as the DPG method,

Dahmen, Welper, et al. introduced Petrov-Galerkin discretizations using conforming
trial and test spaces for advection-diffusion [37] and first-order transport equations [43].
Instead of using non-conforming stable discrete test spaces, so-called δ-proximal near-
optimal test spaces are defined. For a feasible solution process, the problem is reformu-
lated as a saddle point problem, see also subsection 3.2.4. RB methods in this framework
are proposed for parametrized transport-dominated problems in [45]. In [44], the setting
from [43] is enhanced by an adaptive scheme with anisotropic meshes using shearlets.

Another method related to DPG formulations and the setting in [43] is the Discrete-
Dual Minimal-Residual (DDMRes) method. In [103], the first-order transport equation
is considered in an Lp-setting, and discrete solutions are defined by a residual minimiza-
tion problem for special discrete dual norms.

In [9], the saddle point least squares (SPLS) method was proposed for abstract inf-
sup stable problems and applied to a div-curl-system. There, the weak problem is
reformulated as a saddle point problem (similar to [43]). Different types of trial and
test spaces for this saddle point problem are explored, where, different to [43] and more
similar to our method in chapter 3, first a test space and then a dependent trial space
are chosen, see also subsection 3.2.4.
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Model order reduction methods for parametrized transport-dominated problems
Projection-based model reduction methods provide a valuable tool for the efficient solu-
tion of parametrized problems, see [15,38] for general overviews and [14] for a literature
review. Among the different methodologies, the RB method has become widely used to
tackle parametrized PDEs in a multi-query or real-time context, see [83, 112] and [76]
(part of [15]) for specific introductions to the RB method.
After the RB method was first formulated for the easiest case of elliptic and (semi-

discretized) parabolic equations in a coercive variational framework, much work has
been done to develop RB approximations also for problems described by inf-sup stable
mixed variational formulations.
The inf-sup stability of reduced models was first considered for saddle-point problems

such as the Stokes and Navier-Stokes systems. Stable RB methods can be derived by
including the computation of so-called supremizers which enrich the test spaces to obtain
stability, see [11,70,114,115].

In [128, 129], an RB method for parabolic PDEs based on a space-time variational
formulation is proposed. Due to favorable lower bounds for the inf-sup constant that
were first developed in [119], error estimators for the space-time formulation lead to
much sharper bounds than respective results based on semidiscretizations of parabolic
equations [75]. The time-dependence of the discrete spaces can be chosen such that the
space-time Petrov-Galerkin projection is equivalent to a Crank-Nicholson time-stepping
scheme. Then, fixed reduced spaces only in the spatial variable can be built without
the need of a further stabilization. This approach was also generalized to nonlinear
equations as the Burgers equation and the Boussinesq equation [137, 138]. In [82],
space-time RB methods for the heat and wave equation have been considered from a
matrix-based perspective.
Based on the stabilized Petrov-Galerkin framework for convection-dominated convec-

tion diffusion equations [37] and first-order transport equations [43], in [45] a reduced
model based on the double greedy algorithm is developed: The main idea of the algorithm
is to combine a greedy algorithm for the reduced trial space with iterative extensions of
the test space by supremizer functions that are also determined in a greedy-like fashion.
With this strategy, one obtains stable reduced models, where the test space is of larger
dimension than the trial space and the solutions are determined by an associated saddle
point problem. For details, see also subsection 3.3.6. A different perspective on the sta-
bilization in Petrov-Galerkin RB frameworks is given in [139], where a preconditioner
for parametrized matrices is developed which is based on the interpolation of the matrix
inverse. This preconditioner can be used in to generate a stable test space for a given
reduced trial space or enhance the computation of residual-based error estimators.
Apart from these works focusing on Petrov-Galerkin projections of inf-sup stable for-

mulations, RB methods for transport-dominated problems have also been developed in
other frameworks. In [77, 78], RB methods are used for finite volume discretizations
of linear and nonlinear parabolic or hyperbolic evolution equations. In [109], an RB
method for a convection-dominated convection-diffusion equation with SUPG stabiliza-
tion is proposed. A nonlinear model reduction scheme based on least squares formu-
lations for discrete parametrized problems (Gauss-Newton with approximated tensors
(GNAT) method) has been developed in [32,33]. An RB method with a posteriori error
estimator for the wave equation is proposed in [73]. The model reduction method for
nonlinear hyperbolic equations presented in [1] is based on the collection of snapshots
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1.3 Overview of the literature

in a “dictionary” combined with an L1-minimization scheme in the online phase.
The aforementioned works propose various ways to handle model reduction methods

based on the projection on linear spaces built from solution snapshots. However, for
transport-dominated problems such as a linear transport equation with a moving jump
discontinuity linear approximations do not perform well: Since for these problems the
Kolmogorov-n-width (a measure for the approximability of the solution manifold by
linear spaces) decays only very slowly, linear approximations generally need a large
model order to obtain satisfying accuracy, see [107]. Therefore, in the recent years there
has been an increasing interest in developing nonlinear model reduction methods that
try to incorporate the movement of shocks or fronts into the method e.g. by spatial
transforms. Examples include the method of freezing [106], approximate Lax pairs [68],
a characteristics-based method for nonlinear conservation laws [126], a method based
on optimal transport [93], methods using shifts like [113] and the transformed snapshot
interpolation method [131–133], a method using a spatial splitting of snapshots [31],
and methods using a registration of snapshots to generate a spatial transform [125,127].

Discretizations for kinetic (Fokker-Planck) equations Kinetic equations that describe
particle densities in phase space consisting of all possible physical states arise in various
contexts and forms. Hence, many different numerical methods for the simulation of
kinetic phenomena have evolved, see [50,54] for general overviews.

In this work, we are especially interested in numerical methods for the kinetic Fokker-
Planck equation, which is characterized by a kinetic transport operator in space and
a diffusive term (only) in the velocity variable1. On the one hand, weak solutions
and variational formulations for different types of kinetic Fokker-Planck equations have
been defined and analyzed in various works, see e.g. [3,10,34,49,92,121]. However, these
approaches focus on the properties of the weak solution without an orientation towards
a subsequent discretization. On the other hand, discretizations of kinetic Fokker-Planck
equations are often not based on the direct connection to a weak solution or do not
specifically consider stability estimates.
In [99], an FE discretization of a kinetic Fokker-Planck equation is described, where

the well-posedness of the discrete problem is however not analyzed. In [96], an ap-
proximation of a kinetic Fokker-Planck equation in one space dimension by plane wave
expansions and finite differences is proposed. In the context of neuronal networks, a
Fokker-Planck equation is discretized with finite differences in [30].
Another well-established approach to discretize kinetic equations is the method of

moments, applied to Fokker-Planck equations, for instance, in [67, 97, 117, 118]. A re-
lated approach applying hierarchical model reduction methods such as [108] to a ki-
netic Fokker-Planck equation was developed in the author’s master thesis and published
in [26].
A link between moment methods and stable discretizations based on variational

formulations has been made for different variants of the radiative transfer equation
in [57, 58]: A mixed variational formulations based on a parity splitting of functions is
developed and a subsequent stable discretization based on a Galerkin projection onto

1Note that the general “Fokker-Planck equation” which describes the time evolution of a probability
density function commonly amounts to a (non-kinetic) “standard” convection-diffusion equation
(with diffusion in all “non-time variables”). By the “kinetic Fokker-Planck equation” we here denote
equations with diffusion only in the velocity variable.

7



1 Introduction

suitable combined FE-PN spaces is proposed. It can be shown that the standard FE-PN
moment discretization is stable in the case of strictly positive absorption [57] but may
be unstable for vanishing absorption [58]. This framework is applied to a generalized
Fokker-Planck equation with a velocity operator of the form (Id− α∆v)−1 in [80].
The kinetic Fokker-Planck equation fits into the general class of PDEs with nonneg-

ative characteristic form. For these, discontinuous Galerkin methods [85, 87, 124] and
also sparse tensor approximations [120] have been developed.
We close by highlighting some interesting approaches for related kinetic equations be-

yond Fokker-Planck which use discretizations related to our discussion: For the neutron
transport/radiative transfer equation, stabilized FE approaches have been proposed us-
ing an LSFEM discretization in [102] and using the DPG method combined with an
iterative scheme in [42]. For the related Vlasov-Fokker-Planck system there are, for
instance, works based on finite differences [116, 135] and also stabilized FE in form of
streamline-diffusion DG approximations [4, 5]. To reduce the complexity of the dis-
cretization for these high-dimensional equations, a sparse FE method based on the
stabilized setting from [102] has been introduced in [134] and enhanced in [74]. Other
tensor-based methods have, for instance, been proposed for the Vlasov-Poisson system:
In [98], an approximation in tensor train format is developed. A tensor decomposition
using the proper generalized decomposition (PGD) method is developed in [59], while
in [60] a low-rank decomposition in hierarchical Tucker format using a projector-splitting
approach is developed.

1.4 Outline of this thesis
This thesis is organized as follows. In the following chapter 2 we introduce the motivating
glioma tumor model, give a short overview on the inf-sup theory characterizing well-
posed variational formulations and Petrov-Galerkin projections, and introduce some
nonstandard function spaces that we use in this thesis.
Chapter 3 is devoted to the parametrized transport equation (1.1). In section 3.1 we

present an optimally stable ultraweak variational formulation of first order linear trans-
port equations. Section 3.2 is devoted to the finite-dimensional, discrete case where we
introduce an optimally stable Petrov-Galerkin method. Parametrized transport prob-
lems are considered in section 3.3 within the framework of the RB method. We describe
the fairly easy computational realization of the new approach in section 3.4 and report
on several numerical experiments in section 3.5.
In chapter 4 we consider the kinetic Fokker-Planck equation (1.2). After a more

detailed description of the setting in section 4.1, we introduce suitable Bochner-type
function spaces and establish density and trace properties in section 4.2. We then
derive the variational formulation and prove the existence and uniqueness results in
section 4.3. In section 4.4, we introduce the discrete scheme, show well-posedness and
describe an efficient computation. These properties of the proposed method are finally
confirmed for a numerical example in section 4.5.
We close this thesis with concluding remarks and a short outlook in chapter 5.
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2 Background

In this chapter, we discuss different concepts that build the background of this thesis.
First, in section 2.1 we introduce the glioma tumor model that motivated our work on
transport equations and especially on the kinetic Fokker-Planck equation. We then give
an overview of the well-posedness theory of weak solutions to PDEs and their approxi-
mations by Petrov-Galerkin projections on abstract functions spaces in section 2.2. This
theory will be the basis of the developed variational formulations and discretizations in
chapters 3 and 4. In section 2.3, we introduce different nonstandard Sobolev-type func-
tion spaces that are important for or closely related to the appropriate function spaces
for our frameworks in chapters 3 and 4.

2.1 Modeling of glioma tumor spreading

To understand and simulate the complex behavior of glioma brain tumors as, for in-
stance, the most aggressive form glioblastoma multiforme, various mathematical models
have been developed. Special models to describe the spreading of glioma tumor cells
in the brain are multiscale models. These aim at describing the tumor cells on differ-
ent levels to incorporate the relevant biological processes and then arrive at a model
for the whole tumor. First, subcellular dynamics between a glioma tumor cell and the
surrounding tissue are taken into account on the microscale. Then, the tumor cells are
viewed as particles in a kinetic model, i.e., the density of tumor cells in phase space (the
high-dimensional space of all possible particle states) is described by a kinetic equation
on the mesoscale. By suitable limiting and scaling procedures, a macroscale model for
the whole tumor in terms of a PDE in space and time is derived. Here, we briefly give
an overview of one such multiscale model that was developed in [61, 62, 90, 95]; we use
the notation of [90].
On the subcellular microscale level, the cell movement as well as the proliferation is

governed by the bindings of cell receptors especially to the extracellular matrix (ECM).
In a simplified model, the fraction of bound receptors is represented by a state variable
y ∈ [0, 1]. The complex structure of the ECM is approximated by the macroscopic
volume fraction of tissue fibers Q(x). Then, the reaction of receptor bindings can be
described by the ODE

ẏ = k+(1− y)Q+ k−y, (2.1)

where k+, k− > 0 denote the (constant) reaction rates for binding and unbinding of
the receptors. These bindings and unbindings happen at a much faster rate than the
cell movement, so that we can assume that y equilibrates rapidly at a steady-state,
which then may change only slowly dependent on the cell movement (see e.g. [40]).
This steady state of (2.1) is y∗ = k+Q/(k+Q + k−), and we define the new variable
z = y − y∗ ∈ [−y∗, 1− y∗] =: Ωz as the deviation of y from the steady state.

9
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We write f(s) := (k+s)/(k+s + k−), which means that y∗ = f(Q(x)). We consider
cells in position x moving with velocity v, i.e., dx

dt = v, therefore the steady state y∗
changes in time (in the time scale of moving cells) with

dy∗
dt = d

dtf(Q(x)) = f ′(Q(x))∇xQ(x) dx
dt = f ′(Q(x))v · ∇xQ(x).

Therefore, we have for z

dz
dt = ẏ − dy∗

dt = −k+Q(x)z + k−z − f ′(Q(x))v · ∇Q(x),

where we use that y∗ is the steady state of (2.1). The change of the velocity v is modeled
in [90] in two different ways. On the one hand, one can use a velocity-jump process – a
Poisson process modeling cells with constant speed changing their direction according
to a turning kernel K and with a turning rate λ. Such a velocity-jump process is also
used e.g. in [61, 62, 95]. With the assumption that the cells align with the tissue fibers,
the kernel is chosen as

K(x, v, v′) = q(x, v),

where q is the tissue fiber orientation distribution. The turning rate is dependent on
the fraction of bound receptors and is chosen as λ(z) = λ0 + λ1z > 0.

With this, the whole equation on the mesoscale for the cell density in phase space
Ω = [0, T ]× Ωx × Ωz × Ωv can be established. Incorporating the velocity jump process
for the changes in direction the mesoscale equation reads (see [90, p. 22, (2.10)], [61]):
Find p(t, x, v, z) such that

∂tp+ v · ∇xp− ∂z
((

(k+Q+ k−)z + f ′(Q)v · ∇xQ
)
p
)

= (λ0 + λ1z)
(
q(x, v)

∫
Ωv
p(v′) dv′ − p(v)

)
.

(2.2)

As an alternative to the velocity-jump process, a Wiener process on the velocity
domain is proposed in [90]. Such a Gaussian process may take into account very fast
reorientations of the cell, for instance, due to irregular shape changes, better than a
jump process (see [90, pp. 19-20]). The turning rate and equilibrium distribution are
supposed to be the same as for the jump process case, leading to a stochastic process
for the velocity change

dv =
√

2(λ0 + λ1z)
q(x, v) dWt,

with (Wt)t≥0 being an appropriate Wiener process on the velocity domain (for details
see [90, pp. 20-21]). On the mesoscale, we then alternatively obtain the Fokker-Planck
equation ([90, p. 23, (2.11)]):

∂tp+v ·∇xp−∂z
((

(k+Q+ k−)z + f ′(Q)v · ∇xQ
)
p
)

= (λ0 +λ1z)∆v

(
p

q(x, v)

)
, (2.3)

where ∆v is the Laplace-Beltrami operator on the velocity domain Ωv.
These basic models on the mesoscale can be enhanced by many other effects. In

[62, 63], proliferation is modeled, while in [41, 53] also the influence of acidity levels of
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2.1 Modeling of glioma tumor spreading

the tissue on the cell motility is included. A model taking the therapy into account is
developed in [91].

After developing the mesoscale model describing the density of tumor cells in the high-
dimensional phase space, macroscale equations for the tumor evolution depending only
on space and time can be derived by suitable limiting procedures, mostly a parabolic
scaling. Thereby, the mesoscale equation (2.2) can be scaled to a macroscale reaction-
diffusion equation with a tumor diffusion tensor and a tumor drift velocity dependent
on the tissue fiber orientation q, and an additional haptotactic-like drift term including
the gradient of the fiber volume fraction Q, see [61, 90]. A scaling of (2.3) leads to a
comparable reaction-diffusion equation with slightly different coefficients, see [90]. For
the more elaborate models, the macroscopic equations contain, for instance, additional
(logistic) growth terms for the proliferation (see [62,63]), and drift terms accounting for
the influence of acidity (see [41, 53]). In the detailed models of the last two works, the
acidity, necrosis (in [41]), vascularization (in [53]), and possibly also q and Q can all
be considered to be changing in time, as well. Hence, the macroscale models contain
systems of equations for the different quantities.

In the mentioned works, numerical simulations of the different variants of the macro-
scale equations are performed. To that end, the tissue volume fraction Q and the fiber
orientation distribution q are computed from diffusion tensor imaging (DTI) scans of
the human brain, making patient-specific simulations possible (see [61] and [90, Chap.
3] for details). The PDE or system of PDEs is then discretized by the discontinuous
Galerkin method (e.g. in [61]) or finite volume method (e.g. in [41, 53, 62]). Numerical
experiments show that the models can reproduce many observed phenomena such as
the finger-like invasion patterns of glioma [61].

While such simulations of the macroscopic limit equations have been performed and
compared in many different varieties, there are less results for a different approach
to simulate the tumor spread: In the described settings the mesoscopic equations are
the most detailed models for the tumors, while the macroscopic limits are analytical
approximations relying on the choice of the limiting procedure, for instance, parabolic
or hyperbolic scaling. To assess the validity of these limits, one could also opt for
directly discretizing the mesoscopic equations themselves. The major challenge here
lies in the large dimension of the phase space – for the mesoscopic equations (2.2) and
(2.3) the phase space Ω = [0, T ]×Ωx ×Ωz ×Ωv is seven-dimensional when considering
a full model in 3D space. In [40], a discretization of (2.2) by the method of moments
is developed and compared to the macroscopic limit by a parabolic scaling from [61].
Dependent on the model parameters, a convergence of the moment approximation to
the macroscopic diffusion limit can be observed, while in other regimes indeed a low
order moment approximation can be more accurate than the diffusion limit.

These results show that it can be valuable to concentrate on the simulation of the
mesoscopic kinetic equations. While the jump process version of the mesoscopic model
(2.2) has been simulated in [39, 40], in chapter 4 we will be concerned with the dis-
cretization of kinetic Fokker-Planck equations inspired by (2.3).

11



2 Background

2.2 Abstract well-posedness theory
All discretizations considered in this thesis will be based on Petrov-Galerkin projections
of weak solutions defined by suitable variational formulations. Therefore, we here briefly
recall the well-posedness theory on the infinite dimensional as well as on the discrete
level using abstract function spaces.

2.2.1 Inf-sup theory
In this section, we introduce an abstract problem on (possibly) infinite-dimensional func-
tion spaces. The well-posedness of this problem is analyzed with functional analytical
tools in the so-called inf-sup theory. In its center lies the Banach-Nečas-Babuška theo-
rem (also called inf-sup or generalized Lax-Milgram theorem, see e.g. [65, Thm. 2.6]),
that goes back to works of Nečas [104] and Babuška [8]. We here collect the respective
results needed in the following chapters. For more extensive overviews we refer, for
instance, to [65, sect. 2.1, A.2] and [105, sect. 2.3].

Let (X , ‖ · ‖X and (Y, ‖ · ‖Y) be two reflexive Banach spaces with dual spaces X ′ and
Y ′. We denote the dual pairings by 〈·, ·〉X ′,X and 〈·, ·〉Y ′,Y .
Let b : X × Y → R be a continuous bilinear form with continuity constant1

sup
w∈X

sup
p∈Y

b(w, p)
‖w‖X ‖p‖Y

= γ. (2.4)

We consider the associated operator B : X → Y ′ and adjoint operator B∗ : Y → X ′
defined by 〈Bw, p〉Y ′,Y = b(w, p) = 〈w,B∗p〉X ′,X for all w ∈ X , p ∈ Y . Then, from
(2.4) it directly follows that B and B∗ are bounded linear operators with ‖B‖L(X ,Y ′) =
‖B∗‖L(Y,X ′) = γ.

Let f ∈ Y ′. Then, the variational problem is defined as follows: Seek u ∈ X such that

b(u, p) = f(p) ∀p ∈ Y. (2.5)

We want to find conditions that ascertain the well-posedness of the variational problem
in the sense of Hadamard, i.e., that (2.5) admits a unique solution which depends
continuously on f . From the definition of B, we see that (2.5) is equivalent to the
operator equation

Bu = f in Y ′.
Therefore, existence and uniqueness of u in (2.5) for arbitrary right-hand sides f ∈ Y ′
is equivalent to the bijectivity of B.
There are many different equivalent conditions for injectivity and surjectivity of Ba-

nach operators. A useful characterization is given in the following proposition:

Proposition 2.2.1. For B ∈ L(X ,Y ′) as above, the following statements are equivalent:
(i) B : X → Y ′ is surjective, i.e., im(B) = Y ′.

(ii) B∗ : Y → X ′ is injective, i.e., ker(B∗) = {0}, and im(B∗) is closed in X ′.
(iii) There exists β > 0 such that

‖B∗p‖X ′ ≥ β‖p‖Y ∀p ∈ Y.
1We slightly abuse notation: Here and throughout the thesis all inf and sup are taken over nonzero
vectors.
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(iv) There exists β > 0 such that

inf
p∈Y

sup
w∈X

〈w,B∗p〉X ,X ′
‖w‖X ‖p‖Y

≥ β.

Proof. (iii) and (iv) are clearly reformulations of the same condition using the definition
of ‖·‖Y ′ , hence they are equivalent. The equivalence of (i), (ii), and (iii) is proved in [21,
Thm 2.20, p. 47]: For (i)⇒ (iii), it is shown that the set M := {p ∈ Y : ‖B∗p‖X ′ ≤ 1}
is bounded in Y. To that end, dual pairings of f ∈ Y ′ and p ∈ M are estimated by
writing any f as Bu for some u ∈ X . For (iii)⇒ (ii), injectivity can be seen by setting
p = 0 in (iii) by linearity of B∗ and closedness of X ′. To show closedness of im(B∗), one
sees from (iii) that the preimage of a Cauchy sequence in im(B∗) is a Cauchy sequence
in Y. (ii) ⇒ (i) follows from Banach’s closed range theorem (see [21, Thm. 2.19, p.
46]).

The same result also holds when interchanging the roles of B and B∗:

Proposition 2.2.2. For B ∈ L(X ,Y ′) as above, the following statements are equivalent:
(i) B∗ : Y → X ′ is surjective.

(ii) B : X → Y ′ is injective and im(B) is closed in Y ′.
(iii) There exists β ≥ 0 such that

‖Bw‖Y ′ ≥ β‖w‖X ∀w ∈ X .

(iv) There exists β ≥ 0 such that

inf
w∈X

sup
p∈Y

〈Bw, p〉Y ′,Y
‖w‖X ‖p‖Y

≥ β.

Proof. Since X and Y are reflexive, it holds (B∗)∗ = B. Therefore, the claim directly
follows from Proposition 2.2.1.

In the last two propositions, the inf-sup constant and the dual inf-sup constant were
defined independently of each other, which raises the question whether these constants
are related. In fact, it turns out that the inf-sup and dual inf-sup constants are equal,
if the corresponding operators are bijective.

Proposition 2.2.3. Let B ∈ L(X ,Y ′) be bijective. Then, B∗ ∈ L(Y,X ′) is bijective,
the inf-sup condition and dual inf-sup condition hold with equal constants

inf
w∈X

sup
p∈Y

b(w, p)
‖w‖X ‖p‖Y

= inf
p∈Y

sup
w∈X

b(w, p)
‖w‖X ‖p‖Y

= β > 0,

and the inverse operator and inverse adjoint operator are continuous with

‖B−1‖L(Y ′,X ) = ‖B−∗‖L(X ′,Y) = 1
β
.

Proof. As B is bijective, consider the inverse operator B−1 : Y ′ → X and its adjoint
(B−1)∗ : X ′ → Y. It then holds for all u′ ∈ X ′ and w ∈ X

〈B∗(B−1)∗u′, w〉X ′,X = 〈(B−1)∗u′, Bw〉Y,Y ′ = 〈u′, B−1Bw〉X ′,X = 〈u′, w〉X ′,X ,
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and it holds for all q′ ∈ Y ′ and p ∈ Y

〈(B−1)∗B∗p, q′〉Y,Y ′ = 〈B∗p,B−1q′〉X ′,X = 〈p,BB−1q′〉Y,Y ′ = 〈p, q′〉Y,Y ′ .

Hence, B∗ is bijective with inverse operator (B∗)−1 = (B−1)∗ : X ′ → Y, which we will
call from now on B−∗. As B is bijective, due to Proposition 2.2.2 there holds an inf-sup
condition with constant βB. We obtain

βB = inf
w∈X

sup
p∈Y

b(w, p)
‖w‖X ‖p‖Y

= inf
w∈X

sup
p∈Y

〈Bw, p〉Y ′,Y
‖w‖X ‖p‖Y

= inf
w∈X

‖Bw‖Y ′
‖w‖X

= inf
z∈Y ′

‖z‖Y ′
‖B−1z‖X

=
(

sup
z∈Y ′

‖B−1z‖X
‖z‖Y ′

)−1

=
(
‖B−1‖L(Y ′,X )

)−1
.

Similarly, for B∗ there holds an inf-sup condition with constant βB∗ due to Proposi-
tion 2.2.1 and we obtain

βB∗ = inf
p∈Y

sup
w∈X

b(w, p)
‖w‖X ‖p‖Y

= inf
p∈Y

sup
w∈X

〈w,B∗p〉X ,X ′
‖w‖X ‖p‖Y

=
(
‖B−∗‖L(X ′,Y)

)−1
.

As B−1 and B−∗ are adjoint operators, they have the same norm, which means that in
fact βB = βB∗ =: β, and the claim follows.

With these results we can now state the most commonly used result to characterize
a well-posed variational formulation:

Theorem 2.2.4 (Well-posedness). Let B ∈ L(X ,Y ′) and f ∈ Y ′ as above. If either
the inf-sup and surjectivity conditions for B

(B1) inf
w∈X

sup
p∈Y

b(w, p)
‖w‖X ‖p‖Y

= β > 0

(B2) sup
w∈X

b(w, p) > 0 ∀p ∈ Y, p 6= 0

or the inf-sup and surjectivity conditions for the adjoint operator B∗ (called dual inf-sup
condition and dual surjectivity condition)

(B∗1) inf
p∈Y

sup
w∈X

b(w, p)
‖w‖X ‖p‖Y

= β > 0

(B∗2) sup
p∈Y

b(w, p) > 0 ∀w ∈ X , w 6= 0

hold, then the variational problem (2.5) has a unique solution u ∈ X which satisfies the
a priori estimate

‖u‖X ≤
1
β
‖f‖Y ′ .

Proof. By Proposition 2.2.2, (B1) leads to injectivity of B with im(B) closed. From
(B2) we see that for all 0 6= p ∈ Y , we have B∗p 6= 0 in X ′, i.e., B∗ is injective. By
Banach’s closed range theorem (see e.g. [21, Thm. 2.19, p. 46]), im(B∗) is closed since
im(B) is closed. Therefore, by Proposition 2.2.1, B is surjective, and thus bijective.
Analogously, one can show that (B∗1) and (B∗2) imply bijectivity of B∗.
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2.2 Abstract well-posedness theory

In both cases, by Proposition 2.2.3 both B and B∗ are bijective, and we obtain from
the primal or dual inf-sup condition with constant β that ‖B−1‖L(X ,Y ′) = 1

β . Hence,
there exists a unique solution u ∈ X to (2.5) satisfying the a priori estimate

‖u‖X = ‖B−1f‖X ≤ ‖B−1‖L(X ,Y ′)‖f‖Y ′ ≤
1
β
‖f‖Y ′ .

Remark 2.2.5. Theorem 2.2.4 is an extended version of the Banach-Nečas-Babuška the-
orem (going back to Nečas [104] and Babuška [8], see also e.g. [65, Thm. 2.6]). We
reformulated the theorem to make it possible to show the dual inf-sup and surjectivity
conditions instead of the “standard” primal conditions.
Remark 2.2.6. It can be seen from the definition of the conditions that both inf-sup
conditions imply the respective other surjectivity condition, i.e., (B1) =⇒ (B∗2) and
(B2) =⇒ (B∗1). Therefore, well-posedness also follows if both inf-sup conditions (B1)
and (B∗1) can be shown. However, as this is usually more elaborate, the most commonly
used conditions are the ones given in Theorem 2.2.4.

2.2.2 Petrov-Galerkin projections

We now develop the well-posedness theory for discrete problems. We build approxima-
tions to the solution of (2.5) by a Petrov-Galerkin projection. To that end, let X δ ⊂ X
and Yδ ⊂ Y be two discrete spaces with the same dimension dim(X δ) = dim(Yδ) =
N δ <∞. Then, the Petrov-Galerkin approximation uδ ∈ X δ is defined by

b(uδ, pδ) = f(pδ) ∀pδ ∈ Yδ. (2.6)

Well-posedness of the Petrov-Galerkin approximation follows similarly to the infinite-
dimensional case:

Proposition 2.2.7 (Well-posedness). Let X δ ⊂ X and Yδ ⊂ Y with dim(X δ) =
dim(Yδ) = N δ <∞. Then, the discrete inf-sup condition

inf
wδ∈X δ

sup
pδ∈Yδ

b(wδ, pδ)
‖wδ‖X ‖pδ‖Y

≥ βδ > 0 (2.7)

and the discrete dual inf-sup condition

inf
pδ∈Yδ

sup
wδ∈X δ

b(wδ, pδ)
‖wδ‖X ‖pδ‖Y

≥ βδ > 0 (2.8)

are equivalent. If the conditions hold, then there exists a unique solution uδ ∈ X δ to
(2.6) that satisfies the stability estimate

‖uδ‖X ≤
1
βδ
‖f‖(Yδ)′ ≤

1
βδ
‖f‖Y ′ .

Proof. We can use the results from subsection 2.2.1 for b|X δ×Yδ with the associated
operators Bδ : X δ → (Yδ)′ and B∗,δ : Yδ → (X δ)′. If (2.7) holds, from Proposition 2.2.2
we see that Bδ : X δ → (Yδ)′ is injective and B∗,δ : Yδ → (X δ)′ is surjective. As
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dim(X δ) = dim(Yδ) = N δ < ∞, Bδ and B∗,δ are therefore already bijective. Anal-
ogously, (2.8) implies by Proposition 2.2.1 that Bδ is surjective and B∗,δ is injective.
Hence, again both operators are bijective. Since in both cases the operators are bijec-
tive, Proposition 2.2.3 shows that both (2.7) and (2.8) hold with the same constant βδ,
i.e., (2.7) and (2.8) are equivalent.
If the conditions hold and thus Bδ is bijective, (2.6) has a unique solution uδ ∈ X δ.

Proposition 2.2.3 shows that ‖B−1‖L(X δ ,(Yδ)′) = 1
βδ
, and we obtain the stability estimate

from Theorem 2.2.4

‖uδ‖X ≤ ‖(Bδ)−1‖L((Yδ)′,X δ)‖f‖(Yδ)′ = 1
βδ
‖f‖(Yδ)′ ≤

1
βδ
‖f‖Y ′ .

Remark 2.2.8. Note that the discrete inf-sup condition (or dual inf-sup condition) gen-
erally does not follow from the respective conditions for the infinite-dimensional spaces
even in this conforming setting, i.e., X δ ⊂ X and Yδ ⊂ Y . Therefore, in the construction
of a numerical scheme, the discrete inf-sup condition has to be taken into account. This
is different from Galerkin approximations of variational formulations based on a coercive
bilinear form with the same trial and test space, where well-posedness for any conform-
ing discrete space follows from the well-posedness of the infinite-dimensional problem
by the Lax-Milgram theorem. On the other hand, while we need two conditions for the
well-posedness of the weak solution in Theorem 2.2.4 (inf-sup and surjectivity, or, al-
ternatively, inf-sup and dual inf-sup), for the Petrov-Galerkin projection, one condition
(e.g., inf-sup or dual inf-sup) already ensures well-posedness due to the finite dimension
of the spaces.

The setting also gives rise to an a priori error estimate similar to Céa’s lemma:

Proposition 2.2.9 (Quasi-best approximation). Let the variational problem (2.5) be
well-posed and let the discrete inf-sup condition (2.7) hold. Let u ∈ X be the solution
to (2.5) and uδ ∈ X δ be the Petrov-Galerkin approximation defined in (2.6). Then, we
have the quasi-best approximation property ´

‖u− uδ‖X ≤
(

1 + γ

βδ

)
inf

wδ∈X δ
‖u− wδ‖X . (2.9)

If X and Y are Hilbert spaces we further have

‖u− uδ‖X ≤
γ

βδ
inf

wδ∈X δ
‖u− wδ‖X . (2.10)

Proof. The first estimate is from Babuška [8], the enhancement was proved by Xu and
Zikatanov [136]. From the definitions of u and uδ we obtain the Galerkin orthogonality

b(u− uδ, pδ) = b(u, pδ)− b(uδ, pδ) = f(pδ)− f(pδ) = 0 ∀pδ ∈ Yδ. (2.11)

Let wδ ∈ X δ. Using the inf-sup condition (2.7) and the Galerkin orthogonality (2.11)
yields

βδ‖uδ − wδ‖X ≤ sup
pδ∈Yδ

b(uδ − wδ, pδ)
‖pδ‖Y

= sup
pδ∈Yδ

b(u− wδ, pδ)
‖pδ‖Y

≤ γ‖u− wδ‖X . (2.12)
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2.3 Sobolev spaces for transport and kinetic equations

Hence, it holds

‖u− uδ‖X ≤ ‖u− wδ‖X + ‖wδ − uδ‖X ≤
(

1 + γ

βδ

)
‖u− wδ‖X ,

and thus, since wδ ∈ Yδ was arbitrary, (2.9).
For the sharper estimate, Xu and Zikatanov [136] consider the (Petrov-Galerkin)

projection operator P δ : X → X δ defined for each w ∈ X by b(P δw, pδ) = b(w, pδ) for
all pδ ∈ Yδ, i.e., P δu = uδ. It is shown that

‖P δ‖L(X ,X ) = ‖I − P δ‖L(X ,X )

(see [136, Lemma 5]). Then, we obtain for any wδ ∈ X δ

‖u−uδ‖X = ‖(I −P δ)(u−wδ)‖X ≤ ‖I −P δ‖L(X ,X )‖u−wδ‖X = ‖P δ‖L(X ,X )‖u−wδ‖X .

Setting wδ = 0 in (2.12) we have ‖P δu‖X = ‖uδ‖X ≤ γ
βδ
‖u‖X , i.e., ‖P δ‖L(X ,X ) ≤ γ

βδ
,

which yields (2.10).

Remark 2.2.10. Through this estimate we see that the discrete inf-sup constant of the
chosen discrete spaces is crucial for the quality of the Petrov-Galerkin approximation:
For a small approximation error, it is desirable to choose discrete spaces with a good
approximation property as well as with a discrete inf-sup constant βδ as large as possible.

2.3 Sobolev spaces for transport and kinetic equations
Sobolev spaces are Banach spaces of functions possessing weak derivatives and are thus
the suitable spaces to build variational formulations for PDEs with the framework given
in section 2.2. For the basic concepts and properties of the standard Sobolev spaces
W k,p(Ω) we refer to the literature, e.g., [2, 66]. Here we briefly introduce some specific
Sobolev-type spaces used for different transport and kinetic equations that will be im-
portant when introducing and discussing the appropriate function spaces used for the
variational formulations of the linear transport equation in chapter 3 and the kinetic
Fokker-Planck equation in chapter 4.

2.3.1 Spaces for first-order transport equations
For elliptic equations, one usually defines weak solutions in the standard isotropic
Sobolev space H1(Ω) for some domain Ω ⊂ Rd. Here, a function u ∈ H1(Ω) possesses a
weak gradient, i.e., a weak derivative ∂iu ∈ L2(Ω) for i = 1, . . . , n.
While this is the right choice for equations with diffusion (in all dimensions), transport

equations without diffusion only contain directional derivatives of the solution in the
(possibly space-dependent) transport direction. Therefore, special anisotropic Sobolev
spaces of functions that possess exactly these directional derivatives are the appropriate
choice for the weak formulation. The major well-posedness theory for weak solutions
to first-order transport equations in an L2-setting was developed by C. Bardos in [12].
We here briefly collect definitions and properties of standard spaces used to describe
first-order transport equations, following [71], where some of the results from [12] are
slightly generalized to less regular data functions.
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Let Ω ⊂ Rd be a bounded domain with Lipschitz boundary ∂Ω, and let n be the unit
outer normal to ∂Ω, which is defined for almost all x ∈ ∂Ω and is measurable on ∂Ω.
Let b : Ω̄ → Rd be a Lipschitz vector field, which will denote the transport direction.
We define the inflow and outflow boundaries Γ− and Γ+ by

Γ− = {x ∈ ∂Ω \ Ξ : b · n < 0} ⊂ ∂Ω,
Γ+ = {x ∈ ∂Ω \ Ξ : b · n > 0} ⊂ ∂Ω,

where Ξ denotes the set where n is not defined. The characteristic or no-flow boundary
Γ0 is likewise defined by

Γ0 = {x ∈ ∂Ω \ Ξ : b · n = 0} ⊂ ∂Ω.

We assume the following hypothesis for the boundary parts:

(H1) The sets Γ± and (Γ±)◦ (where the closure and interior are taken with respect to
∂Ω) have the same surface Lebesgue measure.

If ∂Ω is piecewise C1, then (H1) is automatically satisfied. From now on, we redefine
the inflow and outflow boundaries as Γ± := (Γ±)◦.

We define the space

H(Ω,b) := {w ∈ L2(Ω) : b · ∇w ∈ L2(Ω)}, (2.13)

and, given K ⊂ ∂Ω we define the boundary space L2(K, |b · n|) with norm

‖w‖L2(K,|b·n|) :=
(∫

K
|w|2|b · n| ds

) 1
2
.

It then holds the following proposition from [71]:

Proposition 2.3.1 ([71, Proposition I.1]). (i) H(Ω,b) is a Hilbert space under the
graph norm ‖ · ‖H(Ω,b) given by

‖w‖2H(Ω,b) := ‖w‖2L2(Ω) + ‖b · ∇w‖2L2(Ω).

(ii) C∞(Ω̄), and hence C0,1(Ω), is dense in H(Ω,b).
(iii) The trace mapping χ∂Ω : w 7→ (b·n)w on C∞(Ω̄) admits an extension as a bounded

linear operator from H(Ω,b) to H− 1
2 (∂Ω)2.

(iv) The integration by parts or Green’s formula for w ∈ C∞(Ω̄), p ∈ H1(Ω)∫
Ω

(b · ∇w)p dx =
∫
∂Ω

(b · n)wp ds−
∫

Ω
w∇ · (bp) dx

admits an extension for all w ∈ H(Ω,b), p ∈ H1(Ω), where the surface integral is
replaced by the duality pairing 〈·, ·〉

H−
1
2 (∂Ω),H

1
2 (∂Ω)

.
(v) Under hypotheses (H1), the trace mappings u 7→ u|Γ± are linear and continuous

from H(Ω,b) to L2
loc(Γ±, |b · n|)

2H−
1
2 (∂Ω) is the dual space of H 1

2 (∂Ω). Note that H1(Ω) functions have a trace in H
1
2 (∂Ω), see

e.g. [2, Thm. 7.39].
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2.3 Sobolev spaces for transport and kinetic equations

With this result, we see that it makes sense to assign trace values to a function
w ∈ H(Ω,b). However, in general the trace is indeed only locally in L2 as the following
example from [12] shows:

Example 2.3.2. Consider Ω = (−1, 1)× (0, 1) ⊂ R2 and b(x1, x2) = (−1, x1)T . Then,
for α ∈ (−3

4 ,−
1
2) the function w(x1, x2) = (x2 + x2

1
2 )α lies in H(Ω,b), but w|Γ± /∈

L2(Γ±, |b · n|).

We now define spaces with trace zero on the inflow or outflow domain:

HΓ−(Ω,b) = {w ∈ L2(Ω) : b · ∇w ∈ L2(Ω), w|Γ− = 0},
HΓ+(Ω,b) = {w ∈ L2(Ω) : b · ∇w ∈ L2(Ω), w|Γ+ = 0}.

(2.14)

In [71] (and, similarly, also in [12]) it is shown that functions in HΓ±(Ω,b) can be ap-
proximated by smooth functions. To that end, intermediate approximations are defined.
In the following, we replicate the statements from [71] with short sketches of the given
proofs:

Lemma 2.3.3. L∞(Ω) ∩HΓ±(Ω,b) is dense in HΓ±(Ω,b).

Proof. (Sketch, see [71, Prop. I.1, Lemma I.7] for details). Define a “value cutoff func-
tion” gM ∈ C0,1(R), gM (t) = t for |t| < M , gM (t) = sign(t)M for |t| ≥ M . Then, for
w ∈ HΓ±(Ω,b) show that gM (u) converges weakly to u asM →∞. Use Mazur’s lemma
to show the claim.

In a second step, functions in L∞(Ω)∩HΓ±(Ω,b) are approximated by smooth func-
tions that vanish near the possible singularities at the boundary of Γ− or Γ+: To that
end, define

H̃Γ±(Ω,b) = {w ∈ L∞(Ω) ∩HΓ±(Ω,b) : w(x) = 0 in a neighborhood of ∂(Γ±)},

where ∂(Γ±) is the boundary of Γ± in ∂Ω. We require an additional assumption for
these boundaries:

(H2) The boundary ∂(Γ±) of Γ± in ∂Ω has a finite (d− 2)-dimensional Hausdorff mea-
sure.

Lemma 2.3.4. If (H2) holds, then H̃Γ±(Ω,b) is dense in HΓ±(Ω,b).

Proof. (Sketch, see [71, Lemma I.9] and [12, p. 202-203] for details). Define a specific
cutoff function φε ∈ C0,1(Ω̄) that satisfies 0 ≤ φε ≤ 1 and

φε = 0 in {x ∈ Ω̄ : dist(x, ∂(Γ±)) ≤ ε
2},

φε = 1 in {x ∈ Ω̄ : dist(x, ∂(Γ±)) ≥ ε},
|∇φε| ≤ C

ε in Ω̄.
(2.15)

Using (H2) one can show that ‖∇φε‖L2(Ω) is bounded uniformly in ε, since the gradient
is bounded by C

ε and is nonzero only on a set with measure Cε2 due to (H2).
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Taking w ∈ L∞(Ω) ∩HΓ±(Ω,b), it then holds that φεw ∈ H̃Γ±(Ω,b), that φεw → w
in L2(Ω) as ε→∞, and that

‖b · ∇(φεw)− b · ∇w‖L2(Ω) ≤ ‖(φε − 1)b · ∇w‖L2(Ω)︸ ︷︷ ︸
→0

+ ‖wb · ∇φε‖L2(Ω)︸ ︷︷ ︸
≤C‖w‖L∞(Ω)

,

using again (H2). Thus, φεw → w in HΓ±(Ω,b) weakly as ε→∞, and the claim follows
again by Mazur’s lemma.

Finally, the approximation by smooth functions is shown:

Proposition 2.3.5. C∞(Ω̄) ∩HΓ±(Ω,b) is dense in HΓ±(Ω,b).

Proof. (Sketch, see [71, Lemma I.10, Corollary I.11] and [12, Lemma 2.2] for details). Let
w ∈ H̃Γ−(Ω,b) which vanishes in an ε-neighborhood of ∂(Γ−). By a suitable partition
of unity, we separate w into a sum of functions with support on ∂Ω strictly contained in
Γ+ ∪ Γ0, and in Γ−, respectively. By separate mollifications of these functions, we can
then define a mollification wη ∈ C∞(Ω̄) of w such that wη vanishes in an ε

2 -neighborhood
of ∂(Γ−) (since w vanishes in an ε-neighborhood of ∂(Γ−)), and such that wη vanishes on
Γ+∪Γ0 (since w vanishes on Γ+∪Γ0, one can define an approximation also satisfying the
boundary condition, see [12] and [66, Sect. 5.5, Thm. 2]). Therefore, wη ∈ H̃Γ−(Ω,b)
and wη → w as η → 0, and the claim follows for HΓ−(Ω,b). The proof for HΓ+(Ω,b)
follows analogously.

Remark 2.3.6. In chapter 3, we will define the spaces used for our variational formu-
lation slightly differently than the “standard” transport spaces defined in this section.
However, it turns out that under suitable conditions on the data functions, the test
space Yt is the same space as HΓ±(Ω,b) with an equivalent norm, see Remark 3.1.8.
Finally, using the density result from Proposition 2.3.5, one can show that, while

functions in H(Ω,b) generally only have local traces in L2, functions in HΓ±(Ω,b) do
have global L2-traces:

Proposition 2.3.7. Under conditions (H1) and (H2), the trace mappings u 7→ u|Γ± are
linear and continuous from HΓ±(Ω,b) to L2(∂Ω, |b ·n|), and the integration by parts or
Green’s formula ∫

Ω
(b · ∇w)w dx = 1

2

∫
∂Ω
w2(b · n) ds

holds for all w ∈ HΓ±(Ω,b).

Proof. By approximation with a function w ∈ C∞(Ω̄)∩HΓ±(Ω,b), one can use integra-
tion by parts and exploit that (b ·n) does not change sign on supp(w|∂Ω). For details see
Proposition 3.1.6, where the same statement is shown for a slightly different transport
operator and norm.

2.3.2 Spaces for kinetic equations without velocity derivatives
Kinetic equations are usually defined on a phase space domain consisting of space,
possibly time, and velocity domains. The basis of a kinetic equation is the kinetic
transport operator v · ∇x with a velocity-dependent directional derivative in space and
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possibly a time derivative ∂t. For the standard kinetic equations of neutron transport
and radiative transfer, no velocity derivatives appear, since the velocity dynamics are
described by an integral operator.
Let Ω = Ωt,x × Ωv, where Ωt,x ⊂ Rd+1 is the space-time domain consisting of the

time interval It = (0, T ) and the spatial domain Ωx ⊂ Rd, and Ωv ⊂ Rd (often, we have
Ωv = Sd−1 ⊂ Rd for particles with constant speed) is the velocity domain. We assume
that Ωx and thus Ωt,x has a piecewise C1 boundary.
An extensive overview of suitable spaces for kinetic transport equations in a general

Lp-framework is given in [47, chapt. XXI], using results from Cessenat [35, 36]. Similar
results to [35,36] were also obtained by Germogenova [69]. We define the space

W p
nt(Ω) = {w ∈ Lp(Ωt,x × Ωv) : ( 1

v ) · ∇t,xw ∈ Lp(Ωt,x × Ωv)}, (2.16)

where ( 1
v ) · ∇t,xw = ∂tw + v · ∇xw is the space-time kinetic transport operator. We

here describe the time-dependent case with integrated space-time kinetic operator, all
results are equally valid for the time-independent space on Ωx×Ωv and with the kinetic
operator v · ∇x.
The in- and outflow domains are defined analogously to subsection 2.3.1 3:

Γ± := {((t, x), v) ∈ ∂Ωt,x × Ωv : ( 1
v ) · n(t, x) ≷ 0} ⊂ ∂Ω,

where ∂Ωt,x denotes the space-time boundary consisting of the spatial boundary It×∂Ωx

and the initial and final time {0} × Ωx and {1} × Ωx.
For an L2-based setting, the appropriate function spaces can be described as special

cases of the spaces introduced in the last section. In fact, by setting bkin(t, x, v) =
(1, v, 0), we obtain

Hnt(Ω) := W 2
nt(Ω) = H(Ω,bkin) =

{
w ∈ L2(Ω) :

( 1
v
0

)
· ∇t,x,vw ∈ L2(Ω)

}
.

Therefore, all results from subsection 2.3.1 hold for Hnt(Ω) := W 2
nt(Ω).

The results, however, largely extend to the general Lp-case. One can show that
C∞(Ω̄t,x × Ωv) is dense in W p

nt(Ω) (cf. [47, p. 221]), and we have a local trace result:

Proposition 2.3.8. The functions of W p
nt(Ω) have a trace in Lploc(Γ±, |( 1

v ) · n|) and in
Lploc(Γ±).

Proof. See [47, Chap. XXI, sect. 2.2, Theorem 1 and Corollary 1].

Again, generally functions inW p
nt(Ω) do not have global traces in Lp(∂Ω, |( 1

v ) ·n|). An
L2-counterexample specifically for the time-independent kinetic space is given in [102]:

Example 2.3.9. (Taken from [102, pp. 562-563].) Let Ωx = B1(0) ⊂ R3 be the unit
ball in R3 and Ωv = S2 be the unit sphere. Let v0 = (0, 0,−1)T , so that Γ−(v0) (the
spatial outflow boundary for fixed v = v0) is the upper hemisphere. Using cylindrical
coordinates for Ωx, define r =

√
x2

1 + x2
2 and let wq(x, v0) = (1− r)−q, which is defined

3Here we abuse the notation by ignoring the points in which n is not defined. We use the same handling
as in subsection 2.3.1 and note that (H1) is fulfilled since ∂Ωt,x is assumed to be piecewise C1.
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such that v0 · ∇xw = 0. For each v ∈ S2, we define wq(·, v) as the respective rotation of
wq(·, v0). Then4,

‖wq‖2L2(Ωx×Ωv) ≤
4
√

2π
3
2 − 2q

,

which is finite only if q < 3
4 . On the other hand,∫

Γ−(v0)
w2
q |v0 · n| ds ≤

2
√

2π
1− 2q ,

which is finite only if q < 1
2 . Therefore, for 1

2 < q < 3
4 we have wq ∈ Hnt(Ω), but

wq /∈ L2(∂Ω, |( 1
v ) · n|).

Functions in W p
nt(Ω) which do have a global trace in Lp(∂Ω, |( 1

v ) · n|) can be charac-
terized in the following way:
Proposition 2.3.10. Let

W̃ p
nt(Ω) := {w ∈W p

nt(Ω) : w|Γ− ∈ Lp(Γ−, |( 1
v ) · n|) and w|Γ+ ∈ Lp(Γ+, |( 1

v ) · n|)}.

Then,

W̃ p
nt(Ω) = {w ∈W p

nt(Ω) : w|Γ− ∈ Lp(Γ−, |( 1
v ) · n|)}

= {w ∈W p
nt(Ω) : w|Γ+ ∈ Lp(Γ+, |( 1

v ) · n|)}.

Proof. See [36].

From this we immediately see that the spaces with zero in- or outflow trace

W p
nt,Γ±(Ω) = {w ∈W p

nt(Ω) : w = 0 on Γ±}

have finite global traces, analogously to the result shown for HΓ±(Ω,b) in subsec-
tion 2.3.1.
Remark 2.3.11. In chapter 4 we will build a variational formulation for the kinetic
Fokker-Planck equation, which has a diffusion-term in the velocity variable instead of
an integral operator. To that end, we will introduce the function space H1

fp(Ω), which
is related to Hnt(Ω) = W 2

nt(Ω), but differs in the regularity in the velocity dimension.
While many concepts work similarly for both spaces, the question of existence of global
traces is more problematic for H1

fp(Ω), see Appendix A.

2.3.3 Sobolev spaces on manifolds and the Laplace-Beltrami operator
Since the velocity domain for the Fokker-Planck equation covered in chapter 4 is the unit
sphere Ωv = Sd−1 for the spatial dimension d, we here recall some results for Sobolev
spaces and the Laplace-Beltrami operator on surfaces. We follow the concise overview
of the definitions of surfaces, tangential gradients, and the Laplace-Beltrami operator
given in [56]. For an extensive overview on the theory of Sobolev spaces on general
manifolds we refer to [81].
Surfaces can be described either as parametrized surfaces, cf. [56, Sect. 2.1] or as

hypersurfaces, cf. [56, Sect. 2.2]. Both definitions may be useful dependent on the
application. Here, we recall the definition of hypersurfaces:

4see [102] for the detailed computation
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2.3 Sobolev spaces for transport and kinetic equations

Definition 2.3.12 ([56, Def. 2.1]). Let k ∈ N ∪ {∞}. Γ ⊂ Rd+1 is called a Ck-
hypersurface if, for each point x0 ∈ Γ, there exists an open set U ⊂ Rd+1 containing x0
and a function F ∈ Ck(U) with the property that ∇F 6= 0 on Γ ∩ U and such that

U ∩ Γ = {x ∈ U |F (x) = 0}. (2.17)

The linear space

TxΓ = {τ ∈ Rd+1 | ∃γ : (−ε, ε)→ Rd+1 differentiable,
γ((−ε, ε)) ⊂ Γ, γ(0) = x and γ′(0) = τ}

(2.18)

is called the tangent space to Γ at x ∈ Γ.
Since for all γ as in (2.18) and the function F from (2.17) it holds

0 = d
dtF (γ(t)) = 〈∇F (γ(t)), γ′(t)〉 = 〈∇F (γ(t)), τ〉,

we have that TxΓ ⊥ ∇F (x). Since ∇F 6= 0, the implicit function theorem yields that
TxΓ is an n-dimensional subspace of Rn+1. Therefore, we have TxΓ = ∇F (x)⊥.
A vector n(x) ∈ Rn+1 is called a unit normal vector at x ∈ Γ if n(x) ⊥ TxΓ and
|n(x)| = 1. We thus have

n(x) = ∇F (x)
|∇F (x)| or − ∇F (x)

|∇F (x)| .

Definition 2.3.13 (Tangential gradient, [56, Def. 2.3]). Let Γ ⊂ Rd+1 be a C1-
hypersurface and let f : Γ → R be differentiable at x ∈ Γ. We define the tangential
gradient of f at x ∈ Γ by

∇Γf(x) = ∇f̄(x)−∇f̄(x) · n(x)n(x) = P (x)∇f̄(x),

where P (x)ij = δij − ni(x)nj(x), i, j = 1, . . . , d + 1. Here f̄ is a smooth extension of
f : Γ → R to a (d + 1)-dimensional neighborhood U of the surface Γ, so that f̄ |Γ = f .
∇ denotes the gradient in Rd+1 and n(x) is a unit normal at x.

The Laplace-Beltrami operator applied to a twice differentiable function f ∈ C2(Γ) is
given by

∆Γf = ∇Γ · ∇Γf =
d+1∑
i=1

DiDif,

with the notation ∇Γf(x) = (D1f(x), . . . , Dn+1f(x)).

Example 2.3.14. We are mainly interested in Γ = Ωv = S2 ⊂ R3. When using
spherical coordinates (r, θ, φ) ∈ [0,∞)× [0, π]× [0, 2π) withxy

z

 =

r sin θ cosφ
r sin θ sinφ
r cos θ

 ,
we expect the tangential gradient of the sphere to be the angular part of the full gradient.
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This can indeed be computed in detail using the above definitions: In spherical coor-
dinates, the full gradient on R3 is

∇f(r, θ, φ) = er
∂f

∂r
+ eθ

1
r

∂f

∂θ
+ eφ

1
r sin θ

∂f

∂φ
,

with the orthonormal basis vectors

er =

sin θ cosφ
sin θ sinφ

cos θ

 , eθ =

cos θ cosφ
cos θ sinφ
− sin θ

 , eφ =

− sinφ
cosφ

0

 .
The surface Ωv = S2 is simply given as

{(r, θ, φ) ∈ [0,∞)× [0, π]× [0, 2π) : F (r, θ, φ) := r − 1 = 0}.

Hence, we have ∇F = er and thus n = er. Then, the tangential gradient is given as

∇Ωvf(r, θ, φ) = ∇f(r, θ, φ)− (∇f(r, θ, φ) · er)er = eθ
1
r

∂f

∂θ
+ eφ

1
r sin θ

∂f

∂φ
,

as er, eθ, and eφ are orthonormal. For the Laplace-Beltrami operator, we obtain by
using the definitions of eθ and eφ

∆Ωvf(r, θ, φ) = ∇Ωvf(r, θ, φ) · ∇Ωvf(r, θ, φ) = 1
r2

∂2

∂θ2 + cos θ
r2 sin θ

∂f

∂θ
+ 1
r2 sin2 θ

∂2f

∂φ2 .

From the theory of tangential gradients it is also possible to derive an integration
by parts formula for surfaces, which can be proven by an appropriate extension of the
function to a neighborhood of Γ (see [56] for details on this extension):

Theorem 2.3.15 ([56, Thm. 2.10]). Assume that Γ is a hypersurface in Rd+1 with
smooth boundary ∂Γ and that f ∈ C1(Γ̄). Then∫

Γ
∇Γf ds =

∫
Γ
fHn ds+

∫
∂Γ
fµ ds

Here, H(x) denotes the mean curvature of Γ at the point x and µ denotes the co-normal
vector which is normal to ∂Γ and tangent to Γ. ds denotes either the d-dimensional
surface measure on Γ or the (d − 1)-dimensional surface measure on ∂Γ. A compact
hypersurface Γ does not have a boundary, ∂Γ = ∅, and the last term on the right-hand
side vanishes.

For Ωv = S2 the mean curvature is constant, with the definition given in [56] we have
H(x) = 2. Furthermore, we have ∂S2 = ∅.

With this, we can define weak derivatives and Sobolev spaces. Lp(Γ) is simply defined
through the surface measure ds, i.e., ‖f‖Lp(Γ) = (

∫
Γ |f |p ds)1/p.

Definition 2.3.16 ([56, Def. 2.11]). A function f ∈ L1(Γ) has the weak derivative
vi = Dif ∈ L1(Γ) for i ∈ {1, . . . , d + 1} if, for every function φ ∈ C1(Γ) with compact
support {x ∈ Γ |φ(x) 6= 0} ⊂ Γ, we have the relation∫

Γ
fDiφ ds = −

∫
Γ
φvi ds+

∫
Γ
fφHni ds.
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2.3 Sobolev spaces for transport and kinetic equations

The Sobolev space H1,p(Γ) is defined by

H1,p(Γ) = {f ∈ Lp(Γ) |Dif ∈ Lp(Γ), i = 1, . . . , d+ 1}

with norm
‖f‖H1,p(Γ) =

(
‖f‖pLp(Γ) + ‖∇Γf‖pLp(Γ)

) 1
p .

Define Hk,p analogously as usual and denote Hk(Γ) = Hk,2(Γ).

We also have the Poincaré’s inequality and Green’s formula:

Theorem 2.3.17 (Poincaré’s inequality on surfaces, [56, Thm. 2.12]). Assume that
Γ ∈ C3 and 1 ≤ p < ∞. Then there is a constant c > 0 such that, for every function
f ∈ H1,p(Γ) with

∫
Γ fdA = 0, we have the inequality

‖f‖Lp(Γ) ≤ c‖∇Γf‖Lp(Γ). (2.19)

Theorem 2.3.18 ([56, Thm. 2.14]). Assume that Γ is a hypersurface in Rd+1 with
smooth boundary ∂Γ and that f, g ∈ H1,p(Γ). Then∫

Γ
∇Γf · ∇Γg ds = −

∫
Γ
f∆Γg ds+

∫
∂Γ
f∇Γg · µ ds.

In [81], many other properties for Sobolev spaces on general Riemannian manifolds,
e.g., a chain rule formula and different Sobolev embedding theorems are proven. We
close this section with the following density result that we will need in chapter 4.

Theorem 2.3.19 ([81, Thm. 2.4, p. 25]). Given (M, g) a smooth, complete Riemannian
manifold, the set C∞0 (M) of smooth functions with compact support in M is dense in
H1,p(M) for any p ≥ 1.
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3 The transport equation
In this chapter, we are concerned with the numerical solution of the (parametrized)
time-dependent linear first-order transport equation

∂tuµ(t, x) + bµ(t, x) · ∇xuµ(t, x) + cµ(t, x)uµ(t, x) = fµ(t, x), (3.1)

for all parameter values µ in a compact set P ⊂ Rp, for all times t ∈ (0, T ) (T > 0
being some final time) and all x ∈ D ⊂ Rd accompanied with appropriate initial and
boundary conditions.
We first introduce a suitable variational formulation for (3.1) in section 3.1: Orienting

on similar settings in [29,43,51,52], we use an ultraweak formulation requiring only L2-
regularity of the weak solution. We choose the corresponding test space such that the
variational problem is well-posed and optimally conditioned, meaning that the inf-sup
and continuity constants are both unity.
In section 3.2, we then propose an optimally stable Petrov-Galerkin discretization

of the variational problem. To that end, we first choose an appropriate discrete test
space Yδt and subsequently compute the corresponding trial space X δt . Doing so, the
optimal trial space X δt arises from the application of the differential operator on the
basis functions of Yδt . This is different from the related approaches, where stable test
spaces are computed from chosen trial space functions by approximately solving PDEs
locally [29, 51, 52] or in a saddle point formulation [43]. With our strategy, we obtain
efficiently computable discrete spaces with a discrete inf-sup constant equal to one inde-
pendently of the mesh size. We include a comparison of our scheme with other methods
in subsection 3.2.4.
The optimally stable discretization scheme is applied to parametrized transport prob-

lems in the context of the RB method in section 3.3. The ultraweak optimally stable
variational formulation here leads to parameter-dependent test spaces Yt,µ. Using the
discretization from section 3.2, we obtain a Petrov-Galerkin discretization based on dis-
crete test spaces with fixed basis functions and parameter-dependent norm and discrete
trial spaces with parameter-dependent basis functions, but fixed L2-norm. Thereby,
the scheme automatically leads to discrete inf-sup constants of one simultaneously for
all parameter values. We then apply the RB method: We introduce a reduced scheme
with possible offline-/online decomposition and propose a suitable greedy algorithm for
the basis generation. Here again, the optimally stable setting ensures that no additional
stabilization is necessary for the reduced spaces, different from related approaches as the
double greedy algorithm in [45]. However, due to the parameter-dependent test space
norms the standard RB error estimators cannot be computed efficiently. We therefore
introduce a hierarchical error estimator as an alternative.
In section 3.4, we describe the fairly easy computational realization of the new ap-

proach. In the solution process, we first solve a coercive least-squares problem in the
test space. Afterwards, the solution of the Petrov-Galerkin problem can be computed
by applying the transport operator to the least-squares test space solution.
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3 The transport equation

Finally, we report on several numerical experiments in section 3.5. In subsection 3.5.1,
we examine the approach for the non-parametric case. We assess the convergence rates
for problems with different smoothness, investigate limitations of the chosen spaces and
possible post-processing strategies, and compare our approach with the discretization
from [43], where problem-dependent stable test spaces (instead of trial spaces) are com-
puted. In subsection 3.5.2, we describe the experiments for the RB method in the
parametric case. We assess the convergence rates of the greedy algorithm for different
test cases, compare our approach to the double greedy algorithm introduced in [45], and
test the proposed hierarchical error estimator.
The results presented in this chapter have been published in [28].

3.1 An optimally stable ultraweak (space-time) formulation
In this section we present an ideally conditioned variational framework for linear first
order transport equations using results from [43] and [6, 7]. To that end, let Ω ⊂ Rn,
n ≥ 1, be a bounded polyhedral domain with Lipschitz boundary, where we note that Ω
may also be a space-time domain, as will be shown in Example 3.1.9 at the end of this
section. Moreover, n shall denote the outward normal of Γ := ∂Ω. Next, we introduce
the advection field b(·) ∈ C1(Ω̄)n and the reaction coefficient c(·) ∈ C0(Ω̄), noting that
for some statements the regularity assumption on b(·) may be relaxed. We assume
throughout this chapter that

c(z)− 1
2∇ · b(z) ≥ 0 for z ∈ Ω almost everywhere.

Then, we consider the first order transport equation

Bt,◦u(z) := b(z) · ∇u(z) + c(z)u(z) = f◦(z), z ∈ Ω,
u(z) = g(z), z ∈ Γ− ≡ Γinflow,

(3.2)

where f◦ ∈ C0(Ω̄), g ∈ C0(Γ−), and Γ± := {z ∈ ∂Ω : b(z) · n(z) ≷ 0}.
For functions v, w ∈ C0(Ω̄) ∩ C1(Ω) we obtain

(Bt,◦v, w)L2(Ω) = (v,B∗t,◦w)L2(Ω) +
∫

Γ−
vw(b · n) ds+

∫
Γ+
vw(b · n) ds,

where B∗t,◦w = −b ·∇w+w(c−∇·b) denotes the formal adjoint of Bt,◦.1 To account for
the nonhomogeneous boundary conditions, we introduce as in [43] the spaces C1

Γ±(Ω) :=
{v ∈ C0(Ω̄) ∩ C1(Ω) : v|Γ± = 0} and obtain

(Bt,◦v, w)L2(Ω) = (v,B∗t,◦w)L2(Ω), v ∈ C1
Γ−(Ω), w ∈ C1

Γ+(Ω).

Thus, we may define the domain of B∗t,◦ as dom(B∗t,◦) = C1
Γ+

(Ω). For the derivation of
a stable variational formulation we require as in [43] the following two assumptions.

Assumption 3.1.1. We assume that the following conditions hold:
(B1) There exists a dense subspace dom(B∗t,◦) ⊆ L2(Ω) on which B∗t,◦ is injective.

1Considering (3.2) with g(z) ≡ 0 and thus homogeneous Dirichlet boundary conditions we define the
formal adjoint B∗t,◦ of Bt,◦ by (Bt,◦v, w)L2(Ω) = (v,B∗t,◦w)L2(Ω) for all v, w ∈ C∞0 (Ω).
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3.1 An optimally stable ultraweak (space-time) formulation

Figure 3.1: Domains Ω1 (left) and Ω2 with characteristic curves and suppu in red.

(B2) The range ran(B∗t,◦) := {B∗t,◦v : v ∈ dom(B∗t,◦)} of B∗t,◦ is densely embedded in
L2(Ω).

These essential assumptions on the well-posedness of the problem are however not
fulfilled for arbitrary coefficient functions and domains. One commonly used condition
where well-posedness can be shown rather easily (see e.g. [65, Prop. 5.9], [43, Remark
2.2(ii)], [72]) is that c− 1

2∇ · b ≥ κ in Ω for some κ > 0.
For a vanishing reaction term, however, we can construct basic counterexamples where

Assumption 3.1.1 is not fulfilled: We consider Ω ⊂ R2 with advection field b(x, y) =
(−y, x) and no reaction c ≡ 0. It holds ∇ · b = 0, thus, the adjoint operator is simply
B∗t,◦v = −b · ∇v. For the annular domain

Ω1 = {(x, y) ∈ R2 : 0.25 < x2 + y2 < 1}

(see Figure 3.1, left), it holds b 6= 0 on Ω1. The boundary has the form of two circles:
Γ = ∂Ω1 = {(x, y) ∈ R2 : x2 + y2 = 0.25} ∪ {(x, y) ∈ R2 : x2 + y2 = 1}, outward
normal is n = (x, y) on {x2 + y2 = 1} and n = −2(x, y) on {x2 + y2 = 0.25}. Since
b · n = (−y, x) · C(x, y) = C(−xy + xy) = 0 for a constant C ∈ R, C 6= 0, the whole
boundary belongs to Γ0. Therefore, v ≡ 1 ∈ C1

Γ+
(Ω1) but b · ∇v = 0, i.e. B∗t,◦ is not

injective on C1
Γ+

(Ω1).
Even with a polyhedral domain with polygonal boundary and Γ0 ( ∂Ω the problem

may not be well-posed: Consider to that end

Ω2 = (−1, 1)2 \ (−0.25, 0.25)2

(see Figure 3.1, right) with b and c as before. We thus have again b 6= 0 on Ω2. Then,
let 0 6= ψ ∈ C1([0, 1]) with suppψ ⊂ [0.5, 0.9] and consider

u(x, y) = ψ(
√
x2 + y2).

With this definition, u|∂Ω2 = 0, i.e., u ∈ C1
Γ+

(Ω2). The characteristic curves of b are
circle-shaped of the form γ(t) = r(cos(φ + t), sin(φ + t)) for a starting point (x, y) =
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3 The transport equation

r(cosφ, sinφ). The rotational invariant function u is thus constant on the characteristic
curves, therefore it holds b · ∇u = 0, and B∗t,◦ is again not injective2.
These examples show that closed characteristic curves of the advection field that do

not reach the boundary may lead to ill-posed problems. To give sufficient conditions
for the well-posedness of pure advection equations, we reuse the notion of Ω-filling flows
developed in [6, 7].

Definition 3.1.2 (Ω-filling flow, [6]). Let b ∈ C1(Ω̄)n, and let the flow associated with
b be described by the integral curves ξ : (s, x) ∈ [σx, τx]× Ω̄→ ξ(s, x) ∈ Ω̄ that solve

dξ

ds = b(ξ), ξ(0, x) = x.

Then the flow associated with b is called Ω-filling, if there exists T > 0 such that for
almost every x ∈ Ω̄ there exist x0 ∈ Γ− and 0 ≤ t ≤ T such that

x = ξ(t, x0).

In other words, the trajectories of the flow associated with the vector field b starting
from the inflow boundary do fill Ω̄ except perhaps for a set of measure zero in a finite
bounded time T .

Similar to [6, Lem. 7], we show the following lemma.

Lemma 3.1.3. If the flow associated with b ∈ C1(Ω̄)n is Ω-filling, then there exists
ρ ∈ L∞(Ω) such that

b · ∇ρ = 2 in Ω,
ρ = 0 on Γ−.

(3.3)

Moreover, we have ‖ρ‖L∞(Ω) ≤ 2T and ρ ≥ 0 almost everywhere in Ω.

Proof. The function ρ can be found by the method of characteristics: Since the flow
associated with b is Ω-filling, for almost every x ∈ Ω, there exist x0 ∈ Γ− and 0 ≤ t ≤ T
with x = ξ(t, x0). Define ρ(x) = 2t. Since 0 ≤ t ≤ T , we get3 ρ ∈ L∞(Ω), ‖ρ‖L∞(Ω) ≤
2T , and ρ ≥ 0 almost everywhere in Ω. By definition, for x0 ∈ Γ− we have ξ(0, x0) = x0,
i.e. ρ(x0) = 0, which means ρ|Γ− = 0. Furthermore, it holds for almost every x ∈ Ω that

b(x) · ∇ρ(x) = b(ξ(t, x0)) · ∇ρ(ξ(t, x0)) = d
dtξ(t, x0) · ∇ρ(ξ(t, x0))

= d
dtρ(ξ(t, x0)) = d

dt2t = 2,

i.e., ρ fulfills (3.3).

The following proposition gives a sufficient condition for b to have an Ω-filling flow:
2This second case is a counterexample to the claim in [43, Remark 2.2(i)], that the assumption 0 6=

b ∈ C1(Ω)n is already sufficient for Assumption 3.1.1 on a bounded, polyhedral domain Ω ⊂ Rn,
n > 1 with Lipschitz boundary that consists of finitely many polyhedral faces again having Lipschitz
boundaries

3ρ is in general not continuous: Consider, e.g., a nonconvex domain Ω where a characteristic curve is
tangential to the boundary at some (isolated) x ∈ Γ0, but not in a neighborhood of x. Then ρ is
discontinuous along the characteristic curve starting from x.
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Proposition 3.1.4 ([6, Prop. 7]). If b ∈ C1(Ω̄)n is bounded as well as its gradient in
a neighborhood V of Ω̄, if there are a unit vector k, a number α > 0 such that

b(x) · k ≥ α ∀x ∈ Ω̄, (3.4)

and if Ω is bounded in the k direction then the flow is Ω-filling.

With these preliminaries, we can now show in a modified version of [43, Remark
2.2]4 that Assumption 3.1.1 holds for two different conditions on the data functions and
domain:

Proposition 3.1.5. Let one of the following two conditions hold:
(i) The flow associated with b is Ω-filling
(ii) There exists κ > 0 with c− 1

2∇ · b ≥ κ in Ω.
Then, the operator B∗t,◦ satisfies Assumption 3.1.1. Moreover, we have the curved
Poincaré inequality

‖v‖L2(Ω) ≤ cp‖B∗t,◦v‖L2(Ω), v ∈ C1
Γ+(Ω). (3.5)

In case of condition (i) the constant can be bounded by cp = 2T ; in case (ii) cp = 1
κ .

Proof. We first show (3.5), i.e., ‖v‖L2(Ω) ≤ cp‖B∗t,◦v‖L2(Ω). Let thus v ∈ C1
Γ+

(Ω). If
condition (i) holds, we can slightly adapt the proof of [7, Thm. 1]: Let ρ be given as in
Lemma 3.1.3. Then,

(B∗t,◦v, ρv)L2(Ω) = (−b · ∇v + v(c−∇ · b), ρv)L2(Ω)

= −
∫

Ω
b · ∇vρv dx+

∫
Ω
v2ρ(c−∇ · b) dx

= −
∫

Ω
1
2ρb · ∇v

2 dx+
∫

Ω
v2ρ(c−∇ · b) dx

=
∫

Ω
1
2∇ · (ρb)v2 dx+

∫
Ω
v2ρ(c−∇ · b) dx,

where we have no boundary integral from the partial integration since the traces of v
on Γ+ and of ρ on Γ− vanish. Further, we obtain

(B∗t,◦v, ρv)L2(Ω) =
∫

Ω
v2(1

2 b · ∇ρ︸ ︷︷ ︸
=2

+ ρ︸︷︷︸
≥0

(c− 1
2∇ · b)︸ ︷︷ ︸
≥0

) dx ≥ ‖v‖2L2(Ω). (3.6)

Using ‖ρv‖L2(Ω) ≤ ‖ρ‖L∞(Ω)‖v‖L2(Ω) ≤ 2T‖v‖L2(Ω) we have

‖B∗t,◦v‖L2(Ω) ≥ ‖ρv‖−1
L2(Ω)(B

∗
t,◦v, ρv)L2(Ω) ≥

1
2T ‖v‖L2(Ω). (3.7)

4As shown in the counterexample above, Remark 2.2(i) in [43] is in general not sufficient for well-
posedness. Therefore, we reuse only Remark 2.2(ii) and give a second condition based on Ω-filling
flows.
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For condition (ii), i.e., c − 1
2∇ · b ≥ κ > 0, we obtain by integration by parts (see

e.g. [130, Lem. 3.1.1])

(B∗t,◦v, v)L2(Ω) =
∫

Ω
−vb · ∇v dx+

∫
Ω
v2(c−∇ · b) dx

= −1
2

∫
Ω
vb · ∇v dx+ 1

2

∫
Ω
vb · ∇v + v2∇ · b dx− 1

2

∫
Γ−
v2b · n ds

+
∫

Ω
v2(c−∇ · b) dx

=
∫

Ω
v2(c− 1

2∇ · b) dx− 1
2

∫
Γ−
v2 b · n︸ ︷︷ ︸

<0
ds ≥ κ‖v‖2L2(Ω) (3.8)

and thus
‖B∗t,◦v‖L2(Ω) ≥ κ‖v‖L2(Ω),

i.e., (3.5) holds for both cases.
Since (3.5) implies injectivity of B∗t,◦ on C1

Γ+
(Ω), which is dense in L2(Ω), assumption

(B1) is fulfilled.
To prove assumption (B2), we slightly modify the proof of [6, Thm. 16]. To prove

density of ran(B∗t,◦) in L2(Ω), we take w ∈ L2(Ω) that is orthogonal to ran(B∗t,◦) and
show w ≡ 0. We thus have

(B∗t,◦v, w)L2(Ω) = 0 ∀v ∈ C1
Γ+(Ω).

Let at first v ∈ C1
0 (Ω). We then have

0 =
∫

Ω
−b · ∇vw + (c−∇ · b)vw dx =

∫
Ω
−∇ · (bv)w + cvw dx (3.9)

By partial integration we see that b · ∇w + cw is a distribution of order 1 with

〈b · ∇w + cw, v〉 = 0,

which already means b · ∇w + cw = 0, i.e., b · ∇w = −cw ∈ L2(Ω). Therefore,
w ∈ H(Ω,b) and by Proposition 2.3.1, w has a local trace w|Γ− ∈ L2

loc(Γ−, |b ·n|) and a
global trace w|∂Ω ∈ H−1/2(∂Ω), admitting a Green’s formula/integration by parts with
a test function in H1(Ω). Let now v ∈ C1

Γ+
(Ω). We then obtain from partial integration

of (3.9), using b · ∇w + cw = 0 and v|Γ+ = 0 that∫
Γ−
vwb · n ds = 0.

Since v is arbitrary on Γ− and b·n < 0 on Γ− we thus have w|Γ− = 0, i.e., w ∈ HΓ−(Ω,b).
We now consider the curved Poincaré inequality (3.5) for the (nonadjoint) operator

Bt,◦z = b · ∇z + cz: By setting b̃ = −b and c̃ = c−∇ · b, (3.5) reads

‖−b̃·∇z+(c̃−∇·b̃)z‖L2(Ω) = ‖b·∇z+cz‖L2(Ω) ≥ (c̃p)−1‖z‖L2(Ω) ∀z ∈ C1
Γ−(Ω), (3.10)

as Γ− is the outflow boundary for b̃ = −b. Since C1
Γ−(Ω) is dense in HΓ−(Ω,b) by

Proposition 2.3.5 we obtain 0 = ‖b · ∇w + cw‖L2(Ω) ≥ (c̃p)−1‖w‖L2(Ω), and thus w = 0.
Hence, (B2) is also fulfilled.
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3.1 An optimally stable ultraweak (space-time) formulation

We may now define as in [43]

‖v‖∗ := ‖B∗t,◦v‖L2(Ω)

and note that due to (B1) ‖ · ‖∗ is a norm on dom(B∗t,◦). With this framework at hand,
we can define as in [43] the test space by

Yt := clos‖·‖∗{dom(B∗t,◦)},

which is a Hilbert space with inner product (v, w)Yt := (B∗t v,B∗tw)L2(Ω) and induced
norm ‖v‖Yt := ‖v‖∗, v, w ∈ Yt. Here, B∗t : Yt → L2(Ω) denotes the continuous extension
of B∗t,◦ from dom(B∗t,◦) to Yt. Then, we can define Bt : L2(Ω) → Y ′t again by duality,
i.e., Bt := (B∗t )∗. The variational formulation of (3.2) may then be based upon the
bilinear form

bt : L2(Ω)× Yt → R, bt(v, w) := (v,B∗tw)L2(Ω) =
∫

Ω
v(−b · ∇w + w(c−∇ · b)) dx.

(3.11)
To incorporate the boundary conditions, we use the weighted L2-spaces L2(K, |b · n|)
for K ⊂ ∂Ω defined in subsection 2.3.1. We then show that functions in Yt have a trace
in L2(Γ−, |b · n|).5

Proposition 3.1.6. Assume that one of the two conditions of Proposition 3.1.5 holds.
Then, there exists a linear continuous mapping

γ− : Yt → L2(Γ−, |b · n|),

such that
‖γ−(v)‖L2(Γ−,|b·n|) ≤ Ctr‖v‖Yt , v ∈ Yt. (3.12)

The constant is Ctr =
√

4T , or Ctr =
√

2κ−1, respectively.

Proof. Integration by parts yields for v ∈ C1(Ω̄) (see also (3.8))

(B∗t,◦v, v)L2(Ω) =
∫

Ω
v2(c− 1

2∇ · b) dx− 1
2

∫
Γ−
v2b · n ds.

By using the general assumption c − 1
2∇ · b ≥ 0 and b · n < 0 on Γ−, we have for

v ∈ C1
Γ+

(Ω) ∫
Γ−
v2|b · n| ds ≤ 2|(B∗t,◦v, v)| ≤ 2‖v‖L2(Ω)‖v‖Yt ≤ 2C‖v‖2Yt , (3.13)

where we have used (3.5) in the last estimate. The assertion for v ∈ Yt follows by
density.

Next, we define for any f◦ ∈ L2(Ω) and g ∈ L2(Γ−, |b · n|) a linear form f ∈ Y ′t as

f(v) := (f◦, v)L2(Ω) +
∫

Γ−
gγ−(v)|b · n| ds. (3.14)

Then, we obtain the well-posedness of the variational formulation:
5Note that, due to a wrong estimate, the constant given in the corresponding result [43, Prop. 2.3] is
generally not true. We therefore give a modified proof using (3.5) for the estimate in question.
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3 The transport equation

Theorem 3.1.7 ([43, Thm. 2.4]). Assume that one of the two conditions in Proposi-
tion 3.1.5 is valid and bt and f are defined as in (3.11) and (3.14), respectively. Then,
there exists a unique u ∈ L2(Ω) such that

bt(u, v) = f(v) ∀v ∈ Yt, (3.15)

and the stability estimate ‖u‖L2(Ω) ≤ ‖f‖Y ′t holds. Moreover,

γt := sup
w∈L2(Ω)

sup
v∈Yt

bt(w, v)
‖w‖L2(Ω)‖v‖Yt

= 1,

βt := inf
w∈L2(Ω)

sup
v∈Yt

bt(w, v)
‖w‖L2(Ω)‖v‖Yt

= 1,

i.e., inf-sup and continuity constants are unity and, equivalently,

‖Bt‖L(L2(Ω),Y ′t) = ‖B∗t ‖L(Yt,L2(Ω)) = ‖B−1
t ‖L(Y ′t ,L2(Ω)) = ‖B−∗t ‖L(L2(Ω),Yt) = 1,

where B−∗t := (B∗t )−1 = (B−1
t )∗ : L2(Ω)→ Yt.

Proof. The proof follows the lines of the proof of [43, Thm. 2.4] invoking Proposi-
tion 3.1.6 instead of [43, Prop. 2.3].

Remark 3.1.8. As the last theorem shows, the specific choice of the test space norm
‖ · ‖Yt = ‖B∗t · ‖L2(Ω) results in an optimally stable variational formulation. However, as
already noted in [43, Prop. 2.6], our test space is the same space as the more “standard”
space HΓ+(Ω, b) (see subsection 2.3.1) with equivalent norms: One the one hand, we
have

‖w‖2Yt = ‖B∗tw‖2L2(Ω) = ‖ − b · ∇w + w(c−∇ · b)‖2L2(Ω)

≤ 2‖ − b · ∇w‖2L2(Ω) + 2‖(c−∇ · b)‖2L∞(Ω)‖w‖
2
L2(Ω)

≤ 2 max{1, ‖(c−∇ · b)‖2L∞(Ω)}‖w‖
2
H(Ω,b).

On the other hand, it holds due to (3.5)

‖w‖2H(Ω,b) = ‖w‖2L2(Ω) + ‖b · ∇w‖2L2(Ω)

≤ ‖w‖2L2(Ω) + 2‖(c−∇ · b)w‖2L2(Ω) + 2‖b · ∇w − w(c−∇ · b)‖2L2(Ω)

≤ (c2
p(1 + 2‖(c−∇ · b)‖2L∞(Ω)) + 2)‖w‖2Yt .

Hence, the norms are equivalent, and thus Yt = clos‖·‖H(Ω,b)(C
1
Γ+

(Ω)). Due to Proposi-
tion 2.3.5, C1

Γ+
(Ω) is dense in HΓ+(Ω,b) (for which the boundary values were defined

in the trace sense). Thus, we indeed have Yt = HΓ+(Ω,b) with equivalent norms.

Example 3.1.9 (Time-dependent linear transport equations). The setting described
in the beginning of this section includes both time-independent and time-dependent
linear first order transport problems: As remarked in [43], we can consider time as
an additional transport direction in the space-time domain, i.e., z = (t, x) ∈ Ω :=
(0, T )×D = I×D, n = 1+d, where D ⊂ Rd denotes the spatial domain. Next, we define
the space-time transport direction b := (1,bx)T ∈ C1(I ×D)1+d, where bx denotes the

34



3.2 An optimally stable Petrov-Galerkin method

spatial advective field. Moreover, we introduce the space-time gradient operator as
∇ := (∂t,∇x)T , where ∇x is the gradient on the spatial domain D. Accordingly, we set
Γ± := {(t, x) ∈ Γ : b(t, x) · n(t, x) ≷ 0}, where n(t, x) is again the outward normal of
Γ. Then, we obtain exactly the form (3.1), namely

Bt,◦u := b · ∇u+ cu = f in Ω,
u = g on Γ−.

For the space-time boundary, we have Γ = Γin ∪ Γout ∪ ΓD, where Γin := {0} × D,
Γout := {T} ×D, ΓD := I × ∂D, along with its corresponding outward normals nin :=
(−1, 0)T , nout := (1, 0)T and nD := (0,nx)T , where nx denotes the spatial outward
normal (of D). Hence, b · nin = −1, b · nout = 1, and b · nD = bx · nx, so that
Γ− = Γin ∪ ΓD− , where ΓD± = I × ∂D± and ∂D± := {x ∈ ∂D : bx(x) ·nx(x) ≷ 0}. We
emphasize that also nonhomogeneous initial values are thus prescribed in an essential
manner. Note that for the time-dependent case condition (i) of Proposition 3.1.5 is
always fulfilled, which can be seen by taking k = (1, 0, . . . , 0)T in Proposition 3.1.4,
since k ·b ≡ 1 (cf. [6]). As an alternative to this realization of a space-time formulation,
one could also treat spatial and temporal variables separately. Such a strong in time
variational formulation, however, results in a suboptimal inf-sup constant that may be
positive only for short time intervals. For details see [28, SM2].

3.2 An optimally stable Petrov-Galerkin method

In this section we introduce computationally feasible and optimally stable (conforming)
finite-dimensional trial and test spaces X δt ⊂ Xt = L2(Ω) and Yδt ⊂ Yt for the approxi-
mation of the solution of (3.15). Here, we denote by δ a discretization parameter, where
δ equals the mesh size h for spatial problems and δ = (∆t, h) for time-dependent prob-
lems in space and time with a time step ∆t6. Then, the Petrov-Galerkin approximation
of (3.15) reads

uδ ∈ X δt : bt(uδ, vδ) = f(vδ) ∀vδ ∈ Yδt . (3.16)

From Proposition 2.2.7, we know that (3.16) has a unique solution uδ ∈ X δt if

βδt := inf
wδ∈Xδt

sup
vδ∈Yδt

bt(wδ, vδ)
‖wδ‖L2(Ω) ‖vδ‖Yt

> 0, (3.17)

where we additionally require stability of the scheme as δ → 0, i.e., that there is β̄t > 0
such that

βδt ≥ β̄t > 0, ∀δ > 0.

The stability (or inf-sup) constant βδt also plays a key role for the relation of the error
eδ := u− uδ and the residual rδ ∈ Y ′t defined as

rδ(w) := f(w)− bt(uδ, w) = bt(eδ, w), w ∈ Yt,

6If we use a tensor product discretization in space, δ may also take the form δ = (h1, . . . , hd) or
δ = (∆t, h1, . . . , hd), respectively.
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3 The transport equation

as can be seen by the standard lines

β̄t ‖eδ‖L2(Ω) ≤ sup
w∈Yt

bt(eδ, w)
‖w‖Yt

= sup
w∈Yt

rδ(w)
‖w‖Yt

= ‖rδ‖Y ′t

≤ γt sup
w∈Yt

‖eδ‖L2(Ω) ‖w‖Yt

‖w‖Yt
= γt ‖eδ‖L2(Ω).

In the optimal case, i.e., β̄t = γt = 1, error and residual coincide, i.e., ‖eδ‖L2(Ω) = ‖rδ‖Y ′t .
Moreover, we have the quasi-best approximation result Proposition 2.2.9

‖eδ‖L2(Ω) = ‖u− uδ‖L2(Ω) ≤
γt

β̄t
inf

vδ∈Xδt
‖u− vδ‖L2(Ω) = γt

β̄t
σL2(Ω)(u;X δt ),

where σL2(Ω)(u;X δt ) := infvδ∈Xδt ‖u−v
δ‖L2(Ω) denotes the error of the best approximation

to an element u ∈ L2(Ω) in X δt w.r.t. the L2(Ω)-norm. Since uδ ∈ X δt , it is trivially seen
that σL2(Ω)(u;X δt ) ≤ ‖u− uδ‖L2(Ω) = ‖eδ‖L2(Ω), so that in the optimal case β̄t = γt = 1
it holds that

‖rδ‖Y ′t = ‖eδ‖L2(Ω) = σL2(Ω)(u;X δt ), (3.18)

i.e., the numerical approximation is the best approximation.

3.2.1 Optimally stable discrete spaces
To realize an optimally conditioned and thus optimally stable Petrov-Galerkin method,
which is also computationally feasible, we suggest to first choose a conformal finite-
dimensional test space Yδt ⊂ Yt and then to set

X δt := B∗t (Yδt ) ⊂ L2(Ω). (3.19)

For this pair of trial and test spaces we then obtain for every wδ ∈ X δt that

sup
vδ∈Yδt

bt(wδ, vδ)
‖wδ‖L2(Ω)‖vδ‖Yt

= bt(wδ, B−∗t wδ)
‖wδ‖L2(Ω)‖B−∗t wδ‖Yt

=
(wδ, B∗tB−∗t wδ)L2(Ω)

‖wδ‖L2(Ω)‖B∗tB−∗t wδ‖L2(Ω)
≡ 1.

(3.20)
Here, we have exploited the fact that for all wδ ∈ X δt for the supremizer sδ

wδ
∈ Yδt ,

defined as the solution of (sδ
wδ
, vδ)Yt = bt(wδ, vδ) for all vδ ∈ Yδt , we have sδ

wδ
= B−∗t wδ

as B∗t is boundedly invertible. From (3.20) we may thus conclude that indeed

βδt = γδt = 1 (3.21)

and the proposed method is optimally stable.
Moreover, we emphasize that the suggested approach is computationally feasible since

B∗t is a differential operator which can easily be applied – as long as the test space is
formed by “easy” functions such as splines as in the case of FEs. Additionally, for our
choice of test and trial space we may reformulate the discrete problem (3.16) as follows:
Thanks to the definition of the trial space X δt in (3.19), there exists for all vδ ∈ X δt a
unique wδ ∈ Yδt such that vδ = B∗tw

δ. Therefore, the problem (3.16) is equivalent to
the problem

wδ ∈ Yδt : a(wδ, vδ) := (B∗twδ, B∗t vδ)L2(Ω) = f(vδ) ∀vδ ∈ Yδt , (3.22)
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3.2 An optimally stable Petrov-Galerkin method

which obviously is a symmetric and coercive problem, the normal equations, or a least-
squares problem. Thus, problem (3.22) is well-posed and we identify the solution of
(3.16) as uδ := B∗tw

δ. This reformulation will also be used for the implementation of
the framework. From (3.22) we see that for the setup of the linear system for wδ the
precise knowledge of the basis of X δt = B∗tYδt is not needed; it is needed only for the
pointwise evaluation of uδ when e.g. visualizing the solution. For further details on the
computational realization we refer the reader to section 3.4.

Thanks to (3.21), we are, moreover, in the optimal case described in the beginning of
this section and the numerical approximation uδ ∈ X δt is thus the best approximation of
u ∈ L2(Ω) for our suggested choice of trial and test space. Hence, we obtain ‖eδ‖L2(Ω) =
σL2(Ω)(u,X δt ) = ‖rδ‖Y ′t . Due to (3.19) we have that for any wδ ∈ X δt there exists a unique
vδ ∈ Yδt with B∗t vδ = wδ. In view of (B1) in Assumption 3.1.1, there also exists a unique
v ∈ Yt such that B∗t v = u, namely v∗ = B−∗t u. Therefore,

‖eδ‖L2(Ω) = σL2(Ω)(u,X δt ) = inf
wδ∈Xδt

‖u− wδ‖L2(Ω) = inf
vδ∈Yδt

‖B∗t v −B∗t vδ‖L2(Ω)

(3.23)
= inf

vδ∈Yδt
‖v − vδ‖Yt = σYt(B−∗t u,Yδt ).

We may thus also infer from (3.23) the (strong) convergence of the approximation uδ

to u in L2(Ω) provided that infvδ∈Yδt ‖v − v
δ‖Yt converges to 0 as δ → 0. Note that the

latter can be ensured by choosing an appropriate test space Yδt , such as, say, a standard
FE space.
We finally remark that in standard FE methods the error analysis is usually done in

two steps: (1) relation of the error to the best approximation by a Céa-type lemma; (2)
proving an asymptotic rate of convergence e.g. by using a Clément-type interpolation
operator. As seen above, (1) also holds for our new trial spaces – in a nonstandard norm,
however. Regarding the second step (2) there is hope that it might maybe be possible
to derive convergence rates via the term infvδ∈Yδt ‖v − v

δ‖Yt (see (3.23)) and mapping
properties of the operator Bt. This is, however, beyond the scope of this work. We will
instead investigate the rate of convergence in numerical experiments in section 3.5.

Example 3.2.1 (Illustration of trial space). We illustrate the trial space X δt as defined
in (3.19) for a very simple, one-dimensional problem. In detail, we consider Ω := (0, 1),
a constant transport term b > 0, and a variable reaction coefficient c ∈ C0([0, 1]); that
means Bt,◦u(x) := b u′(x) + c(x)u(x), x ∈ Ω, as well as u(0) = g on Γ− = {0}. We
get B∗t,◦v(x) := −b v′(x) + c(x) v(x). According to our proposed approach, we start by
defining a test space Yht . To this end, let nh ∈ N and h := 1

nh
, Ii := [(i − 1)h, ih) ∩ Ω̄,

i = 1, . . . , nh, I0 := ∅. We use standard piecewise linear FEs, i.e.,

ηi(x) :=


x
h + 1− i, if x ∈ Ii−1,

−x
h + 1 + i, if x ∈ Ii,

0, else,

for i = 1, . . . , nh and define Yht := span{η1, . . . , ηnh}. Then, we construct the optimal
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Figure 3.2: Basis functions of Yht and Xht for h = 1
4 , b ≡ 1, c ≡ 2.

trial space in the above sense by Xht := span{ξ1, . . . , ξnh}, where we set

ξi(x) := B∗t ηi(x) = −b η′i(x) + c(x) ηi(x) =


− b
h + c(x)(xh + 1− i), if x ∈ Ii−1,

b
h + c(x)(−x

h + 1 + i), if x ∈ Ii,
0, else,

for i = 1, . . . , nh. Note, that for the special case of constant reaction c(x) ≡ c, the
functions ξi are piecewise linear and discontinuous, see Figure 3.2.

3.2.2 Nonphysical restrictions at the boundary
From a computational perspective it is appealing to use discrete spaces that are tensor
products of one-dimensional spaces; for details see section 3.4. However, this choice may
result in nonphysical restrictions of functions in the trial space on certain parts of the
outflow boundary.
To illustrate this, consider Ω = (0, 1)2 and let b ≡ (b1, b2)T ∈ R2, c ∈ R with

b1, b2 > 0, such that we have for the inflow boundary Γ− = ({0}× (0, 1))∪ ((0, 1)×{0})
and thus for the outflow boundary Γ+ = ({1} × (0, 1)) ∪ ((0, 1) × {1}). Let Yht,1D be a
univariate finite-dimensional space with Yht,1D = span{φ1, . . . , φnh} ⊂ H1

(1)(0, 1) := {v ∈
H1(0, 1) : v(1) = 0}. Next, we define the discrete test space on Ω = (0, 1)2 as the tensor
product space

Yδt := Yht,1D ⊗ Yht,1D = span{φi ⊗ φj : 1 ≤ i, j ≤ nh}, δ = (h, h).

Then, the optimal trial functions are given for i, j,= 1, . . . , nh by

ψi,j := B∗t (φi ⊗ φj) = −b1(φ′i ⊗ φj)− b2(φi ⊗ φ′j) + c(φi ⊗ φj)

and we set X δt := span{ψi,j : 1 ≤ i, j ≤ nh}. However, this simple tensor product ansatz
results in ψi,j(1, 1) = 0 for all i and j; i.e., any numerical approximation would vanish
at the right upper corner (1, 1) ∈ Ω. Needless to say, this is a nonphysical restriction at
the boundary, even though point values do not matter for an L2-approximation. It is
obvious that the 2D case is only the simplest one in which this effect appears. In fact, in
a general dD situation (d ≥ 2), we would obtain that optimal trial functions constructed
as the B∗t -image of tensor products would vanish on (d− 2)-dimensional sets along the
boundary of Ω, leading to nonphysical boundary values. To reduce the impact of this
effect, we suggest considering an additional “layer” around the computational domain
by defining a tube of width α > 0 around Γ+ by

Ω+(α) := {x ∈ Rn \ Ω : ∃y ∈ Γ+ : ‖x− y‖∞ < α}, Ω(α) := Ω ∪ Ω+(α). (3.24)
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Then, we solve the original transport problem on the extended domain Ω(α) using the
associated pair of optimal trial and test spaces. As a result, the trial functions vanish
on the exterior boundary of Ω+(α), but not on ∂Ω. From a numerical perspective, by
choosing α = mh for a (small) m ∈ N and the mesh size h, this adds m layers of grid
cells and thus O(nd−1

h ) degrees of freedom. On the larger domain Ω+(α), the numerical
solution remains a best-approximation in the enlarged trial space. Due to the larger
dimension, this is no longer true w.r.t. the original domain Ω. However, note that the
additional unknowns are only (d− 1)-dimensional. We will numerically investigate this
effect in section 3.5.

3.2.3 Postprocessing
As already mentioned, we are particularly interested in using our framework for problems
with nonregular solutions u ∈ L2(Ω), which especially includes jump discontinuities that
are transported through the domain. However, it is well known that (piecewise) polyno-
mial L2-approximations of such discontinuities result – especially for higher polynomial
orders – in overshoots; this is the so-called Gibbs phenomenon. There are many works
concerning postprocessing techniques to mitigate such effects, see, for instance, [122]
and the references therein.

Here, we restrict ourselves to a rather simple postprocessing procedure aimed at
limiting the solution near jump discontinuities. Let Yδt ⊂ Yt be a conforming FE test
space on Ω ⊂ Rn corresponding to a partition Tδ = {Ki}

nTδ
i=1 of Ω = ⋃nTδ

i=1 Ki with
polynomial order p ≥ 2:

Yδt := {v ∈ C0(Ω) : v|K ∈ Pp(K) ∀K ∈ Tδ, v|Γ+ = 0} ⊂ Yt.

If wδ ∈ Yδt denotes the solution to (3.22), the solution uδ ∈ X δt = B∗tYδt to (3.16) reads

uδ = B∗tw
δ = −

n∑
i=1

bi∂xiw
δ + (c−∇ · b)wδ.

Since wδ ∈ Yδt is an FE function, the partial derivatives ∂xiwδ, i = 1, . . . , n contain
discontinuities across the cell boundaries, such that limiting these terms has the potential
to mitigate overshoot effects. For all K ∈ Tδ, we have ∂xiwδ|K ∈ Pp(K). Based upon
this, we define

∂̃xiw
δ ∈ L2(Ω) by ∂̃xiw

δ|K := PP(p−1)(K)∂xiw
δ|K ∀K ∈ Tδ,

where PP(p−1)(K) is the L2-orthogonal projection onto the polynomials of order at most
(p− 1) on K. We then define the postprocessed solution to (3.16) as

ũδ := −
n∑
i=1

bi∂̃xiw
δ + (c−∇ · b)wδ.

As a first attempt, one may perform the elementwise L2-projection on all grid cells.
However, for many problems it might be better (or even necessary) to choose a set of
grid cells T jump

δ ⊂ Tδ that contains all cells where overshoots due to the jumps indeed
occur, and only perform the postprocessing for the cells K ∈ T jump

δ . For methods that
are able to detect such cells we refer to [111].
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Due to the construction of the postprocessed solution independent from the trial space
X δt , it is not clear whether the postprocessed solution shows the same convergence rate
as the standard solution. We will investigate the convergence behavior in numerical ex-
amples in section 3.5. We will test this approach for piecewise constant solutions u with
jump discontinuities. For more complex problems, perhaps other, more sophisticated
methods from the literature have to be used.

3.2.4 Comparison with other approaches
There are many different approaches to define stable FE solutions to the transport equa-
tion (3.2). As already mentioned, the variational formulation developed in section 3.1 is
equivalent to the formulations used in [43] and for the DPG method [29,51,52]. On the
discrete level, however, our scheme differs from the DPG method: While we here use
a Petrov-Galerkin projection onto conforming spaces X δt ⊂ L2(Ω) and Yδt ⊂ Yt, in the
DPG method, a mesh-dependent discrete bilinear form is defined so that discontinuous
test functions can be used.
Our discrete scheme is more closely related to continuous and conforming formulations

of the LSFEM for (3.2) as e.g. in [19,20,48] and to the framework presented in [43].
The LSFEM is based on the minimization of the residual usually in the L2-norm. In

[19], the L2-residual minimization problem for (3.2) with homogeneous boundary condi-
tion g = 0 (after a possible lifting) is defined on the spaceHΓ−(Ω,b) (see (2.14)). Rewrit-
ing the minimization problem as a variational formulation, one seeks u ∈ HΓ−(Ω,b) such
that

(B̃tu, B̃tv)L2(Ω) = (f, B̃tv)L2(Ω) ∀v ∈ HΓ−(Ω,b), (3.25)

where the transport operator B̃t : H(Ω,b)→ L2(Ω) is the continuous extension of Bt,◦
from dom(Bt,◦) to H(Ω,b)7. In [20, sect. 10.3], the inhomogeneous boundary condition
is included into the formulation, resulting in the variational problem: Find u ∈ H(Ω,b)
such that

(B̃tu, B̃tv)L2(Ω) + (u, v)L2(Γ−,|b·n|) = (f, B̃tv)L2(Ω) + (g, B̃tv)L2(Γ−,|b·n|) ∀v ∈ H(Ω,b).
(3.26)

Alternatively, in [48] a version of (3.26) with a different boundary functional is used.
We notice that the LSFEM method, viewed from the angle of the variational formu-

lation, can be described as a “strong” weak formulation of (3.2) (i.e., with the transport
operator on the trial space) and with test functions that are defined by applying the
operator B̃t to the trial functions. In this way, the method developed in subsection 3.2.1
is an “adjoint version” of LSFEM in using an ultraweak formulation and choosing the
trial space as application of B∗t onto the test space. From the viewpoint of the compu-
tation, the definition of wδ in (3.22) resembles the problem (3.25) with B∗t instead of
B̃t and with a different right-hand side, while we afterwards compute the solution by
applying the adjoint operator, i.e., uδ = B∗tw

δ.
The method developed in [43] is based on the ultraweak variational formulation of

section 3.1, but differs from our method in the choice of the discrete spaces. As for our
method, the goal is to achieve a residual minimization in the Y ′t-norm, which means
that the discrete solution is the L2-best approximation of the weak solution in X δt .

7B̃t : H(Ω,b) → L2(Ω) is the transport operator of a “strong” weak formulation, and is thus a
restriction of the “ultraweak” operator Bt : L2(Ω)→ Y ′t defined in section 3.1.
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3.2 An optimally stable Petrov-Galerkin method

Our discretization developed in subsection 3.2.1, which we call optimal trial approach,
consists of choosing a test space Yδt ⊂ Yt which automatically determines the optimally
stable trial space X δt = B∗tYδt ⊂ L2(Ω). In contrast, for the method in [43], which we
call the optimal test method, one first chooses a trial space X̂ δt ⊂ L2(Ω). The optimally
stable test space realizing a discrete inf-sup constant of one and residual minimization in
Y ′t is then given by (B∗t )−1X̂ δt , which is not feasible for the numerical scheme. Therefore,
an approximation, called δ-proximal test space8, is defined by choosing an auxiliary or
test search space Zδt ⊂ Yt of larger dimension than X̂ δt . The optimally stable problem
in X̂ δt × (B∗t )−1X̂ δt is then substituted by the problem in X̂ δt × PZδt ((B∗t )−1X̂ δt ), where
PZδt

denotes the Y-orthogonal projection onto Zδt . To circumvent the still prohibitively
expensive computation of the basis functions of PZδ((B∗t )−1X̂ δt ), the variational problem
(3.15) is reformulated into the saddle point problem: Find (u, r̂) ∈ L2(Ω)×Y such that

(B∗t r̂, B∗t z)L2(Ω) + 〈Btu, z〉Y ′t ,Yt = 〈f, z〉Y ′t ,Yt ∀z ∈ Yt,

(v,B∗t r̂)L2(Ω) = 0 ∀v ∈ L2(Ω),
(3.27)

with the auxiliary variable r̂ := (BtB
∗
t )−1(f − Btu) ∈ Yt. This, in turn, is solved

approximately by an Uzawa algorithm, where the discretization is realized with the
following iteration: Given uδ,k ∈ X̂ δt , find r̂δ,k ∈ Zδt and uδ,k+1 ∈ X̂ δt such that

(B∗t r̂δ,k, B∗t zδ)L2(Ω) = 〈f −B∗t uδ,k, zδ〉Y ′t ,Yt ∀zδ ∈ Zδ,

(uδ,k+1, vδ)L2(Ω) = (uδ,k, vδ)L2(Ω) + (B∗t r̂δ,k, vδ)L2(Ω) ∀vδ ∈ X̂ δt .
(3.28)

Here, the first equation is based upon the same bilinear form as for (3.22). As the
optimal trial method and the optimal test method are similar both in the continuous
formulation as starting point and in the actual numerical problem to solve, we will
compare the methods in the numerical experiments in subsection 3.5.1.

Finally, in [9] the SPLS method was proposed for abstract inf-sup stable problems and
then subsequently applied to a div-curl-system. The authors first rewrite the abstract
weak problem (2.5) in a least-squares form involving the operators associated to the
scalar products of the trial and test space. This is equivalent to a saddle-point problem
containing the bilinear form of the variational formulation and the test space scalar
product, which corresponds to (3.27) when using the specific test space norm of our
setting (from section 3.1 and [43]).

The authors state different versions of an Uzawa algorithm to solve the saddle point
problem. Then, they propose pairs of discrete trial and test spaces, where the trial space
is built from the test space by the application of the adjoint operator B∗, the inverse
of the operator associated to the trial space scalar product and possibly a projection
operator. Inserting the specific choice of spaces of our setting and using no additional
projection, this corresponds to our choice of discrete spaces in subsection 3.2.1. Due
to the saddle-point formulation, however, the exact discrete problem to solve differs.
In fact, our solution procedure (3.22) corresponds to the first iteration of the Uzawa
algorithm in [9] when applying the SPLS method to the setting of section 3.1.

8in [43], δ is an additional parameter different from the usage here
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3 The transport equation

3.3 The reduced basis method for parametrized transport
problems

In this section we generalize the above setting to problems depending on a parameter
and apply the RB method for that purpose [76,83,112].

3.3.1 Parametrized transport problem

We consider a parametrized problem based upon a compact set of parameters P ⊂ Rp. In
analogy to the above framework we define the domain Ω and the now possibly parameter-
dependent quantities bµ ∈ C1(Ω̄)n and cµ ∈ C0(Ω̄) with cµ − 1

2∇ ·bµ ≥ 0 for all µ ∈ P .
For all µ ∈ P we define fµ;◦ ∈ C0(Ω̄) and gµ ∈ C0(Γ̄−). Then we consider the parametric
problem of finding uµ : Ω→ R such that

Bµ;◦uµ(z) := bµ(z) · ∇uµ(z) + cµ(z)uµ(z) = fµ;◦(z), z ∈ Ω,
uµ(z) = gµ(z), z ∈ Γ−.

Assumption 3.3.1. We assume that Ω, P and bµ are chosen such that the inflow and
outflow boundaries Γ± := {z ∈ ∂Ω : bµ(z) · n(z) ≷ 0} are parameter-independent.

Remark 3.3.2. As we shall see below, Assumption 3.3.1 is a direct consequence of a
necessary density assumption to be formulated below. However, as stated in [45], for
parameter-dependent Γ±(µ) and a polyhedral domain Ω, it is always possible to de-
compose P into a finite number of subsets Pm, m = 1, . . . ,M, with fixed parameter-
independent corresponding inflow and outflow boundaries. Hence, one considers M
subproblems on Pm, m = 1, . . . ,M , with separate reduced models. Moreover, one could
also consider parameter-dependent Ωµ, Γ±,µ that can be mapped onto a parameter-
independent reference domain Ω with fixed inflow and outflow boundaries by varying
the data.

Next, we require Assumption 3.1.1 for the formal adjoint B∗µ;◦ for all µ ∈ P such
that we can apply the above framework separately for all µ ∈ P in order to define the
test space Yt,µ with parameter-dependent norm ‖v‖Yt,µ := ‖B∗µv‖L2(Ω) as well as the
extended operators Bµ : L2(Ω) → Y ′t,µ and B∗µ : Yt,µ → L2(Ω). Hence, we aim at
determining solutions uµ ∈ L2(Ω) such that

bµ(uµ, v) := (uµ, B∗µv)L2(Ω) = fµ(v) ∀v ∈ Yt,µ. (3.29)

Note that, thanks to the definition of Yt,µ, we have ‖B−∗µ ‖L(L2(Ω),Yt,µ) = 1, and therefore

‖uµ‖L2(Ω) ≤ ‖fµ‖Y ′t,µ . (3.30)

We mention that the norms ‖ · ‖Yt,µ cannot be expected to be pairwise equivalent for
different µ ∈ P , which means that even the sets of two test spaces Yt,µ1 , Yt,µ2 , µ1 6= µ2,
can differ. Therefore, we define as in [45] the parameter-independent test space

Ȳt :=
⋂
µ∈P
Yt,µ, (3.31)
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3.3 The reduced basis method for parametrized transport problems

where we assume that Ȳt is dense in Yt,µ for all µ ∈ P .9 Thanks to the compactness of
P, we may equip Ȳt with the norm

‖v‖Ȳt
:= sup

µ∈P
‖v‖Yt,µ .

The above theory of optimal trial and test spaces as well as well-posedness immediately
extends to the parameter-dependent case in an obvious manner.
As usual, we assume that B∗µ and fµ are affine w.r.t. the parameter. In detail, we

assume that there exist functions θqb ∈ C0(P̄) for q = 1, . . . , Qb and θqf ∈ C0(P̄) for
qf = 1, . . . , Qf and µ-independent operators (Bq)∗ ∈ L(Ȳt, L

2(Ω)), q = 1, . . . , Qb, and
linear functionals f q ∈ Ȳ ′t, qf = 1, . . . , Qf , such that for all µ ∈ P we have

B∗µ =
Qb∑
q=1

θqb(µ) (Bq)∗ ∈ L(Yt,µ, L
2(Ω)), fµ =

Qf∑
q=1

θqf (µ) f q ∈ Y ′t,µ. (3.32)

Lemma 3.3.3. Under the above assumptions, the setM := {uµ solves (3.29), µ ∈ P}
of solutions is a compact subset of L2(Ω).

Proof. Let un(µn) form a sequence inM. Thanks to (3.30), (3.32), and the assumption
that θqf ∈ C0(P̄), q = 1, . . . , Qf , there exists a subsequence unk(µnk) ∈M that converges
weakly in L2(Ω) to a limit ũ ∈ L2(Ω). To infer compactness of M, it thus remains to
show that ũ ∈ M. To that end, we employ the parameter values µnk of the weakly
converging subsequence unk(µnk) to define a sequence (µnk)k in P. Thanks to the
compactness of P this sequence has a weakly converging subsequence which we denote
w.l.o.g. again by (µnk)k that converges to a limit µ̄ ∈ P .
To show continuity of the mappings µ 7→ B∗µ and µ 7→ fµ, we first note that we have

for all µ ∈ P and all v ∈ Ȳt that

‖B∗µv‖L2(Ω) = ‖v‖Yt,µ ≤ ‖v‖Ȳt
and sup

v∈Ȳt

|fµ(v)|
‖v‖Ȳt

≤ sup
v∈Yt,µ

|fµ(v)|
‖v‖Yt,µ

= ‖f‖Y ′t,µ

and thus B∗µ ∈ L(Ȳt, L
2(Ω)) and fµ ∈ Ȳ ′t. Thanks to the assumption that B∗µ and fµ

are affine w.r.t. parameter we may thus infer as in [45] that for all µ1, µ2 ∈ P and all
v ∈ Ȳt we have

‖(B∗µ1 −B
∗
µ2)v‖L2(Ω) ≤ CB max

q=1,...,Qb
|θqb(µ1)− θqb(µ2)| ‖v‖Ȳt

,

|fµ1(v)− fµ2(v)| ≤ Cf max
q=1,...,Qf

|θqf (µ1)− θqf (µ2)| ‖v‖Ȳt
,

which yields the continuity of the mappings P → L(Ȳt, L
2(Ω)), µ 7→ B∗µ and P → Ȳ ′t,

fµ ∈ Ȳ ′t. As a consequence we have that for all v ∈ Ȳt the sequences (B∗µnk v) ∈ L2(Ω)
and fµnk (v) ∈ R converge in the following sense

‖(B∗µnk −Bµ̄)v‖L2(Ω) → 0 and |fµnk (v)− fµ̄(v)| → 0 for µnk → µ̄. (3.33)

9This assumption, which is required, for instance, for Lemma 3.3.3, automatically implies that Γ± are
parameter-independent (Assumption 3.3.1), since a homogeneous Dirichlet boundary condition on
Γ+ is included in the test spaces.
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3 The transport equation

In particular, the sequence (B∗µnk v) hence converges strongly to Bµ̄v in L2(Ω).
We may thus infer that we have for all v ∈ Ȳt that

(unk(µnk), B∗µnk v)L2(Ω) − fµnk (v) −→ (ũ, B∗µ̄v)L2(Ω) − fµ̄(v)

and as a consequence (ũ, B∗µ̄v)L2(Ω) = fµ̄(v) for all v ∈ Ȳt. To conclude, it remains to
prove that there holds (ũ, B∗µ̄v)L2(Ω) = fµ̄(v) for all v ∈ Yt,µ̄. To that end, consider an
arbitrary function v ∈ Yt,µ̄. As Ȳt is dense in Yt,µ̄, there exists a sequence vn such that
‖vn − v‖Yt,µ̄ → 0. Then, we have

(ũ, B∗µ̄v)L2(Ω) − fµ̄(v) = (ũ, B∗µ̄(v − vn))L2(Ω) − fµ̄(v − vn)
≤ ‖ũ‖L2(Ω)‖B∗µ̄‖L(Yt,µ̄,L2(Ω))‖v − vn‖Yt,µ̄ + ‖fµ̄‖Y ′t,µ̄‖v − vn‖Yt,µ̄

−→ 0.

We may thus infer that ũ = uµ̄ ∈M, which was to be proven.

3.3.2 Discretization
For the discretization of the parametric problem, we introduce a parameter-independent
discrete space Yδt ⊂ Ȳt. Next, for fixed µ ∈ P we define the discrete test space and the
corresponding trial space as

Yδt,µ := (Yδt , ‖ · ‖Yt,µ) ⊂ Yt,µ, X δt,µ := B∗µ(Yδt ) ⊂ L2(Ω).

Note that, for different µ ∈ P , the spaces X δt,µ differ as sets but have the common norm
‖ · ‖L2(Ω), whereas the spaces Yδt,µ consist of the common set Yδt with different norms
‖ · ‖Yt,µ . By the same reasoning as for the nonparametric case (see (3.20)), we have an
optimal discrete inf-sup constant for all µ ∈ P , i.e.,

βδµ := inf
wδ∈Xδt,µ

sup
vδ∈Yδt,µ

bµ(wδ, vδ)
‖wδ‖L2(Ω)‖vδ‖Yt,µ

= 1.

The discrete solution uδµ ∈ X δt,µ is then defined via

uδµ ∈ X δt,µ : bµ(uδµ, vδ) = (uδµ, B∗µvδ)L2(Ω) = fµ(vδ) ∀vδ ∈ Yδt,µ. (3.34)

As in subsection 3.2.1 we observe that problem (3.34) is equivalent to the problem

wδµ ∈ Yδt,µ : aµ(wδµ, vδ) := (B∗µwδµ, B∗µvδ)L2(Ω) = fµ(vδ) ∀vδ ∈ Yδt,µ (3.35)

and we may thus solve (3.35) and identify the solution of (3.34) as uδµ := B∗µw
δ
µ.

Remark 3.3.4. Since for all µ ∈ P we have

X δt,µ = B∗µ(Yδt ) =
Qb∑
q=1

θqb(µ)(Bq)∗(Yδt ),

there holds
X δt,µ ⊂ X̂ δt := (B1)∗(Yδt ) + · · ·+ (BQb)∗(Yδt ) ⊂ L2(Ω),

which means that the trial spaces for all µ ∈ P are contained in a common discrete
space with dimension dim X̂ δt ≤ Qb · dimYδt .
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3.3 The reduced basis method for parametrized transport problems

Corollary 3.3.5. Under the above assumptions the discrete solution set
Mδ := {uδµ solves (3.34), µ ∈ P} ⊂ X̂ δt is a compact subset of X̂ δt .

Proof. The proof can be done completely analogously to the continuous setting exploit-
ing that X̂ δt is a Hilbert space equipped with the L2-inner product.

3.3.3 Reduced scheme

We assume that we have determined a reduced test space10 Y N ⊂ Yδt with dimen-
sion N ∈ N constructed, for instance, via a greedy algorithm (see subsection 3.3.4).
Then, for each µ ∈ P we introduce the reduced discretization with test space Y N

µ :=
(Y N , ‖ · ‖Yt,µ) ⊂ Yδt,µ and trial space XN

µ := B∗µ(Y N
µ ) ⊂ X δt,µ. The reduced problem then

reads

uNµ ∈ XN
µ : bµ(uNµ , vN ) = (uNµ , B∗µvN )L2(Ω) = fµ(vN ) ∀vN ∈ Y N

µ . (3.36)

As in the high-dimensional case discussed in subsection 3.3.2, these pairs of spaces yield
optimal inf-sup constants

βNµ := inf
wN∈XN

µ

sup
vN∈Y Nµ

bµ(wN , vN )
‖wN‖L2(Ω)‖vN‖Yt,µ

= 1 ∀µ ∈ P .

Hence, regardless of the choice of the “initial” reduced test space Y N we get a perfectly
stable numerical scheme without the need to stabilize. Note that this is a major differ-
ence from the related work [45], where, due to a different strategy in finding discrete
spaces, a stabilization procedure is necessary. Using the least-squares-type reformulation
(3.35), we can (similarly to (3.22)) first compute wNµ ∈ Y N

µ such that

aµ(wNµ , vN ) = (B∗µwNµ , B∗µvN )L2(Ω) = fµ(vN ) ∀vN ∈ Y N
µ , (3.37)

and then set uNµ := B∗µw
N
µ as the solution of (3.36).

Offline-/Online-Decomposition

By employing the assumed affine parameter dependence of B∗µ and fµ, the computation
of uNµ can be decomposed efficiently in an offline stage and an online stage: Let {vNi :
i = 1, . . . , N} be a basis of the parameter-independent test space Y N . In the offline
stage, we precompute and store the following parameter-independent quantities:

bq,i := (Bq)∗vNi , for q = 1, . . . , Qb, i = 1, . . . , N,
Aq1,q2;i,j := (bq1,i, bq2,j)L2(Ω), for q1, q2 = 1, . . . , Qb, i, j = 1, . . . , N,

fq,i := f q(vNi ), for q = 1, . . . , Qf , i = 1, . . . , N.

10In order to have a clear distinction between high- and low-dimensional spaces, we use calligraphic
letters for the high-dimensional and normal symbols for the reduced spaces.
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3 The transport equation

In the online stage, given a new parameter µ ∈ P , we assemble for all i, j = 1, . . . , N

(AN
µ )i,j := (B∗µvNi , B∗µvNj )L2(Ω) =

Qb∑
q1=1

Qb∑
q2=1

θq1bt (µ)θq2bt (µ)Aq1,q2;i,j ,

(fNµ )i := fµ(vNi ) =
Qf∑
q=1

θqf (µ)fq,i.

Next, we compute wNµ = ∑N
i=1wi(µ) vNi ∈ Y N as in (3.37) by solving the linear system

AN
µ wN

µ = fNµ of size N , where wN
µ := (wi(µ))i=1,...,N ∈ RN . The RB approximation is

then determined as

uNµ := B∗µw
N
µ =

N∑
i=1

wi(µ)B∗µvNi =
N∑
i=1

Qb∑
q=1

wi(µ) θqbt(µ) bq,i.

3.3.4 Basis generation

While in the standard RB method a reduced trial space is generated from snapshots of
the parametrized problem, the reduced discretization of our method is based upon one
common reduced test space, while the reduced trial spaces are parameter-dependent.
However, although we have to find a good basis of the reduced test space Y N ⊂ Yδt ,
we still want to build the reduced model from snapshots of the problem. To that end,
we again use the formulation (3.35): Given µ̃ ∈ P , let wδµ̃ ∈ Yδt,µ̃ be the solution of
(3.35), such that uδµ̃ := B∗µ̃w

δ
µ̃ ∈ X δt,µ̃ is the solution of (3.34). If wδµ̃ ∈ Y N , then we have

uδµ̃ ∈ XN
µ̃ = B∗µ̃Y

N , such that uNµ̃ = uδµ̃ holds for the solution of (3.36). Note, however,
that due to the parameter dependence of the trial spaces uδµ̃ is only included in XN

µ̃ , but
in general uδµ̃ /∈ XN

µ for µ 6= µ̃ (instead, B∗µwδµ̃ ∈ XN
µ ). Building the reduced test space

Y N from “snapshots” of (3.35) is thus analogous to the standard RB strategy to build
the reduced trial space from snapshots of the problem of interest: Although a single
trial space XN

µ is not solely spanned by snapshots, the model error ‖uNµ − uδµ‖L2(Ω) is
zero for all parameter values µ whose (3.35)-snapshot is included in Y N .
Algorithm 1 describes an analogue of the standard RB strong greedy algorithm for

our setting: Iteratively, we first evaluate the model errors of reduced solutions for all
parameters µ in a train sample Ξ ⊂ P . Then, we extend Y N by the (3.35)-snapshot
wδµ∗ ∈ Ȳδt corresponding to the worst-approximated parameter µ∗. This automatically
extends XN

µ∗ by the (3.34)-snapshot uδµ∗ ∈ X δt,µ∗ , such that from then on the model error
for µ∗ is zero.
Of course, this algorithm is computationally expensive, since we have to compute uδµ

for all µ ∈ Ξ, which may not be feasible for very complex problems and a finely resolved
Ξ ⊂ P . It is hence desirable to use some kind of surrogate – ideally a reliable and efficient
error estimator – instead of the true model error in the greedy algorithm. However, as
will be seen in the next subsection, the standard error estimator is not offline-online
decomposable in our setting – a problem already encountered in [45]. Therefore, we
have to use error indicators instead when using the full model error is computationally
not feasible. We note that until now we have not been able to prove convergence of the
greedy algorithm due to the parameter-dependent trial spaces.
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Algorithm 1 Strong greedy method
input: train sample Ξ ⊂ P , tolerance ε
output: set of chosen parameters SN , reduced test space Y N

1: Initialize S0 ← ∅, Y 0 ← {0}
2: for all µ ∈ Ξ do
3: Compute wδµ and uδµ = B∗µw

δ
µ

4: end for
5: while true do
6: if maxµ∈Ξ ‖uδµ − uNµ ‖L2(Ω) ≤ ε then
7: return
8: end if
9: µ∗ ← arg maxµ∈Ξ ‖uδµ − uNµ ‖L2(Ω)

10: SN+1 ← SN ∪ {µ∗}
11: Y N+1 ← span{wδµ, µ ∈ SN+1}
12: N ← N + 1
13: end while

Alternatively, to obtain a computationally more feasible offline stage one might let
the strong greedy algorithm run on a small test set with relatively high tolerance and
use a hierarchical a posteriori error estimator on the large(r) training set, which was
proposed in a slightly different context in [123]. Another idea might be to keep a second
test training set during the greedy algorithm. In order to estimate the dual norm of
the residual more cheaply, one could then compute Riesz representations on the span of
test training snapshots instead of the full discrete space.

3.3.5 Error analysis for the reduced basis approximation

In the online stage, for a given (new) parameter µ ∈ P we are interested in efficiently
estimating the model error ‖uδµ−uNµ ‖L2(Ω) to assess the quality of the reduced solution.
As already mentioned above, due to the choice of the reduced spaces, the reduced inf-
sup and continuity constants are unity. This means that the error, the residual, and the
error of best approximation coincide also in the reduced setting (cf. (3.18)). To be more
precise, defining for some v ∈ L2(Ω) the discrete residual rδµ(v) ∈ (Yδt,µ)′ as

〈rδµ(v), wδ〉(Yδt,µ)′×Yδt,µ
:= f(wδ)− (v,B∗µwδ)L2(Ω), wδ ∈ Yδt,µ,

we have
‖uδµ − uNµ ‖L2(Ω) = ‖rδµ(uNµ )‖(Yδt,µ)′ = inf

vN∈XN
µ

‖uδµ − vN‖L2(Ω).

In principle, rδµ(v) ∈ (Yδt,µ)′ can be computed. However, due to the special choice of
the parameter-dependent norm of Yδt,µ, i.e., ‖w‖Yδt,µ = ‖B∗µw‖L2(Ω), the computation of
the dual norm involves applying the inverse operator (B∗µ)−1 and is thus as computa-
tionally expensive as solving the discrete problem (3.34). Therefore, the computation
of ‖rδµ(uNµ )‖(Yδt,µ)′ is not offline-online decomposable, so that the residual cannot be
computed in an online-efficient manner.
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3 The transport equation

As an alternative for the error estimation mainly in the online stage, we consider an
online-efficient but nonrigorous hierarchical error estimator similar to the one proposed
in [13]. Let Y N ⊂ YM ⊂ Y δ be nested reduced spaces with dimensions N and M ,
N < M and denote for some µ ∈ P by uN (µ) ∈ XN

µ := B∗µY
N , uM (µ) ∈ XM

µ := B∗µY
M

the corresponding solutions of (3.36). Then, we can rewrite the model error of uN as

‖uN − uδ‖L2(Ω) = ‖uN − uM + uM − uδ‖L2(Ω) ≤ ‖uN − uM‖L2(Ω) + ‖uM − uδ‖L2(Ω).

Assuming that YM is large enough such that ‖uM − uδ‖L2(Ω) < ε� 1, we can approxi-
mate the model error of uN by

‖uN − uδ‖L2(Ω) ≤ ‖uN − uM‖L2(Ω) + ε ≈ ‖uN − uM‖L2(Ω),

which can be computed efficiently also in the online stage. In practice, Y N and YM can
be generated by the strong greedy algorithm with different tolerances εN and εM � εN .
Of course, this approximation to the model error is in general not reliable, since it
depends on the quality of YM . Reliable and rigorous variants of such an error estimator
can be derived based on an appropriate saturation assumption, see [79]. Reference [79]
also discusses a strategy for the use of hierarchical estimators in terms of Hermite spaces
YM for the construction of a reduced model in the offline phase. We do not go into
details here. Numerical investigations of the quality of the error estimator will be given
in subsection 3.5.2.

3.3.6 Comparison with the double greedy algorithm

As already mentioned, our scheme is closely related to the double greedy framework [45],
where an RB approximation of the parametrized transport equation based on the optimal
test method discretization scheme of [43] (see also subsection 3.2.4) is developed. Hence,
the scheme is based on the variational formulation described in subsection 3.3.1 but uses
a discrete scheme based on the saddle-point problem (3.27). For the high-dimensional
“truth solution” a discrete trial space X̂ δt ⊂ L2(Ω) and a “test search space”11 Zδt ⊂ Ȳt of
larger dimension are chosen independently of the parameter (recall that Ȳt := ⋂

µ∈P Yt,µ,
see (3.31)). Then, the “truth solution” uδµ ∈ X̂ δt is defined by the parametrized version
of (3.27): Given µ ∈ P , find (r̂δµ, uδµ) ∈ Zδt × X̂ δt such that

(B∗t,µr̂δµ, B∗t,µzδ)L2(Ω) + 〈Bt,µu
δ
µ, z

δ〉Y ′t,µ,Yt,µ = 〈f, zδ〉Y ′t,µ,Yt,µ ∀zδ ∈ Zδt ,

(vδ, B∗t,µr̂δµ)L2(Ω) = 0 ∀vδ ∈ X̂ δt ,
(3.38)

see also [45, Eq. (3.22)]. For well-posedness and stability of (3.38), it is then assumed
that Zδt is large enough to ensure uniform stability in the parameter, i.e., bµ is assumed
to be inf-sup stable on X̂ δt × PZδt ((B∗t,µ)−1X̂ δt ) with a uniform inf-sup estimate for all
parameter values.
The reduced model is built on a pair of reduced trial and test (search) spaces XN ⊂ X̂ δt

of dimension N and ZM(N) ⊂ Zδt of dimension M(N) ≥ N . Then, the reduced solution
11Note that the terminology and notation of the spaces in [45] differs from the usage in [43]. We here

try to stay consistent with the notation introduced in subsection 3.2.4.
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3.3 The reduced basis method for parametrized transport problems

uNµ ∈ XN is one solution component of the reduced saddle point problem given by (3.38)
with the reduced spaces instead of the “truth” spaces.
In order to obtain an accurate and stable reduced model, the goal is to generate the

pairs of spaces (XN , ZM(N)) such that XN is built from snapshots uδµi , i = 1, . . . , N to
obtain a good approximation quality and ZM(N) is chosen so that the uniform inf-sup
condition

inf
µ∈P

inf
wN∈XN

sup
pN∈ZM(N)

bµ(wN , pN )
‖wN‖L2(Ω)‖pN‖Yt,µ

≥ βmin (3.39)

(cf. [45, Eq. 4.1 and 5.14]) is fulfilled. To that end, the double greedy algorithm ([45,
Algorithm 5]) is proposed, in which two different algorithms are executed alternately:

• The algorithm update-inf-sup ([45, Algorithm 2]) takes a trial space XN+1 and a
(not sufficiently stable) test space ZM(N). For a sample set of parameter values,
all respective inf-sup constants are computed from the reduced system matrices by
corresponding Cholesky or spectral factorizations and singular value decomposi-
tions. For the parameter value µ̄ with the smallest inf-sup constant, the infimizing
trial space vector wNµ̄ ∈ XN is computed. Then, the supremizer of wNµ̄ , i.e.,

p̄δ = argmax
pδZδt

bµ̄(wNµ̄ , pδ)
‖pδ‖Yt,µ̄

,

which is given as p̄δ = (Bδ
µ̄)−∗wNµ̄ , is computed and added as a new basis function

to the reduced test space, i.e., ZM(N)+1 = span{ZM(N), p̄δ}. This procedure is
repeated k times until the test space ZM(N+1) := ZM(N)+k is large enough such
that the uniform inf-sup condition (3.39) is fulfilled.

• The algorithm update-approximation ([45, Algorithm 4]) takes spaces XN , ZM(N)

that satisfy (3.39) and then determines a new basis function for XN by one step of a
(“standard RB”) greedy algorithm: For a sample set of parameter values, an error
indicator for the reduced solution is evaluated. Then, for the worst approximated
parameter µ̄, the solution uδµ̄ of (3.38) is computed and is added to the trial space,
i.e., XN+1 = span{XN , uδµ̄}.

By alternately executing update-inf-sup and update-approximation, the double greedy
algorithm iteratively generates reduced function pairs with increasing approximation
quality in the trial space and fixed lower bounds for the uniform inf-sup constant.
However, unlike the reduced model from subsection 3.3.3, here the test space is generally
of larger dimension than the trial space, since update-inf-sup may (need to) increase the
dimension of the test space by more than one.
The double greedy algorithm includes an error indicator in update-approximation,

while we so far only proposed a strong greedy algorithm using the true reduction er-
rors in Algorithm 1. This indicator aims to approximate the residual ‖f − BµuNµ ‖Y ′t
in dual norms of additional reduced test spaces that are computed by iterated re-runs
of the double greedy algorithm (which the authors call iterative tightening). For details
see [45, subsec. 5.1.2 and sec. 6.3].
As for the non-parametric case, we include a comparison of our new method and the

double greedy algorithm in the numerical experiments in subsection 3.5.2.
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3 The transport equation

3.4 Computational realization
In this section, we specify the implementation of the solution procedure developed in sec-
tion 3.2. This is also used for the methods for parameter-dependent problems developed
in section 3.3. In fact, due to our assumption of affine dependence in the parameter
(3.32), the computational realization in the parametric setting is very similar to the
standard setting and can be done following the offline-online decomposition described
at the end of subsection 3.3.3, which is why we do not address it in this section.
To solve the discrete problem (3.16) we use the equivalent formulation (3.22); i.e., we

first find wδ ∈ Yδt such that (B∗twδ, B∗t vδ)L2(Ω) = f(vδ) for all vδ ∈ Yδt , and then set
uδ := B∗tw

δ ∈ X δt . The solution procedure thus consists of first assembling and solving
the problem for wδ in Yδt and second computing uδ. The implementation is especially
dependent on the exact form of the adjoint operator B∗t . First, we address the case of
constant data, which is easier to implement and slightly more computationally efficient
than the general case which we discuss subsequently.

3.4.1 Implementation for constant data
We first consider constant data functions in the adjoint operator, which has thus the
form B∗tw := −b·∇w+cw for 0 6= b ∈ Rn, c ∈ R. We have already seen in Example 3.2.1
that in the one-dimensional case, choosing a standard linear continuous FE space for the
test space Yδt yields a trial space X δt with piecewise linear and discontinuous functions.
This can be generalized to conforming FE test spaces with arbitrary dimension, grid,
and polynomial order: If vδ ∈ Yδt is globally continuous and polynomial on each grid
cell, all terms of B∗t vδ, due to the constant data functions, are still polynomials of the
same or lower order on the cells, while the gradient terms yield discontinuities on the
cell boundaries. Denoting thus by Yδt ⊂ Yt a conforming FE space on a partition Tδ =
{Ki}

nTδ
i=1 of Ω = ⋃nTδ

i=1 Ki with polynomial order p, and by X̄ δt ⊂ L2(Ω) the corresponding
discontinuous FE space, i.e.,

Yδt := {v ∈ C0(Ω) : v|K ∈ Pp(K) ∀K ∈ Tδ, v|Γ+ = 0} ⊂ Yt, (3.40)
X̄ δt := {u ∈ L2(Ω) : u|K ∈ Pp(K) ∀K ∈ Tδ} ⊂ L2(Ω), (3.41)

we have X δt = B∗tYδt ⊂ X̄ δt and can determine the solution uδ ∈ X δt in terms of the
standard nodal basis of X̄ δt .
Let B∗t ∈ Rn̄x×ny be the matrix representation of B∗t : Yδt → X̄ δt in the nodal bases

(φ1, . . . , φny) of Yδt and (ψ1, . . . , ψn̄x) of X̄ δt , meaning that the ith column of B∗t contains
the coefficients of B∗t φi in the basis (ψ1, . . . , ψn̄x), i.e., B∗t φi = ∑n̄x

j=1[B∗t ]j,iψj . Due
to the form of the operator and the chosen spaces, the matrix B∗t can be computed
rather easily, see the example in subsection 3.4.2. Then, the coefficient vector u =
(u1, . . . , un̄x)T of uδ = ∑n̄x

i=1 uiψi ∈ X̄ δt can simply be computed from the coefficient
vector w = (w1, . . . , wny) of wδ = ∑ny

i=1wiφi ∈ Yδt by u = B∗tw.
To solve (3.22), we have to assemble the matrix corresponding to the bilinear form

a : Yδt × Yδt with
a(wδ, vδ) = (B∗twδ, B∗t vδ)L2(Ω) = (wδ, vδ)Yt ,

i.e., the Yt-inner product matrix of Yδt . One possibility for the assembly is to use the
matrix B∗t : Denoting by MX̄δt

∈ Rn̄x×n̄x the L2-mass matrix of X̄ δt , i.e., [MX̄δt
]i,j =
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3.4 Computational realization

(ψi, ψj)L2(Ω), we see that for Yt := (B∗t )TMX̄δt
B∗t ∈ Rny×ny it holds that [Yt]i,j =

(B∗t φi, B∗t φj)L2(Ω) = (φi, φj)Yt .
The solution procedure thus consists of the following steps:
1. Assemble B∗t and Yt.
2. Assemble the load vector f ∈ Rny , [f ]i := f(φi), i = 1, . . . , ny.
3. Solve Ytw = f .
4. Compute u = B∗tw.

3.4.2 Assembling the matrices for spaces on rectangular grids

As a concrete example of how to assemble the matrices B∗t and Y we consider Ω = (0, 1)n
and use a rectangular grid. We start with the one-dimensional case as already seen in
Example 3.2.1. Let thus Ω = (0, 1) and b > 0. Moreover, let T h = {[(i − 1)h, ih)}nhi=1
be the uniform one-dimensional grid with mesh size h = 1/nh, fix a polynomial order
p ≥ 1, and define Yh,pt,1D, X̄

h,p
t,1D as in (3.40), (3.41). Let (φ1, . . . , φny) and (ψ1, . . . , ψn̄x)

be the respective nodal bases of Yh,pt,1D and X̄ h,pt,1D.
Moreover, let I1D ∈ Rn̄x×ny be the matrix representation of the embedding Id :
Yh,pt,1D → X̄

h,p
t,1D in the respective nodal bases, i.e., the i-th column of I1D contains the

coefficients of φi ∈ Yh,pt,1D ⊂ X̄
h,p
t,1D in the basis (ψ1, . . . , ψn̄x), such that for u = I1D ·w it

holds∑n̄x
i=1 uiψi = ∑ny

i=1wiφi. Similarly, let A1D ∈ Rn̄x×ny be the matrix representation
of the differentiation d

dx : Yh,pt,1D → X̄
h,p
t,1D, w

h 7→ (wh)′. Additionally, as above, we define
M1D ∈ Rn̄x×n̄x , [M1D]i,j = (ψi, ψj)L2((0,1)) as the L2-mass matrix of X̄t

h,p
1D .

For p = 1, i.e., linear FEs, and a standard choice of the nodal bases the matrices I1D,
A1D, and M1D read

I1D :=


1 0 0 · · ·
0 1 0
0 1 0
0 0 1
... . . .

 ,A1D := 1
h
·


−1 1 0 · · ·
−1 1 0
0 −1 1
0 −1 1
... . . .

 ,M1D = h·



1/3 1/6 0 0 · · ·
1/6 1/3 0 0
0 0 1/3 1/6
0 0 1/6 1/3
... . . .

 .

With these three matrices we can then compose the matrices B∗1D and Y1D by

B∗t,1D := −b ·A1D + c · I1D, Y1D := (B∗t,1D)TM1DB∗t,1D.

Next, we consider a rectangular domain of higher dimension, e.g., Ω = (0, 1)n, n ≥ 2.
We choose in each dimension one-dimensional FE spaces Y it , X̄ it , i = 1, . . . , n as in (3.40),
(3.41) separately, and use the tensor product of these spaces Yδt := ⊗n

i=1 Y it , X̄ δt :=⊗n
i=1 X̄ it as FE spaces on the rectangular grid formed by a tensor product of all one-

dimensional grids. The system matrices can then be assembled from Kronecker products
of the one-dimensional matrices corresponding to the spaces Y it , X̄ it , i = 1, . . . , n: We first
assemble for i = 1, . . . , n the matrices Ii1D and Ai

1D corresponding to the pair of spaces
Y it , X̄ it . Then, the matrix corresponding to the adjoint operator can be assembled by

B∗t := −
n∑
i=1

biI1
1D ⊗ · · · ⊗ I(i−1)

1D ⊗Ai
1D ⊗ I(i+1)

1D ⊗ · · · ⊗ In1D + c
n⊗
i=1

Ii1D, (3.42)
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3 The transport equation

e.g., for n = 2 we have

B∗t,2D := −b1(A1
1D ⊗ I2

1D)− b2(I1
1D ⊗A2

1D) + c(I1
1D ⊗ I2

1D).

Similarly, the mass matrix MX̄δt
of X̄ δt can be computed from the one-dimensional mass

matrices Mi
1D of X̄ it , i = 1, . . . , n, by MX̄δt

:= ⊗n
i=1 Mi

1D, such that Yt := (B∗t )TMX̄δt
B∗t

can also be directly assembled using the matrices Ii1D,Ai
1D,Mi

1D, i = 1, . . . , n.

3.4.3 Implementation for nonconstant data
If the data functions b and c are not constant, we do not automatically get a standard
FE space X̄ δt in which the solution uδ can be described; thus the implementation has
to be adapted. A way to retain the implementation for constant data functions is
to approximate the data by piecewise constants on each grid cell. Then, there holds
again uδ ∈ X̄ δt , and we only have to slightly modify the implementation presented in
subsection 3.4.1: Every nodal basis function ψi ∈ X̄ δt , i = 1, . . . , n̄x, has, due to the
discontinuous FE space, a support of only one grid cell. Denoting by ci the value of c on
the grid cell of ψi, we define the diagonal matrix c ∈ Rn̄x×n̄x , [c]i,i := ci, and, similarly,
the matrices bj ∈ Rn̄x×n̄x corresponding to bj , j = 1, . . . , n. We then simply change the
scalars bj and c in (3.42) to matrices bj and c, j = 1, . . . , n.

However, a piecewise constant approximation of the functions b ∈ C1(Ω)n, c ∈ C0(Ω)
may not lead to a sufficient accuracy of the solution. For general b ∈ C1(Ω)n, c ∈ C0(Ω),
we thus first assemble the Yt-inner product matrix Yt ∈ Rny×ny of Yδt and the load
vector f ∈ Rny corresponding to the right-hand side as in standard FE implementations
for elliptic equations, by using e.g. Gauss quadratures for the approximation of the
integrals. We can then solve (3.22) as above by w := Y−1

t f , wδ := ∑ny
i=1[w]iφi ∈ Yδt .

To compute the solution uδ ∈ X δt , we use the fact that we still have wδ ∈ X̄ δt and ∂wδ

∂xi
∈

X̄ δt , i = 1, . . . , n, and store the corresponding X̄ δt -coefficients of wδ and its derivatives
separately, as well as the data functions. We can then evaluate uδ = B∗wδ for arbitrary
x ∈ Ω by evaluating all wδ-dependent functions and all data functions in x and using
the definition of B∗ to get uδ(x) = −∑n

i=1 bi(x)∂wδ∂xi
(x) + (c−∇ · b)(x)wδ(x).

3.5 Numerical experiments
In this section, we report on results of our numerical experiments. We consider the
parametric and the nonparametric case, starting with the latter. We are particularly
interested in quantitative results concerning the rate of approximation for the discrete
case as the discretization parameter δ (see above) approaches zero, quantitative compar-
isons of the inf-sup constant with existing methods from the literature, and the greedy
convergence in the parametric case. We report on time-dependent and time-independent
test cases. The source code to reproduce all results is provided in [24].

3.5.1 Non-parametric cases
Convergence rates for problems with different smoothness

As indicated in subsection 3.2.1, we can show the convergence of the proposed approxi-
mation for appropriate test spaces Yδt , but did not derive theoretical rates of convergence
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3.5 Numerical experiments

Table 3.1: 1D: L2-error and convergence rate as h→ 0 for
linear and quadratic FE spaces.

Linear FE Quadratic FE
1/h L2-error rate L2-error rate

4 0.03311 — 0.00247 —
8 0.01664 0.99274 0.00062 1.98932

16 0.00833 0.99817 0.00016 1.99729
32 0.00417 0.99954 3.896e-05 1.99932
64 0.00208 0.99989 9.741e-06 1.99983

128 0.00104 0.99997 2.435e-06 1.99996
256 0.00052 0.99999 6.088e-07 1.99999

0 0.5 1

0.2

0.4

0.6

0.8

1

Figure 3.3: 1D: L2-approximation vs.
exact solution for linear FE space with
h = 1/8.

in this work. Therefore, in this subsection we investigate the rate of convergence in nu-
merical experiments. In all test cases we use as test space Yδt a continuous FE space on
a uniform hexahedral grid. Since we want to investigate here the best possible conver-
gence rates, we choose test cases where the trial space restrictions due to tensor product
spaces described in subsection 3.2.2 do not lead to additional errors. These cases will
then afterwards be compared to cases where the restrictions indeed do lead to additional
errors in subsection 3.5.1.
We start with the one-dimensional problem introduced in Example 3.2.1 and set

Ω = (0, 1), bt(x) ≡ 1, c(x) ≡ 2 with boundary value u(0) = 1. We compute approximate
solutions for linear FE spaces Yht (recall Figure 3.2 for the corresponding basis functions
and see Figure 3.3 for an illustration of the solution) as well as quadratic FE spaces. We
observe an (optimal) convergence rate of 1 for the linear case and 2 for the quadratic
case (see Table 3.1).

Next, we consider Ω = (0, 1)2, and choose b ≡ (cos 30°, sin 30°)T , c ≡ 0, f ≡ 0 and
compare boundary values with different smoothness. In detail, we solve

b · ∇u = 0 in Ω, u = gi on Γ− = ({0} × (0, 1)) ∪ ((0, 1)× {0}), i = 1, 2, 3,

for the boundary values

g1 ∈ C1(Γ−), g1(x, 0) ≡ 1, g1(0, y) =
{

31.25y3 − 18.75y2 + 1, y ≤ 0.4
0, y > 0.4,

(3.43)

g2 ∈ C0(Γ−), g2(x, 0) ≡ 1, g2(0, y) =


1, y < 0.2
2− 5y 0.2 ≤ y < 0.4
0, 0.4 ≤ y,

(3.44)

g3 ∈ L2(Γ−), g3(x, 0) ≡ 1, g3(0, y) =
{

1, y < 0.25
0, 0.25 ≤ y.

(3.45)

We use second order FEs on a uniform rectangular mesh with nh = h−1 cells in both
dimensions, i.e., δ = (h, h). As already mentioned above, the data is chosen such that
for all boundary conditions it holds that u(1, 1) = 0 for the exact solution, so that we
do not observe problems from the nonphysical restriction of the trial space. We observe
a convergence of order about 1.65 for the differentiable case g = g1, an order of 1 for

53



3 The transport equation

Table 3.2: L2-errors and convergence rates for two-dimensional problem with boundary values (3.43),
(3.44), and (3.45).

g = g1 ∈ C1(Γ−) g = g2 ∈ C0(Γ−) g = g3 ∈ L2(Γ−)
1/h L2-error rate L2-error rate L2-error rate
16 0.00768 — 0.01974 — 0.10630 —
32 0.00247 1.63387 0.00973 1.02096 0.08484 0.32533
64 0.00079 1.65196 0.00493 0.98128 0.06764 0.32683

128 0.00025 1.65937 0.00248 0.99302 0.05386 0.32862
256 7.872e-05 1.66280 0.00124 0.99476 0.04285 0.33009
512 2.483e-05 1.66452 0.00062 0.99636 0.03406 0.33120

Table 3.3: L2-error and convergence
rate for b = (1− y, x)T and g = g4.

1/h L2-error Rate
4 0.09317 —
8 0.03329 1.48458

16 0.01124 1.56702
32 0.00366 1.61950
64 0.00117 1.64276

128 0.00037 1.65386
Figure 3.4: Approximate solution for b = (1−
y, x), g = g4 and h = 1/32.

the continuous case g = g2, and an order of about 1/3 for the discontinuous boundary
g = g3 (see Table 3.2).
To assess the effect of a nonconstant transport direction on the convergence rate we

use b(x, y) = (1 − y, x)T , which has an Ω-filling flow with T = π
2 , c ≡ 0, f ≡ 0, and a

C1-boundary value g4 ∈ C1(Γ−) as

g4(x, 0) = 0, g4(0, y) =
{

256y4 − 512y3 + 352y2 − 96y + 9, 0.25 ≤ x ≤ 0.75,
0, else.

We observe a convergence behavior even slightly better than that for the case of constant
b with a C1-boundary function; see Table 3.3. The curved transport is resolved without
artifacts; see Figure 3.4.

Influence of restrictions due to tensor product spaces

So far we have investigated the convergence of discrete solutions for cases where the
nonphysical boundary restrictions described in subsection 3.2.2 do not lead to problems.
Here we want to compare these results to similar test cases where the restriction indeed
is unphysical, i.e., for the exact solution we have u 6= 0 at the relevant outflow boundary
part. We again choose Ω = (0, 1)2, b ≡ (cos 30°, sin 30°)T , c ≡ 0, and f ≡ 0. We first
consider a constant boundary value g̃ ≡ 1, leading to u ≡ 1, where the impact of the
unphysical restriction can be observed best, since the shifted version g ≡ 0 leading to
u ≡ 0 would of course have no discretization error at all. We compare this to shifted
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Table 3.4: L2-errors and convergence rates for two-dimensional problem with different boundary condi-
tions and unphysical restrictions of the trial space.

g ≡ 1 g = g1 − 1 ∈ C1(Γ−) g = g2 − 1 ∈ C0(Γ−) g = g3 − 1 ∈ L2(Γ−)
1/h L2-error Rate L2-error Rate L2-error Rate L2-error Rate
16 0.01280 — 0.01479 — 0.02627 — 0.10618 —
32 0.00676 0.92191 0.00691 1.09798 0.01281 1.03615 0.08515 0.31838
64 0.00355 0.92883 0.00349 0.98507 0.00616 1.05729 0.06773 0.33028

128 0.00186 0.93469 0.00183 0.92944 0.00292 1.07500 0.05389 0.32963
256 0.00097 0.93973 0.00097 0.92081 0.00149 0.97073 0.04286 0.33058
512 0.00050 0.94411 0.00050 0.94099 0.00081 0.88878 0.03406 0.33141

versions of the boundary values considered in subsection 3.5.1, i.e., g̃i = gi−1, i = 1, 2, 3
for g1, g2, and g3 defined in (3.43)–(3.45).
In the constant case g ≡ 1 we have a convergence of order ≈ 1 (see Table 3.4).

Comparing Tables 3.2 and 3.4, we see that indeed the restriction leads to an additional
error that converges with order 1: While the problem for the C1-boundary value g1

converges with an order of about 1.65, the shifted problem for g̃1 = g1 − 1 converges
only with an order of ≈1. For the less smooth boundaries g̃2 ∈ C0(Γ−) and g̃3 ∈ L2(Γ−)
we see that the convergence order stays the same, and thus the full error is not dominated
by the restriction artifacts. All in all, for the present test cases, the restriction due to
the tensor product structure limits the convergence rate to 1, but does not deteriorate
smaller convergence orders for less smooth problems, such that for these problems the
additional error is negligible. Recall that we are primarily interested in such nonsmooth
solutions in L2(Ω).
Next, we investigate the approach proposed in subsection 3.2.2 to use an additional

layer for the computational domain. In detail, we extend the data functions onto the
larger domain Ω(α) defined in (3.24), solve the problem for the discrete solution uδΩ(α) ∈
L2(Ω(α)) on this extended problem, and then define the restriction uδΩ(α)|Ω ∈ L

2(Ω) as
the discrete solution to the original problem.
We consider constant boundary values g ≡ 1. For each discrete space Yδt , δ = (h, h),

we compare values of α = mh, m = 1, . . . , 5, i.e., we extend the domain by 1 to 5
layers of grid cells of the original size. The L2- and L∞-errors of these solutions and the
respective solutions computed on the original domain Ω are shown in Figure 3.5. We see
that using extended domains for the computation reduces the L2-errors: A first layer of
grid cells has the most significant effect, but also larger extensions further reduce the
errors. Since the difference is larger for coarser meshes, the L2-rates are slightly lower
than those for the original solution, which improves, however, for finer mesh sizes. We
obtained similar results for the boundary values g = g1 − 1. Moreover, the extended
domain approach has a positive impact on the L∞-error of the solution and thus on the
“optical quality”: While for the computations on Ω we automatically have an L∞-error
of 1 for all mesh sizes, the error is reduced to values between about 0.16 for α = h
and 0.05 for α = 5h; also the L∞-error on the extended domains seems to be relatively
independent of the mesh size (see Figure 3.5). A comparison of the solution computed
on Ω and Ω(h) is provided in Figure 3.6.
We conclude from these experiments that for the current test case the use of an ex-

tended domain slightly reduces the L2-error while maintaining comparable convergence
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Figure 3.5: 2D, g ≡ 1, L2-errors (left) and L∞-errors (right) for solutions computed on the standard
domain Ω = Ω(0) and on extended domains Ω(α), α = mh, m = 1, . . . , 5 for different mesh sizes.

Figure 3.6: 2D, numerical approximation for h = 1/32, g ≡ 1. Left: Standard domain Ω. Right: uδ|Ω
solved on extended domain Ω(h)

rates and considerably reduces the L∞-error at the boundary. Hence, at the expense of
(moderate) additional computational cost a better approximation of the solution on the
outflow boundary can be achieved.

Assessment of postprocessing procedure

We next compare the approximation of discontinuities of a standard solution uδ ∈ X δt
to the postprocessed solution ũδ described in subsection 3.2.3. To this end, we again
consider the example in subsection 3.5.1 with boundary value g3 ∈ L2(Γ−) that is
piecewise constant with a discontinuity. Note that the choice of a constant advection
b and no reaction simplifies the postprocessing procedure, such that the postprocessed
solution ũδ directly is the L2-orthogonal projection of uδ onto the discontinuous first
order FE space. Comparing the errors of uδ and ũδ (see Tables 3.2 and 3.5), we see
that the errors for the postprocessed solutions are about 8% smaller than those for the
standard solutions, while the order of convergence stays the same. Figure 3.7 shows that
the postprocessing removes the severe overshoots of the standard solution at the jump
discontinuity. We also note that the postprocessing is computationally inexpensive,
since it is only based upon local multiplications of an element projection matrix for
each grid cell. A comparison of the computational costs will be given in in the next
paragraph.
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3.5 Numerical experiments

Table 3.5: L2-error and conver-
gence rate for postprocessed so-
lution ũδ for boundary g3.

1/h L2-error Rate
16 0.09769 —
32 0.07765 0.33128
64 0.06179 0.32946

128 0.04917 0.32965
256 0.03911 0.33042
512 0.03108 0.33123

Figure 3.7: Standard solution uδ (left) and postprocessed solution ũδ

(right) for boundary g3 and h = 1/32.

10−2 10−1 100 101

10−1.5

10−1

CPU time

L
2
-e
rr
or

opt. test 1;
opt. test 5;
opt. trial;

opt. trial postproc.

Figure 3.8: L2-errors versus CPU-times for the optimal test method with 1 iteration (opt. test 1) and 5
iterations (opt. test 5) of the Uzawa algorithm, and for the optimal trial method in standard (opt. trial)
and postprocessed (opt. trial postproc.) form.

Comparison of the optimal trial method and the optimal test method

As discussed in subsection 3.2.4, the approaches proposed in subsection 3.2.1 (optimal
trial method) and in [43] (optimal test method) are closely related. To compare the
results for both methods, we use the same test case as in [43]; i.e., we set Ω = (0, 1)2,
b ≡ (cos 22.5°, sin 22.5°)T , c ≡ 0, and f ≡ 0. For the boundary condition we again have
the discontinuous boundary value g = g3 defined in (3.45).

As the equations for wδ ∈ Yδt in (3.22) (optimal trial) and for r̂k,δ ∈ Zδt in (3.28)
(optimal test) are based on the same bilinear form, we choose the spaces such that Yδt =
Zδt , which means that the same matrix has to be assembled for both methods. More
precisely, we choose for the optimal trial method the same spaces as in the experiments
above, i.e., Yδt is the space of continuous FEs of second order on a rectangular grid with
mesh size δ = (h, h). Consistent with that, we choose – as proposed in [43] – for X̂ δt
the space of discontinuous bilinear FEs on a rectangular grid with mesh size (2h, 2h),
and Zδt = Yδt , such that here the grid for the test search space results from one uniform
refinement of the grid of the trial space.

We first compare the relation of L2-errors and CPU times for both methods. For the
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3 The transport equation

Table 3.6: Inf-sup constants for the opti-
mal test method and the 2D problem

1/(2h) Inf-sup
4 0.74521
8 0.66426

16 0.55840
32 0.45422
64 0.36029

128 0.28273
256 0.21901

Table 3.7: Inf-sup constants for the opti-
mal test method and the 3D problem

1/(2h) Inf-sup
4 0.64800
8 0.60160

16 0.48294
32 0.38015

solution of the linear systems, we always use sparse LU factorization and subsequent
forward and back substitution implemented in UMFPACK. Figure 3.8 shows the respec-
tive CPU-error plots for the optimal test method using 1 iteration and 5 iterations of
the Uzawa algorithm (as proposed in [43]) and for the standard solution of the optimal
trial method as well as the postprocessed solution described in subsection 3.2.3. We
observe similar decay rates of the errors w.r.t. the CPU times for both methods. For
the chosen linear solver, the optimal test methods with 5 iterations performs best, which
is mainly due to the fact that assembly of the matrices and LU factorization dominate
the computational costs. Therefore, the costs for 5 Uzawa iterations are only slightly
higher than for e.g. only 1 Uzawa iteration, while the errors are reduced significantly.
If we use iterative methods, e.g. the CG method , instead, the results depend on the
used preconditioner: If the computation of the preconditioner dominates, the results
are similar to the results using LU decomposition. In contrast, if the iterative solver
takes as much time as or more time than the preconditioner, then the optimal test so-
lutions using 5 Uzawa iterations would take considerably more time compared to the
other solutions and we speculate that the postprocessed optimal trial solution might
perform fairly equally to the optimal test solutions. However, a comparison of different
preconditioners is outside the scope of this work.
Finally, we compare the inf-sup constants of both methods. While for the optimal

trial method we automatically have an inf-sup constant of 1, this is not the case for the
optimal test method. Since here not the truly optimal test space (B∗)−1X̂ δt , but the
projection onto the test search space PZδ((B∗)−1X̂ δt ) is used for the discrete test space,
the inf-sup constant for the discrete problem as well as for the corresponding saddle-
point problem on which the Uzawa iteration is based is suboptimal. Tables 3.6 and 3.7
show the inf-sup constants for the considered two-dimensional problem, i.e., Ω = (0, 1)2,
b = (cos 22.5°, sin 22.5°)T , c ≡ 0, and the corresponding time-dependent problem, i.e.,
a three-dimensional problem with Ω = (0, 1)3 and b = (1, cos 22.5°, sin 22.5°)T , respec-
tively. We clearly see that the inf-sup constants decrease with smaller mesh sizes; in
both cases they decay roughly with an order of h1/3.

3.5.2 Parametric cases: The reduced basis method

To examine our method in the parametric setting, we consider three different test cases.
For all cases, we choose Ω = (0, 1)2 and a parametrized constant transport direction
bµ ∈ R2, µ ∈ P , such that Γ− = ({0} × (0, 1)) ∪ ((0, 1) × {0}) for all µ ∈ P , as well as
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3.5 Numerical experiments

Table 3.8: Data for parametric test cases.

test case 1 (see [107]) test case 2 (cf. [45]) test case 3 (cf. [45])
bµ (µ, 1)T (cosµ, sinµ)T (cosµ, sinµ)T

P [0.01, 1] [0.2, π2 − 0.2] [0.2, π2 − 0.2]
c ≡ 0 ≡ 1 ≡ 1

f ≡ 0 ≡ 1

0.5, x < y

1, x ≥ y

g

1, x = 0
0, y = 0

≡ 0

1− y, x ≤ 0.5
0, x ≥ 0.5

parameter-independent reaction, source, and boundary data; see Table 3.8. Again, we
want to solve for all µ ∈ P

bµ · ∇u+ cu = f in Ω, u = g on Γ−.

For all test cases, we choose a training set of 500 equidistant parameter values dis-
tributed over P and set ε = 10−4. We then generate reduced models with Algorithm 1
for different mesh sizes. The maximum model errors ‖uN (µ) − uδ(µ)‖L2(Ω) on an ad-
ditional test set of 500 uniformly distributed random parameter values are shown in
Figure 3.9.
Since we did not derive theoretical convergence results for the greedy algorithm, we

investigate the convergence behavior numerically. To that end, we first consider a test
case where the best possible convergence rate of linear approximations is known: In [107],
it is shown that the Kolmogorov N -width of the solution set of test case 1 decays with
an order of N−1/2. In the corresponding results of our greedy algorithm, we indeed
observe the same (and thus optimal) convergence behavior; see Figure 3.9.
In test case 2 we choose constant reaction and source terms that lead to more regular

solutions. Here, the greedy algorithm shows a faster convergence of order about N−3/2.
With discontinuous source and boundary data in test case 3 we finally observe an order
of roughly N−1.
As described in subsection 3.3.6, our approach is closely related to the double greedy

algorithm framework developed in [45]. To realize a fair comparison with our approach,
we implemented a “strong” double greedy algorithm using the model error instead of a
surrogate in [45, Algorithm 4] (update-approximation, see also page 49). For the full solu-
tions we use the discretization of the optimal test method described in subsections 3.2.4
and 3.5.1. We then run the “strong” variant of the double greedy algorithm [45, Algo-
rithm 5] for test case 3 on a training set of 500 equidistant parameter values distributed
over P and with tolerance ε = 0.01 comparing different thresholds βmin for the inf-sup
stability of the reduced spaces12.
The resulting maximum model errors for 500 test parameter values are shown in

Figure 3.10. For the smaller stability thresholds of 0.3 and 0.6 we observe slight in-
12In [45] it is proposed to use βmin := ζβδ, where 0 < βδ ≤ 1 is a lower bound of the discrete inf-sup

constants of the full discretizations for all µ ∈ P and some 0 < ζ < 1, such that the desired threshold
is guaranteed to be achievable for all reduced spaces. Here, we simply compare different values of
βmin < 1 without computing βδ.
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Figure 3.9: Maximum errors of 500 test parameter values for different model orders, mesh sizes, and
test cases 1, 2, and 3.
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Figure 3.11: test case 3, h−1 = 512. Comparison of online computation times (median of 5000 runs) for
reduced models from optimal trial greedy Algorithm and strong double greedy algorithm with βN ≥ 0.7.
Left: Computation time versus trial space dimension, right: maximum model error versus computation
time.

stabilities while for a threshold of 0.7 the maximum model errors are decreasing for
increasing model orders. Comparing the approximation properties of the trial spaces of
the double greedy and optimal trial greedy method, we see that for model orders up to
32 the double greedy trial spaces lead to smaller errors than the optimal trial spaces of
same dimension, while for larger model orders the optimal trial reduced spaces perform
better.
Since, unlike the new method, for the double greedy method the test spaces are signif-

icantly larger than the trial spaces (for test case 3, βN ≥ 0.7, approximately by a factor
of 3), the test space dimensions are essential for the online complexity of the reduced
saddle point problems. In Figure 3.11 online computation times for both methods are
shown, where we use for the double greedy solutions a reformulation of the saddle point
problem where the inversion of a test space sized matrix dominates the costs13. We
clearly see that the optimal trial reduced models outperform the double greedy models
both when comparing the same trial space dimensions and the same model errors14.
These results show that for the rather challenging test case 3 the optimal trial method

leads to comparable, and for larger model orders even better, approximation properties
for the same dimension of the trial spaces and to faster online computation times than
the double greedy method. We note that for smoother cases, e.g. test case 2, the optimal
trial models show the same, but not better, convergence order as the double greedy
models.
Finally, to test the hierarchical error estimator described in subsection 3.3.5, we use

test case 2 with mesh size δ = (h, h), h−1 = 512. For the reduced space Y N , we
choose a greedy basis with tolerance ε = 10−2, which here corresponds to N = 13.
For the error estimator reference space YM ⊃ Y N , we compare spaces with tolerances
ε = 10−2.5, 10−3, 10−3.5, and 10−4, leading to M = 31, 62, 91, and 127, respectively. The
13Directly solving the larger linear system of size (trial space dim.)+(test space dim.) corresponding to

the saddle point formulation leads to comparable results.
14Note, however, that as usual online computation times contain only the computation of the coefficients

of the reduced solutions in the respective reduced basis. If an assembly of the full-dimensional solution
vector is needed, this dominates the costs and is clearly faster for the double greedy models, since for
the optimal trial method the separate parts of the affine decomposition of the trial space have to be
assembled, and the trial space vector is usually larger.
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Figure 3.12: test case 2, h−1 = 512. Model errors ‖uN − uδ‖L2(Ω) for all test parameter values (left)
and ratios of estimated and real model errors ‖uN − uM‖L2(Ω)/‖uN − uδ‖L2(Ω) (right).

results in Figure 3.12 show the quantitative good performance. Note that the values
of M are significantly larger than reported for the hierarchical error estimator in [79]
which is due to the fact that M is determined differently and transport problems are
not considered there.
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4 The kinetic Fokker-Planck equation
In this chapter, we develop a stable and efficient Petrov-Galerkin approximation scheme
for a kinetic Fokker-Planck equation of the type

∂tu((t, x), v) + v · ∇xu((t, x), v) = ∆v

(
u((t,x),v)
q(x,v)

)
in Ω = It × Ωx × Ωv, (4.1)

which is a prototype for the mesoscopic glioma tumor equation (2.3) introduced in
section 2.1. Equation (4.1) describes the density of glioma tumor cells in phase space
dependent on time t ∈ It, position x ∈ Ωx ⊂ Rd, d ∈ {2, 3}, and velocity v ∈ Ωv = Sd−1.
As for the transport equation in chapter 3, we aim to develop a stable discretization
based on a suitable variational formulation of the equation.
After a more detailed description of the considered Fokker-Planck equation in sec-

tion 4.1, we establish the necessary function spaces for the variational formulation in
section 4.2. We use Bochner-type spaces mapping the combined space-time domain
Ωt,x = It × Ωx to a Sobolev space defined on the velocity domain Ωv similar to spaces
defined in [3, 34]. After introducing the spaces, we show necessary density and trace
properties.

We then derive the variational formulation and prove the existence and uniqueness
results in section 4.3. To that end, we take the viewpoint that the Fokker-Planck
equation could be interpreted as a “generalization” of a parabolic equation with a (d+1)-
dimensional kinetic transport operator ∂t + v · ∇x instead of a one-dimensional time
derivative ∂t. Therefore, we analyze the well-posedness of the variational formulation for
(4.1) by combining respective approaches developed for parabolic equations [65,119,129]
and for transport equations [28,43,52]. We show existence of a weak solution by verifying
the dual inf-sup condition. To that end, similarly to [65, 119] specific function pairs in
the trial and test spaces are constructed: We associate a test space function p to a trial
space function roughly defined as wp = p − (∆v)−1(∂tp + v · ∇xp). Then the bilinear
form evaluated in wp and p can be bounded from below by the respective norms of wp
and p, which leads to a lower bound for the dual inf-sup constant. Under an additional
assumption on the global traces of certain considered functions, we also show uniqueness
of the solution and have a stability estimate dependent on the inf-sup constant which is
similar to the respective estimates for parabolic equations.
In section 4.4, we then introduce the discrete scheme. We reuse the strategy from

chapter 3 to design a Petrov-Galerkin discretization with problem-specific trial spaces
ensuring stability: We first choose an arbitrary discrete test space Yδfp and then define
the discrete trial space roughly as X δfp = Yδfp + (∆v)−1(∂t + v · ∇x)Yδfp. The spaces thus
consist of pairs (wδp, pδ) that are the discrete counterparts of the pairs (wp, p) used in
the proof for the lower bound of the dual inf-sup constant. Therefore, a discrete inf-sup
estimate follows analogously to the inf-sup estimate of the variational formulation. As
the computation of the trial space involves (∆v)−1, i.e., the solution of elliptic problems
in the velocity domain, we discuss how the trial space can be efficiently computed for
certain discrete spaces and a separable form of the data functions.
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4 The kinetic Fokker-Planck equation

We conclude the chapter in section 4.5 with a numerical example, where we investigate
the sharpness of the inf-sup estimate and the efficiency of the scheme.
The contents of this chapter have been published as a preprint in [27].

4.1 Problem setting
We consider a simplified version of (2.3), the Fokker-Planck mesoscopic glioma model
developed in [90, sect. 2.4.2], for details see section 2.1.

Let Ωx ⊂ Rd, d ∈ {2, 3} be the spatial domain with piecewise C1 boundary that is
globally Lipschitz and let It := (0, T ) be the time interval. Moreover, let the velocity
domain be the (d − 1)-dimensional unit sphere Ωv := Sd−1, which corresponds to the
assumption of particles with constant speed but varying direction. As we will often treat
space and time variables simultaneously, we denote by Ωt,x := It × Ωx the space-time
domain. The full domain is defined as Ω := Ωt,x × Ωv.
Boundary conditions have to be prescribed at the inflow part of ∂Ω. To that end, we

first define the spatial in- and outflow domains Γx±(v) := {x ∈ ∂Ωx : n(x)·v ≷ 0} ⊂ ∂Ωx,
where n(x) is the unit outer normal to ∂Ωx at x. The full in- and outflow domains Γ−
and Γ+ are then defined as

Γ± := {((t, x), v) ∈ ∂Ωt,x × Ωv : ( 1
v ) · n(t, x) ≷ 0} ⊂ ∂Ω,

where n(t, x) is the unit outer normal to ∂Ωt,x at (t, x). Γ± thus contain both the
temporal and the spatial boundaries, i.e., Γ− contains the “initial boundary” and the
(v-dependent) spatial inflow boundary whereas Γ+ contains the final time boundary and
the spatial outflow boundary.
The strong form of the Fokker-Planck equation then reads

∂tu((t, x), v) + v · ∇xu((t, x), v) = ∆v

(
u((t,x),v)
q(x,v)

)
in Ω,

u((t, x), v) = g((t, x), v) on Γ−.
(4.2)

Here, ∆v is the Laplace-Beltrami operator on the unit sphere Ωv = Sd−1 (see Defini-
tion 2.3.13 and Example 2.3.14). The function q : Ωx×Ωv → R is the tissue fiber orienta-
tion distribution satisfying q(x, v) ≥ αq > 0 for all (x, v) ∈ Ωx×Ωv and

∫
Ωv q(x, v) dv = 1

for all x ∈ Ωx (see section 2.1), and g : Γ− → R is the inflow boundary condition that
contains the initial condition g|{t=0} as well as the spatial inflow boundary condition
g|Γx−(v), v ∈ Ωv.
In section 4.3, we develop a variational formulation for this equation, where we allow

for a more general differential operator on Ωv, and give specific conditions on q and g
leading to well-posedness.

4.2 Function spaces
To develop a variational formulation for (4.2) we first introduce the necessary function
spaces. Since we aim for a full-dimensional (i.e., space-time-velocity) formulation, we
use Bochner spaces mapping the space-time domain Ωt,x to a space of functions on Ωv.

We start with the function space for the velocity variable: Since the equation con-
tains a Laplace-Beltrami operator on the velocity domain Ωv = Sd−1, we define V :=
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H1(Ωv) ⊂ L2(Ωv) as the Sobolev space of weakly differentiable functions on the sur-
face Ωv = Sd−1 with norm ‖φ‖2V = ‖φ‖2L2(Ωv) + ‖∇vφ‖2L2(Ωv), see Definition 2.3.16. We
denote the dual space of V by V ′ := H−1(Ωv). V is a dense subspace of L2(Ωv) and
we will make use of the Gelfand triple V ↪→ L2(Ωv) ↪→ V ′, where we denote the dual
pairing by 〈·, ·〉V ′,V .
On the full domain, we define the Bochner space L2(Ωt,x;V ) with norm

‖w‖2L2(Ωt,x;V ) =
∫

Ωt,x
‖w(t, x)‖2V d(t, x) (4.3)

for functions without space or time derivatives. To incorporate the kinetic space-time
transport operator, we define (using from now on ( 1

v ) · ∇t,xp := ∂tp+ v · ∇xp)

H1
fp(Ω) := {p ∈ L2(Ωt,x;V ) : ( 1

v ) · ∇t,xp ∈ L2(Ωt,x;V ′)}, (4.4)

with norm
‖p‖2H1

fp(Ω) := ‖p‖2L2(Ωt,x;V ) + ‖( 1
v ) · ∇t,xp‖2L2(Ωt,x;V ′). (4.5)

This definition is similar to the spaces used for other variants of the kinetic Fokker-
Planck equation e.g. in [3, 10,34]. We use ideas from [3] to show the following:

Proposition 4.2.1. The set C∞(Ω̄t,x × Ωv) ∩H1
fp(Ω) is dense in H1

fp(Ω).

Proof. The claim is only a slight variant of [3, Prop. 7.1], where the respective density
result is shown for the space

H̃1
fp(Ω) := {p ∈ L2(Ωt,x; Ṽ ) : ∂tp− v · ∇xp ∈ L2(Ωt,x; Ṽ ′)}

with Ṽ = H1
γ(Rd) being the Sobolev space on Rd with standard Gaussian measure.

The space H̃1
fp(Ω) is used to describe a Fokker-Planck equation similar to (4.2), but on

Ω̃v = Rd and with a reverse sign for the transport term. We will therefore reuse the
proofs of [3, Prop. 7.1] (and [3, Prop. 2.2], which treats the time-independent case) and
modify only the parts dependent on V and Ωv.
In step 1 of the proofs it is shown that we can assume without loss of generality that

for every z := (t, x) ∈ Ωt,x ⊂ Rd+1 and ε ∈ (0, 1] we have B((1 − ε)z, ε) ⊂ Ωt,x, where
B(z, r) is the open ball with radius r around z.
Let then f ∈ H1

fp(Ω). As in step 2 of the proofs we take ζ ∈ C∞0 (Rd+1,R) as a smooth
function with compact support in B(0, 1) such that

∫
Rd+1 ζ = 1. For each ε > 0 and

z ∈ Rd+1 we write
ζε(z) := ε−(d+1)ζ(ε−1z),

and define for ε ∈ (0, 1
2 ], z ∈ Ωt,x, and v ∈ Ωv the mollification

fε(z, v) :=
∫
Rd+1

f((1− ε)z + z′, v)ζε(z′) dz′,

so that we have fε ∈ C∞(Ω̄t,x;V ). We may then show completely analogous to step 2
of the proofs of [3, Prop. 2.2 and 7.1] that f belongs to the closed convex hull of the
set {fε : ε ∈ (0, 1

2 ]} by just changing the spaces of all dual pairings and norms from
Ṽ = H1

γ(Rd) to V = H1(Sd−1) and from L2
γ(Rd) to L2(Sd−1).
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4 The kinetic Fokker-Planck equation

It then remains to be shown that for fixed ε ∈ (0, 1
2 ] the function fε belongs to

clos‖·‖
H1

fp
C∞(Ω̄t,x × Ωv) by approximating fε also in the v-variable.

We construct a basis of V = H1(Ωv) that is contained in C∞(Ωv): Since V as a
subspace of L2(Ωv) is separable and C∞(Ωv) ⊂ V , there exists a dense countable set
in (C∞(Ωv), ‖ · ‖V ), from which we can obtain an orthonormal basis (ψi)i∈N by the
Gram-Schmidt algorithm. Since span(ψi)i∈N is dense in C∞(Ωv) which is again dense
in V (see Theorem 2.3.19), (ψi)i∈N is also an orthonormal basis of V .

For k ∈ N, we define fε,k : Ωt,x × Ωv → R as

fε,k(z, v) :=
k∑
i=1

(fε(z, ·), ψi)V ψi(v).

Since we have fε ∈ C∞(Ω̄t,x;V ), the map z 7→ (fε(z, ·), ψi)V is in C∞(Ω̄t,x). As ψi ∈
C∞(Ωv) for all i ∈ N, we have fε,k ∈ C∞(Ω̄t,x × Ωv) for all k ∈ N.

Next, we compute limk→∞ ‖fε− fε,k‖L2(Ωt,x;V ). First, fix z ∈ Ω̄t,x. Since (ψi)i∈N is an
orthonormal basis of V we have fε(z) = ∑∞

i=1(fε(z), ψi)V ψi and thus

‖fε(z)− fε,k(z)‖V =
∥∥∥∥ ∞∑
i=k+1

(fε(z), ψi)V ψi
∥∥∥∥
V

=
∞∑

i=k+1
(fε(z), ψi)2

V
k→∞−−−→ 0.

As this holds for all z ∈ Ω̄t,x and ‖fε(z) − fε,k(z)‖V ≤ 2‖fε(z)‖V , we obtain by the
dominated convergence theorem that limk→∞ ‖fε − fε,k‖L2(Ωt,x;V ) = 0. To determine
limk→∞ ‖( 1

v )·∇z(fε−fε,k)‖L2(Ωt,x;V ′), we first consider the partial derivatives separately:
Since fε ∈ C∞(Ω̄t,x;V ), all first z-partial derivatives of fε lie in L2(Ωt,x;V ) and we know
that

‖∂zjfε(z)− ∂zjfε,k(z)‖V = ‖
∞∑

i=k+1
(∂zjfε(z), ψi)V ψi‖V k→∞−−−→ 0

for j = 1, . . . , d+1, and all z ∈ Ω̄t,x. Since |( 1
v )| is bounded on Ωv = Sd−1, we thus have

‖( 1
v ) · ∇z(fε(z)− fε,k(z))‖L2(Ωv) ≤

d+1∑
j=1
‖( 1

v )j‖L∞(Ωv)‖∂zjfε(z)− ∂zjfε,k(z)‖L2(Ωv)

≤
d+1∑
j=1
‖( 1

v )j‖L∞(Ωv)‖∂zjfε(z)− ∂zjfε,k(z)‖V k→∞−−−→ 0,

and again by the dominated convergence theorem that

lim
k→∞

‖( 1
v ) · ∇z(fε − fε,k)‖L2(Ωt,x;V ′) ≤ lim

k→∞
‖( 1

v ) · ∇z(fε − fε,k)‖L2(Ωt,x;L2(Ωv)) = 0.

Hence, fε,k converges to fε inH1
fp(Ω), which completes the proof of Proposition 4.2.1.

To discuss the boundary behavior of functions in H1
fp(Ω), we introduce weighted L2-

spaces as usually used for transport and kinetic equations (cf. subsections 2.3.1 and 2.3.2
and section 3.1) and also for different versions of the kinetic Fokker-Planck equation
[3, 34]. For any Γ ⊆ ∂Ω we introduce L2(Γ, |(1, v)T · n|) with norm

‖w‖L2(Γ,|(1,v)T ·n|) :=
∫

Γ
w2 |( 1

v ) · n| ds. (4.6)

Then, we can show first that functions in H1
fp(Ω) admit local traces in ∂Ω \ Γ0:
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Proposition 4.2.2. For every compact set K ⊂ Γ+ (resp. K ⊂ Γ−), the trace operator
w 7→ w|K from C∞(Ω̄) to L2(K, |(1, v)T ·n|) extends to a continuous linear operator on
H1

fp(Ω).

For the proof we need to estimate the product of H1
fp(Ω) functions with different test

functions in the following way:

Lemma 4.2.3. Let φ ∈ C1(Ω̄). Then, the mapping f 7→ φf is continuous in H1
fp(Ω)

with the estimate
‖φf‖H1

fp(Ω) ≤ C‖φ‖C1(Ω)‖f‖H1
fp(Ω).

Proof. We estimate ‖φf‖H1
fp(Ω). Using the definition of the V -norm and the product

rule we obtain for the first term1

‖φf‖2Xfp = ‖φf‖2L2(Ω) + ‖(∇vφ)f + φ∇vf‖2L2(Ω)

≤ ‖φ2‖L∞(Ω)‖f‖2L2(Ω) + 2‖|∇vφ|2‖L∞(Ω)‖f‖2L2(Ω) + 2‖φ2‖L∞(Ω)‖∇vf‖2L2(Ω)

≤ 2
(
‖φ‖2L∞(Ω) + ‖∇vφ‖2L∞(Ω)

)
‖f‖2Xfp . (4.7)

By using the product rule, the characterization 〈·, ·〉X ′fp,Xfp = (·, ·)L2(Ω), and the continuity
of C∞(Ω) in H1

fp(Ω) we see that for arbitrary ψ ∈ Xfp it holds

〈( 1
v ) · ∇t,x(φf), ψ〉X ′fp,Xfp = 〈( 1

v ) · ∇t,xf, φψ〉X ′fp,Xfp + (f(( 1
v ) · ∇t,xφ), ψ)L2(Ω)

≤ ‖( 1
v ) · ∇t,xf‖X ′fp‖φψ‖Xfp + ‖f(( 1

v ) · ∇t,xφ)‖L2(Ω)‖ψ‖L2(Ω).

(4.7)
≤
√

2
(
‖φ‖2L∞(Ω) + ‖∇vφ‖2L∞(Ω)

) 1
2 ‖( 1

v ) · ∇t,xf‖X ′fp‖ψ‖Xfp

+ ‖( 1
v ) · ∇t,xφ‖L∞(Ω)‖f‖L2(Ω)‖ψ‖L2(Ω)

≤
√

2
(
‖φ‖L∞(Ω) + ‖∇vφ‖L∞(Ω) + ‖( 1

v ) · ∇t,xφ‖L∞(Ω)
)
‖f‖H1

fp(Ω)‖ψ‖Xfp .

We thus have

‖( 1
v ) · ∇t,x(φf)‖X ′fp ≤ 2

√
2
(
‖φ‖L∞(Ω) + ‖∇vφ‖L∞(Ω)

+‖( 1
v ) · ∇t,xφ‖L∞(Ω)

)
‖f‖H1

fp(Ω).
(4.8)

Combining (4.7) and (4.8) and using that |( 1
v )| is bounded in Ω, we thus have

‖φf‖H1
fp(Ω) ≤ C‖φ‖C1(Ω)‖f‖H1

fp(Ω).

Proof of Proposition 4.2.2. We use ideas of the proof of a similar result for transport
equations e.g. in [47, Chap. XXI, Thm. 1, p. 220]. Analogous results for spaces similar
to H1

fp(Ω) are also given in [3, Proofs of Lemmas 4.3, 7.6].

1As introduced in section 4.3, we write Xfp = L2(Ωt,x, V ).
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4 The kinetic Fokker-Planck equation

Given a compact setK ⊂ Γ+, let ηK ∈ C1(Ω̄) with ηK = 1 onK and supp ηK∩Γ− = ∅.
We then obtain by integrating by parts for w ∈ C∞(Ω̄)∫

K
w2|( 1

v ) · n| ds =
∫
K

(ηKw)2|( 1
v ) · n| ds ≤

∫
∂Ω

(ηKw)2|( 1
v ) · n| ds

(∗)=
∫
∂Ω

(ηKw)2( 1
v ) · n ds = 2

∫
Ω
ηKw( 1

v ) · ∇t,x(ηKw) d((t, x), v)

≤ 2‖ηKw‖L2(Ωt,x,V )‖( 1
v ) · ∇t,x(ηKw)‖L2(Ωt,x,V ′)

≤ 2‖ηKw‖2H1
fp(Ω)

Lemma 4.2.3
≤ C‖ηK‖2C1(Ω)‖w‖

2
H1

fp(Ω).

We thus have continuity of the mapping w 7→ w|K for all w ∈ C∞(Ω̄), and by density
(Proposition 4.2.1) the map extends to a continuous operator H1

fp(Ω)→ L2(K, |(1, v)T ·
n|). For K ⊂ Γ− the claim can be shown analogously using |( 1

v ) · n| = −( 1
v ) · n on

supp ηK in (∗).

This result ensures that H1
fp(Ω) functions have a trace on the non-characteristic

boundary Γ+ ∪ Γ−. However, from the local existence of traces we cannot directly
deduce that these generally lie in global trace spaces as e.g. L2(∂Ω, |(1, v)T · n|).

To include the boundary condition treatment in the function space, we define

H1
fp,Γ+(Ω) := clos‖·‖

H1
fp(Ω)

C1
Γ+(Ω̄), (4.9)

which will be used as the test space for our variational formulation. With the restriction
of functions inH1

fp,Γ+
(Ω) on the outflow boundary and the definition through the closure,

we can show that these functions have a trace in L2(Γ−, |(1, v)T · n|):
Proposition 4.2.4. There exists a linear continuous trace operator γ− : H1

fp,Γ+
(Ω) →

L2(Γ−, |(1, v)T · n|) such that

‖γ−(w)‖L2(Γ−,|(1,v)T ·n|) ≤ C‖w‖H1
fp(Ω) ∀w ∈ H1

fp,Γ+(Ω).

Furthermore, the integration by parts formula∫
Ωt,x
〈( 1
v ) · ∇t,xw,w〉V ′,V d(t, x) = 1

2

∫
Γ−
w2( 1

v ) · n ds

holds for all w ∈ H1
fp,Γ+

(Ω).
Proof. The proof is similar to the respective result for transport equations in Propo-
sition 3.1.6, see also [3, sect. 4]. Let w ∈ C∞(Ω̄) with w ≡ 0 on Γ+. Performing
integration by parts we obtain∫

Ω
w( 1

v ) · ∇t,xw d((t, x), v) = −
∫

Ω
∇t,xw · ( 1

v )w d((t, x), v) +
∫

Γ−
w2 ( 1

v ) · n︸ ︷︷ ︸
<0

ds,

and thus

‖w‖2L2(Γ−,|(1,v)T ·n|) =
∫

Γ−
w2 |( 1

v ) · n(t, x)| ds = 2
∫

Ω
(−( 1

v ) · ∇t,xw)w d((t, x), v)

≤ 2‖ − ( 1
v ) · ∇t,xw‖L2(Ωt,x;V ′)‖w‖L2(Ωt,x;V ) ≤ 2‖w‖2H1

fp(Ω).

By density (due to the definition of H1
fp,Γ+

(Ω)) the integration by parts formula and the
bound for ‖w‖L2(Γ−,|(1,v)T ·n|) hold for all w ∈ H1

fp,Γ+
(Ω).
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Remark 4.2.5. Similarly, it can be shown that the space H1
fp,Γ−(Ω) defined analogously

to (4.9) admits a continuous trace operator γ+ : H1
fp,Γ−(Ω)→ L2(Γ+, |(1, v)T · n|).

While the global existence of the trace and the integration by parts formula can be
easily shown for functions in the closure of smooth functions vanishing on the outflow
boundary in the same way as for the respective spaces for transport equations, we need
a more general result, as well. To later show the uniqueness of the weak solution in
section 4.3, we also need to verify the existence of a global trace and the integration
by parts formula for certain functions in H1

fp(Ω) with vanishing trace on Γ−, but not
necessarily in H1

fp,Γ−(Ω).
This is established for spaces like Hnt(Ω), where the kinetic term lies in L2(Ω), see

subsection 2.3.2. Similar or even stronger results for respective functions in H1
fp(Ω) are

claimed to be proven in [3,10,34], however, we believe the arguments to be incomplete,
for more details see Appendix A.
Since we were not able to prove the existence of a global trace for H1

fp(Ω) functions
with vanishing trace on the inflow or the outflow boundary, we will formulate the exact
result needed for uniqueness of the weak solution as an assumption in section 4.3.

4.3 Variational formulation
In this section, we develop a variational formulation for (4.2) and show its well-posedness.
To that end, we first define a bilinear form on the velocity domain that can describe
an arbitrary elliptic operator as a generalization of the specific diffusion term in (4.2).
Then, we choose an ultraweak approach for the kinetic transport operator in the full-
dimensional variational formulation: Parallel to the formulation for the transport equa-
tion developed in section 3.1, we define the bilinear form with the space and time deriva-
tives on the test function. This is also done in similar formulations in [10, 34], while
in [3] a formulation with the transport derivatives on the trial space is used. With our
strategy, we can easily handle the inflow boundary conditions similarly to section 3.1 and
can later apply the strategy to find stable discrete spaces from the transport equation
to the Fokker-Planck equation.
Let av : Ωt,x × V × V → R be a potentially (x, t)-dependent bilinear form defined on

the velocity space V . Moreover, let av satisfy the following assumptions:
the map (t, x) 7→ av((t, x);φ, ψ) is measurable on Ωt,x for all φ, ψ ∈ V, (4.10)
av((t, x); ·, ·) is bilinear for a.e. (t, x) ∈ Ωt,x, (4.11)
av((t, x);φ, ψ) ≤ γv‖φ‖V ‖ψ‖V with γv <∞ for all φ, ψ ∈ V, a.e. (x, t) ∈ Ωt,x, (4.12)
av((t, x);φ, φ) + λv‖φ‖2L2(Ωv) ≥ αv‖φ‖

2
V with λv ∈ R, αv > 0 (4.13)
for all φ ∈ V, a.e. (x, t) ∈ Ωt,x.

Note that γv, λv, and αv are assumed to be independent of (x, t).
Example 4.3.1. For the strong form of the Fokker-Planck equation (4.2), av is given
for all φ, ψ ∈ V, a.e. x ∈ Ωx by

av(x;φ, ψ) =
(
∇v

(
q(x, v)−1φ(v)

)
,∇vψ(v)

)
L2(Ωv)

=
(
q(x, v)−1∇vφ(v),∇vψ(v)

)
L2(Ωv)

+
(
∇vq(x, v)−1φ(v),∇vψ(v)

)
L2(Ωv)

,
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4 The kinetic Fokker-Planck equation

where ∇v is the tangential gradient on Ωv, see Definition 2.3.13.
If q−1 ∈ L∞(Ωx × Ωv) with ∇vq−1 ∈ L∞(Ωx × Ωv) and q−1(x, v) ≥ lq > 0 for a.e.

(x, v), then av fulfills the conditions (4.10)–(4.13), for instance, with γv = ‖q−1‖L∞ +
‖∇vq−1‖L∞ , αv = 1

2 lq, and λv = ‖∇vq−1‖2L∞/(2lq) + 1
2 lq. Depending on q, other esti-

mates might be better, e.g. for q = q(x) and thus ∇vq = 0 we can get αv = λv = lq.

Recalling the function spaces introduced in (4.3) and (4.9), we define the full-dimen-
sional trial and test spaces as

Xfp := L2(Ωt,x, V ), Yfp := H1
fp,Γ+(Ω). (4.14)

We then define the full bilinear form bfp : Xfp × Yfp → R for w ∈ Xfp, p ∈ Yfp by

bfp(w, p) :=
∫

Ωt,x
〈w(t, x),−( 1

v )·∇t,xp(t, x)〉V,V ′+av((t, x);w(t, x), p(t, x)) d(t, x). (4.15)

By definition, bfp is continuous on Xfp × Yfp, i.e.,

bfp(w, p) = 〈w,−( 1
v ) · ∇t,xp〉X ,X ′ +

∫
Ωt,x

av((t, x);w(t, x), p(t, x)) d(t, x)

≤ ‖w‖X ‖( 1
v ) · ∇t,xp‖X ′ + γv

∫
Ωt,x
‖w(t, x)‖V ‖p(t, x)‖V d(t, x)

≤ ‖w‖X ‖( 1
v ) · ∇t,xp‖X ′ + γv‖w‖X ‖p‖X

≤ max{1, γv}‖w‖X (‖( 1
v ) · ∇t,xp‖X ′ + ‖p‖X )

≤
√

2 max{1, γv}‖w‖X ‖p‖Y .

The functional f : Yfp → R containing the boundary condition g ∈ L2(Γ−, |( 1
v ) · n|) is

given as
f(p) :=

∫
Γ−
gp |( 1

v ) · n| d((t, x), v) ∀ p ∈ Yfp,

which is well-defined due to Proposition 4.2.4, and we thus have f ∈ Y ′fp.
We call u ∈ Xfp a weak solution of (4.2), if

bfp(u, p) = f(p) ∀ p ∈ Yfp. (4.16)

In the following, we examine the well-posedness of the variational formulation, using
the Banach-Nečas-Babuška (or inf-sup) Theorem, see Theorem 2.2.4. We first prove
existence of a weak solution in subsection 4.3.1. Then, in subsection 4.3.2 we also show
uniqueness of the weak solution under an additional assumption on the trace of certain
H1

fp(Ω) functions.

4.3.1 Existence of a weak solution
We show the existence of a weak solution u to (4.16) by verifying a dual inf-sup condition.
To that end, we construct stable pairs of trial and test space functions such that the
application of the bilinear form to the function pairs can be estimated from below by the
respective norms of the functions. In these pairs, the trial space functions are derived
from the test space functions by the application of the kinetic transport operator and
the inverse elliptic velocity operator. We thus generalize similar proofs for parabolic
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4.3 Variational formulation

equations [65, 119] using a time derivative instead of the kinetic transport operator
and for transport equations using only an application of the transport operator as in
chapter 3 and e.g. [43, 52].

Theorem 4.3.2. The bilinear form bfp satisfies the dual inf-sup condition

inf
p∈Yfp

sup
w∈Xfp

bfp(w, p)
‖w‖Xfp‖p‖Yfp

≥ βfp

with an inf-sup constant

βfp ≥
αv√

2 max{1, γv}
, if av is coercive, i.e., λv ≤ 0,

βfp ≥
αv√

2 max{1, γv + λv}
e−λvT√

max{1 + 2λ2
v, 2}

, if λv > 0.

Consequently, the variational formulation (4.16) has at least one weak solution u ∈ Xfp.

Remark 4.3.3. The estimates for βfp are not worse than possible estimates for space-
time variational formulations for parabolic equations. In fact, for the coercive case
and assuming αv ≤ 1 and γv ≥ 1 the estimate in [119] roughly translates to βparab ≥
α2
v/(
√

2γ2
v), while we here have βfp ≥ αv/(

√
2γv). The exponential dependence on the

final time T for the non-coercive case is the same for both types of equations.

Proof of Theorem 4.3.2. We start with the case of av being coercive, i.e., λv ≤ 0; the
non-coercive case will be treated afterwards via a temporal transformation.
To show the inf-sup condition we combine ideas from well-posedness results for para-

bolic equations as e.g. in [65, 119] with the stable functions pairs defined for transport
equations in chapter 3. To that end, we take 0 6= p ∈ Yfp arbitrary, but fixed. We want
to construct a suitable wp ∈ Xfp and show bfp(wp, p) ≥ βfp‖wp‖Xfp‖p‖Yfp for a constant
βfp independent of p, which makes βfp a lower bound for the inf-sup constant.
Since p ∈ Yfp, we have fp := −( 1

v ) · ∇t,xp ∈ L2(Ωt,x;V ′) = X ′fp. Similar to [100, pp.
235], we define the bilinear form m : Xfp ×Xfp → R by

m(w1, w2) :=
∫

Ωt,x
av((t, x);w1(t, x), w2(t, x)) d(t, x), ∀w1, w2 ∈ Xfp.

Since the function (t, x) 7→ av((t, x);φ, ψ) is assumed to be measurable for all φ, ψ ∈ V
(see (4.10)) and a((t, x), ·, ·) is continuous and coercive with constants γv, αv independent
of (t, x) ((4.12) and (4.13) with λv ≤ 0), m is well-defined and continuous and coercive
over Xfp×Xfp with constants γv and αv. Therefore, by the Lax-Milgram theorem there
exists a unique zp ∈ Xfp with

m(zp, w) = 〈fp, w〉X ′fp,Xfp ∀w ∈ Xfp. (4.17)

Due to the definitions of zp, fp, and m, there holds∫
Ωt,x

av(zp, w) d(t, x) =
∫

Ωt,x
〈−( 1

v ) · ∇t,xp, w〉V ′,V d(t, x) ∀w ∈ Xfp. (4.18)
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4 The kinetic Fokker-Planck equation

We now define wp := p + zp ∈ Xfp. To bound bfp(wp, p) from below we use (4.18) for
w = zp and w = p, and the integration by parts formula from Proposition 4.2.4:

bfp(wp, p) =
∫

Ωt,x
〈p+ zp,−( 1

v ) · ∇t,xp〉V,V ′ + av(p+ zp, p) d(t, x)

=
∫

Ωt,x
〈p,−( 1

v ) · ∇t,xp〉V,V ′ + av(zp, zp)

+ av(p, p) + 〈−( 1
v ) · ∇t,xp, p〉V ′,V d(t, x)

≥ αv(‖p‖2Xfp + ‖zp‖2Xfp) + 2
∫

Ωt,x
〈−( 1

v ) · ∇t,xp, p〉V ′,V d(t, x).

= αv(‖p‖2Xfp + ‖zp‖2Xfp) +
∫

Γ−
p2 |( 1

v ) · n| ds

≥ αv(‖p‖2Xfp + ‖zp‖2Xfp).

(4.19)

Since we have 〈fp, w〉X ′fp,Xfp = m(zp, w) ≤ γv‖zp‖Xfp‖w‖Xfp for all w ∈ Xfp, there holds

‖fp‖X ′fp ≤ γv‖zp‖Xfp . (4.20)

Using the definition of wp, fp, and the norm of Yfp as defined in (4.5), we can then
estimate

‖wp‖Xfp‖p‖Yfp = ‖p+ zp‖Xfp

(
‖p‖2Xfp + ‖fp‖2X ′fp

)1/2

(4.20)
≤

[
‖p+ zp‖2Xfp

(
‖p‖2Xfp + γ2

v‖zp‖2Xfp

)]1/2
≤
[
2
(
‖p‖2Xfp + ‖zp‖2Xfp

) (
‖p‖2Xfp + γ2

v‖zp‖2Xfp

)]1/2
≤
√

2 max{1, γv}
(
‖p‖2Xfp + ‖zp‖2Xfp

)
(4.19)
≤
√

2 max{1, γv}
αv

bfp(wp, p).

(4.21)

Since p ∈ Yfp was chosen arbitrarily, we thus have

inf
p∈Yfp

sup
w∈Xfp

bfp(w, p)
‖w‖Xfp‖p‖Yfp

≥ βfp := αv√
2 max{1, γv}

, (4.22)

i.e., the claim for coercive av.
To address the case that av fulfills the Gårding inequality (4.13) with λv > 0, we use

a standard temporal transformation of the full problem as proposed e.g. in [119, 129].
We set ŵ := e−λvtw for w ∈ Xfp, p̂ = eλvtp for p ∈ Yfp, and define the bilinear form
b̂fp : Xfp × Yfp → R by

b̂fp(ŵ, p̂) :=
∫

Ωt,x
〈ŵ,−( 1

v ) · ∇t,xp̂〉V,V ′ + av((t, x); ŵ, p̂) + λv(ŵ, p̂)L2(Ωv) d(t, x). (4.23)

Then it holds bfp(w, p) = b̂fp(ŵ, p̂) for all w ∈ Xfp, p ∈ Yfp. The transformed bilinear
form b̂fp satisfies the definition of b with the transformed velocity bilinear form âv :
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V × V → R defined by âv((t, x);φ, ψ) = av((t, x);φ, ψ) + λv(φ, ψ)L2(Ωv) for φ, ψ ∈ V .
Due to the Gårding inequality (4.13) and continuity (4.12) of av, âv is coercive with
constant α̂v = αv and continuous with constant γ̂v = γv + λv. As in [119], we can
estimate the norms of ŵ ∈ Xfp and p̂ ∈ Yfp by

‖ŵ‖Xfp ≥ e
−λvT ‖w‖Xfp , ‖p̂‖Yfp ≥

(
max{1 + 2λ2

v, 2}
)− 1

2 ‖p‖Yfp ,

where we use ‖ψ‖V ′ ≤ ‖ψ‖L2(Ωv) ≤ ‖ψ‖V for the estimation of the Yfp-norm.
Then, the dual inf-sup constant of b can be bounded from below as follows

inf
p∈Yfp

sup
w∈Xfp

bfp(w, p)
‖w‖Xfp‖p‖Yfp

= inf
p̂∈Yfp

sup
ŵ∈Xfp

b̂fp(ŵ, p̂)
‖ŵ‖Xfp‖p̂‖Yfp

‖ŵ‖Xfp

‖w‖Xfp

‖p̂‖Yfp

‖p‖Yfp

≥ αv√
2 max{1, γv + λv}

e−λvT√
max{1 + 2λ2

v, 2}
.

As bfp is continuous, the associated operator Bfp : Xfp → Y ′fp defined by 〈Bfp·, ·〉Y ′fp,Yfp =
bfp(·, ·) is also bounded. By Proposition 2.2.1, the dual inf-sup condition implies surjec-
tivity of Bfp. Therefore, there exists a weak solution u ∈ Xfp to (4.16), which concludes
the proof.

4.3.2 Uniqueness of the weak solution
As already mentioned in section 4.2, we were not able to prove all necessary trace results
in our specific function space. To show uniqueness of the weak solution, we therefore
assume the following:

Assumption 4.3.4. Let w ∈ H1
fp(Ω) with w = 0 a.e. on Γ−, i.e., w|K = 0 for all

compact K ⊂ Γ−. Moreover, assume that bfp(w, p) = 0 for all p ∈ Yfp. Then, we have
w ∈ L2(∂Ω, |(1, v)T · n|) and the integration by parts formula∫

Ωt,x
〈( 1
v ) · ∇t,xw,w〉V ′,V d(t, x) = 1

2

∫
∂Ω
w2( 1

v ) · n ds (4.24)

holds.

As discussed in more detail in Appendix A, we do not know how to prove Assump-
tion 4.3.4, since, for instance, ideas from existing approaches for the related space
H1

nt(Ω) = {w ∈ L2(Ω) : ( 1
v ) · ∇t,xw ∈ L2(Ω)} cannot readily be transferred to the

H1
fp(Ω) case. We therefore leave it as an open problem. We emphasize that the respec-

tive trace and integration by parts result holds for all H1
nt(Ω) functions with zero inflow

or outflow trace (cf. [12,35,36], [47, Chap. XXI]), and also for all H1
fp(Ω) functions that

can be approximated by smooth functions vanishing on the inflow or outflow boundary
(Proposition 4.2.4). Additionally, Assumption 4.3.4 is limited to H1

fp(Ω) functions with
vanishing trace on Γ− and satisfying a weak form of the differential equation with zero
boundary condition. This additional condition on the considered functions might make
it possible to show and exploit a higher regularity of the considered functions to prove
existence of suitable traces and (4.24).
We now show uniqueness of the weak solution in the form of surjectivity of the dual

operator. To that end, we follow the general structure of respective proofs for parabolic
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4 The kinetic Fokker-Planck equation

equations [65, Thm 6.6, p. 283] and transport equations [6, Thm. 16], also used for a
similar Fokker-Planck equation in [10]: We take a function w ∈ Xfp solving (4.16) with
zero right-hand side and prove that w = 0 step by step by showing that w possesses
space- and time derivatives, that w has trace zero on the outflow boundary, and finally
that w must therefore vanish on the whole domain.

Theorem 4.3.5. If Assumption 4.3.4 holds, then for all 0 6= w ∈ Xfp we have

sup
p∈Yfp

bfp(w, p) > 0.

Proof. Let w ∈ Xfp such that

bfp(w, p) = 0 ∀ p ∈ Yfp. (4.25)

To prove the claim, we need to show that w = 0. First, we show that w has a weak
derivative −( 1

v ) · ∇t,xw ∈ X ′fp = L2(Ωt,x;V ′). To that end, let ψ ∈ C∞0 (Ωt,x) and φ ∈ V
be arbitrary. Then ψφ = 0 on ∂Ω, and by approximating φ in C∞(Ωv) we see that
ψφ ∈ Yfp. Using the definition of the weak (t, x)-derivative and testing (4.25) with
p = ψφ we obtain∫

Ωt,x
〈( 1
v ) · ∇t,xw(t, x), φ〉V ′,V ψ(t, x)d(t, x)

= −
∫

Ωt,x
〈w(t, x), ( 1

v ) · ∇t,xψ(t, x)φ〉V,V ′ d(t, x)

= −
∫

Ωt,x
av((t, x);w(t, x), ψ(t, x)φ) d(t, x)

= −
∫

Ωt,x
〈Av(t, x)w(t, x), φ〉V ′,V ψ(t, x) d(t, x),

where the operator Av(t, x) ∈ L(V, V ′) is defined as 〈Av(t, x)φ, ρ〉V ′,V = av((t, x);φ, ρ)
for all φ, ρ ∈ V , a.e. (t, x) ∈ Ωt,x. Due to the density of C∞0 (Ωt,x) in L2(Ωt,x) we have

− ( 1
v ) · ∇t,xw = Avw ∈ X ′fp, (4.26)

which especially means that w ∈ H1
fp(Ω).

Next, let K ⊂⊂ Γ− be an arbitrary but fixed compactly embedded subset of Γ−.
Moreover, let z ∈ C∞(Ω̄) with z = 0 on ∂Ω \K. We show wz ∈ Yfp: Since w ∈ H1

fp(Ω),
due to Proposition 4.2.1 there is a sequence (wn)n∈N ⊂ C∞(Ω̄) with ‖wn−w‖H1

fp(Ω)
n→∞→

0. Therefore, we have wnz ∈ C∞(Ω̄) with wz = 0 on Γ+. Due to Lemma 4.2.3, it holds

‖wz − wnz‖H1
fp(Ω) ≤ C‖z‖C1(Ω)‖w − wn‖H1

fp(Ω)

and thus wnz → wz in H1
fp(Ω) as n→∞. Invoking the definition of Yfp in (4.14),(4.9)

we obtain wz ∈ Yfp.
Since K ⊂ Γ− is compact, we may apply Proposition 4.2.2 to infer that w has a trace

on K and w|K ∈ L2(K, |(1, v)T · n|). Thanks to z|∂Ω ∈ L∞(∂Ω) and supp z|∂Ω ⊂ K, we
have∣∣∣∣∫

∂Ω
w2z |( 1

v ) · n| ds
∣∣∣∣ =

∣∣∣∣∫
K
w2z |( 1

v ) · n| ds
∣∣∣∣ ≤ ‖z‖L∞(K)‖w‖2L2(K,|(1,v)T ·n|) <∞.
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4.4 Discretization

As a consequence we can apply the linear functional in (4.26) to wz ∈ Yfp ⊂ Xfp,
perform integration by parts, since the boundary integral exists, and use (4.25):

0 =
∫

Ωt,x
〈( 1
v ) · ∇t,xw +Avw,wz〉V ′,V d(t, x)

=
∫

Ωt,x
〈w,−( 1

v ) · ∇t,x(wz)〉V,V ′ + av(w,wz)d(t, x) +
∫
∂Ω
w2z( 1

v ) · n ds

= bfp(w,wz)︸ ︷︷ ︸
=0

−
∫
K
w2z |( 1

v ) · n| ds = −
∫
K
w2z |( 1

v ) · n| ds.

Since z|K ∈ C∞0 (K) can be chosen arbitrarily and |( 1
v ) · n| > 0 on K, the fundamental

lemma of calculus of variations yields w = 0 a.e. on K. As also K ⊂ Γ− was chosen
arbitrarily, we have w = 0 a.e. on Γ−.
Thanks to Assumption 4.3.4, it therefore holds w ∈ L2(∂Ω, |(1, v)T ·n|). We can thus

use integration by parts for (4.26) applied to w. Assuming first that av is coercive, i.e.,
λv ≤ 0, we obtain

0 =
∫

Ωt,x
〈( 1
v ) · ∇t,xw +Avw,w〉V ′,V d(t, x)

=
∫

Ωt,x
〈( 1
v ) · ∇t,xw,w〉V ′,V d(t, x) +

∫
Ωt,x

av(w,w) d(t, x)

≥ 1
2

∫
Γ+
w2 ( 1

v ) · n︸ ︷︷ ︸
>0

ds+ αv‖w‖2Xfp ,

which implies w = 0.
If av is not coercive, we use the temporal transformation described in the proof of

Theorem 4.3.2. Setting ŵ = e−λvtw and using the definition of b̂fp in (4.23), we see that
(4.25) is equivalent to b̂fp(ŵ, p̂) = 0 for all p̂ ∈ Yfp. Since âv is coercive, we have proven
that ŵ = 0 and thus also w = 0.

We summarize our findings in the following theorem.

Theorem 4.3.6 (Well-posedness). There exists a solution u ∈ Xfp to the variational
problem (4.16). If Assumption 4.3.4 holds, the solution is unique and satisfies the sta-
bility estimate

‖u‖Xfp ≤
1
βfp
‖f‖Y ′fp

for βfp as defined in Theorem 4.3.2.

Proof. Theorem 4.3.2 asserts the dual inf-sup condition and the existence of a solution
to (4.16). If additionally Assumption 4.3.4 holds, we also have the dual surjectivity
Theorem 4.3.5. Therefore, by Theorem 2.2.4, the solution to (4.16) is unique, and the
stability estimate holds.

4.4 Discretization
We now design a stable and efficient discretization scheme for (4.16). To that end, we
use a Petrov-Galerkin projection onto problem-dependent discrete spaces realizing the
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4 The kinetic Fokker-Planck equation

stable function pairs with test functions p ∈ Yfp and trial functions wp ∈ Xfp developed
in the proof of Theorem 4.3.2. As a result, the discrete inf-sup stability and thus the
well-posedness of the discrete problem follow analogously to the continuous results with
the same stability constant. We then illustrate for a class of data functions how the
trial space functions wδp can be efficiently computed by solving low-dimensional elliptic
problems in the velocity domain.

4.4.1 Stable Petrov-Galerkin schemes
To define an approximation of the solution u ∈ Xfp of (4.16), we use a Petrov-Galerkin
projection onto suitable discrete spaces: Given discrete trial and test spaces X δfp ⊂ Xfp
and Yδfp ⊂ Yfp, the Petrov-Galerkin approximation uδ ∈ X δfp is defined by

bfp(uδ, vδ) = f(vδ) ∀vδ ∈ Yδfp. (4.27)

Well-posedness then depends on the discrete inf-sup stability of the discrete problem. To
find a pair of spaces leading to a stable scheme, we transfer the ideas from chapter 3 to
the Fokker-Planck setting. For the transport equation, we built a stable discretization
with a discrete inf-sup constant of one by fixing a discrete test space and defining a
problem dependent trial space with optimal stability properties. For the Fokker-Planck
equation we will use the same strategy: We start with a discrete test space and define
the corresponding trial space based on the trial space functions used in the proof of
Theorem 4.3.2.
To that end, we first define a discrete space V h ⊂ V for the discretization in the

velocity direction. Since the Yfp-norm contains a term in the X ′fp = L2(Ωt,x, V
′)-norm

which is not computable, we consider the norm

‖w‖2L2(Ωt,x,(V h)′) :=
∫

Ωt,x
‖w(t, x)‖2(V h)′ d(t, x), ‖ψ‖(V h)′ := sup

φh∈V h

〈ψ, φh〉V ′,V
‖φh‖V

(4.28)

instead of ‖ · ‖L2(Ωt,x,V ′) where necessary.
Let Yδfp ⊂ Yfp be a discrete space for which we assume wδ(t, x) ∈ V h for all wδ ∈ Yδfp

and a.e. (t, x) ∈ Ωt,x. Yδfp will be used as test space for the Petrov-Galerkin approxima-
tion. We define the discrete version of the Yfp-norm by

‖w‖2Yδfp := ‖w‖2L2(Ωt,x,V ) + ‖( 1
v ) · ∇t,xw‖2L2(Ωt,x,(V h)′). (4.29)

Since we will make use of the function pairs developed in the proof of Theorem 4.3.2,
we assume for the discretization that the velocity bilinear form av is coercive, i.e.,
λv ≤ 0. For problems, where av only satisfies the Gårding inequality (4.13) with λv > 0,
a temporal transform of the problem as described in section 4.3 can be performed, then
the transformed problem with a coercive bilinear form âv can be discretized.
We now define a problem-dependent discrete trial space. For each pδ ∈ Yδfp, we denote

f δp := ( 1
v ) · ∇t,xpδ(t, x) ∈ X ′fp. We then define the function zδp ∈ Xfp as the solution of

av(zδp(t, x), φh) = 〈f δp (t, x), φh〉V ′,V , ∀φh ∈ V h, a.e. (t, x) ∈ Ωt,x. (4.30)

zδp is the discrete counterpart of zp defined in (4.17), but is here defined pointwise in
Ωt,x due to the discrete setting. Then, the discrete trial space X δfp ⊂ Xfp is defined as

X δfp := {pδ + zδp : pδ ∈ Yδfp}. (4.31)
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Proposition 4.4.1. If av is coercive, i.e., λv ≤ 0 in (4.13), and if the discrete trial
and test spaces X δfp and Yδfp are chosen according to (4.31), then there exists a unique
solution uδ ∈ X δfp to (4.27).

Remark 4.4.2. For non-coercive av the respective result holds for the discretization of
the transformed problem according to (4.23) with âv being coercive.

Proof of Proposition 4.4.1. We can reuse all essential parts of the proof of the inf-sup
constant for the continuous problem to also prove discrete inf-sup stability of (4.27).
Let 0 6= wδ ∈ X δfp be fixed. Then, by definition of X δfp there is pδ ∈ Yδfp such that

wδ = pδ + zδp with zδp defined as in (4.30). By using (4.30) and the same arguments as
in (4.19) we obtain

bfp(wδ, pδ) = bfp(pδ + zδp, p
δ) ≥ αv

(
‖pδ‖2Xfp + ‖zδp‖2Xfp

)
. (4.32)

As we have

〈f δp (t, x), φh〉V ′,V = av(zδp(t, x), φh) ≤ γv‖zδp(t, x)‖V ‖φh‖V ∀φh ∈ V h, a.e. (t, x) ∈ Ωt,x

we can inflect that
‖f δp‖L2(Ωt,x,(V h)′) ≤ γv‖zδp‖Xfp . (4.33)

Therefore, we obtain analogously to (4.21), but using the discrete Yδfp-norm,

‖wδp‖Xfp‖p
δ‖Yδfp = ‖pδ + zδp‖Xfp

(
‖pδ‖2Xfp + ‖f δp‖2L2(Ωt,x,(V h)′)

)1/2

(4.33)
≤

[
‖pδ + zδp‖2Xfp

(
‖pδ‖2Xfp + γ2

v‖zδp‖2Xfp

)]1/2
≤
[
2
(
‖pδ‖2Xfp + ‖zδp‖2Xfp

) (
‖pδ‖2Xfp + γ2

v‖zδp‖2Xfp

)]1/2
=
√

2 max{1, γv}
(
‖pδ‖2Xfp + ‖zδp‖2Xfp

)
(4.32)
≤
√

2 max{1, γv}
αv

bfp(wδp, pδ).

(4.34)

This means that bfp is inf-sup stable on the spaces (X δfp, ‖ · ‖Xfp), (Yδfp, ‖ · ‖Yδfp) with
constant βδfp ≥ αv(

√
2 max{1, γv})−1. Since for all 0 6= pδ it holds bfp(wδp, pδ) > 0 and

thus wδp 6= 0, we have dim(X δfp) = dim(Yδfp). Therefore, by Proposition 2.2.7, the discrete
problem (4.27) is well-posed.

Remark 4.4.3. Due to the finite-dimensional spaces, the Petrov-Galerkin approximation
uδ ∈ X δfp is unique even if Assumption 4.3.4 does not hold.

4.4.2 Efficient numerical scheme

Regarding the computational realization of the Petrov-Galerkin approximation, we have
to take into account the specific choice of the discrete spaces according to (4.31). To
assemble the linear system and to represent the discrete solution, the nonstandard parts
of the X δfp-basis functions, i.e., the functions zδp defined by (4.30), have to be computed
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4 The kinetic Fokker-Planck equation

for all basis functions of Yδfp. We illustrate how this can be done very efficiently for the
case where av is coercive and has the separable form

av((t, x), φ, ψ) = d(t, x)ãv(φ, ψ), (4.35)

where d ∈ L∞(Ωt,x) satisfies d(t, x) ≥ αd > 0 for a.e. (t, x) ∈ Ωt,x and ãv : V × V → R
is a coercive bilinear form.
To build the discrete test space, let first Ȳδ,t,xfp ⊂ H1(Ωt,x) be a discrete space in the

space-time domain with basis (pt,x,δi (t, x))nt,xi=1 and let V h ⊂ V be the already defined
velocity discrete space with basis (ψhj (v))nvj=1. Denoting the tensor product of these
spaces by Ȳδfp := Ȳδ,t,xfp ⊗ V h, we then set

Yδfp := span{pδi,j = pt,x,δi ψhj : pδi,j |Γ+ = 0} ⊂ Ȳδfp ∩ Yfp.

We may then use this tensor product structure to efficiently solve (4.30): Fixing a basis
function pδi,j = pt,x,δi ψhj of Yδfp, the right-hand side of (4.30) reads

〈−( 1
v ) · ∇t,xpδi,j(t, x), φh〉V ′,V =− ∂tpt,x,δi (t, x)

∫
Ωv
ψhj (v)φh(v) dv

−
d∑

k=1
∂xkp

t,x,δ
i (t, x)

∫
Ωv
vkψ

h
j (v)φh(v) dv

for all φh ∈ V h, a.e. (t, x) ∈ Ωt,x. Using the separable form of av (4.35), we can rewrite
(4.30) as follows: Find zδi,j := zδ

pδi,j
∈ Xfp, such that

d(t, x)ãv(zδi,j(t, x), φh) = −∂tpt,x,δi (t, x)
∫

Ωv
ψhj (v)φh(v) dv

−
d∑

k=1
∂xkp

t,x,δ
i (t, x)

∫
Ωv
vkψ

h
j (v)φh(v) dv

∀φh ∈ V h, a.e. (t, x) ∈ Ωt,x.

Hence, the computation of all zδi,j can be separated in the following way: We first
compute the solutions ρ1

j , ρ
v1
j , . . . , ρ

vd
j ∈ V h to the problems

ãv(ρ1
j , φ

h) =
∫

Ωv
ψhj (v)φh(v) dv, ∀φh ∈ V h,

ãv(ρvkj , φh) =
∫

Ωv
vkψ

h
j (v)φh(v) dv, ∀φh ∈ V h, k = 1, . . . , d,

(4.36)

for all basis functions ψhj ∈ V h, j = 1, . . . , nv. Then, the zδi,j are given by

zδi,j(t, x, v) = −d(t, x)−1
(
∂tp

t,x,δ
i (t, x)ρ1

j (v) +
d∑

k=1
∂xkp

t,x,δ
i (t, x)ρvkj (v)

)
. (4.37)

The full solution process thus consists of the following steps:

1. Precompute ρ1
j , ρ

vk
j , i.e., solve (d+ 1)×nv problems of size nv, which can be done

in parallel.
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2. Assemble the stiffness matrix [bfp(pδi,j + zδi,j , p
δ
k,l)](k,l),(i,j), using (4.37), and assem-

ble the load vector [f(pδk,l)](k,l).

3. Solve the linear system of equations to obtain the coefficient vector [ui,j ](i,j).

4. Compose the solution uδ = ∑
i,j ui,j(pδi,j + zδi,j) ∈ X δfp again using (4.37).

Compared to a naive approach using FE spaces without any stabilization, the additional
costs thus only lie in the nv-sized problems (step 1) and possibly more nonzero elements
in the stiffness matrix. These effects only depend on the dimension nv of V h. Therefore,
the proposed discretization strategy is especially well-suited for using specific spaces V h

of low dimension, which can be achieved for example by using polynomial bases or a
hierarchical model reduction approach as proposed in [26].
In order to efficiently compute the problem-dependent basis functions, we heavily rely

on the separable form of the bilinear form av given in (4.35). To consider more general
bilinear forms, the method could for example be combined with low-rank approxima-
tions to efficiently compute a discrete trial space as done in a related setting in [17].
More generally, due to the high-dimensionality of the problem, it is especially desirable
to combine the discretization with further approximations as the already mentioned
hierarchical model reduction [26] or tensor-based methods that have already been used
in similar Petrov-Galerkin settings [17, 82] and to discretize kinetic equations like the
radiative transfer equation [74,134] or the Vlasov equation [59,60,98].

4.5 Numerical experiments
We investigate the properties of the method developed in section 4.4 by implementing
the discretization for a basic model problem. We are especially interested in analyzing
how sharp the lower bound for the inf-sup constant is and examining the efficiency in
light of the nonstandard discrete spaces. The source code to reproduce all results is
provided in [25].

4.5.1 Test Case
We consider the time-independent model problem

v · ∇xu(x, v) + c u(x, v) = d∆vu(x, v) + f0(x, v) (4.38)

on the domain Ω = Ωx×Ωv for Ωx = (0, 1)2 and Ωv = S1 and with reaction and velocity
diffusion constants c, d ∈ R, c, d > 0. We assume zero inflow boundary conditions on
Γ− ⊂ ∂Ω and define a source function f0 ∈ L2(Ω) as a substitute for the initial condition
of the time-dependent equation. We parametrize Ωv = S1 by the angle ϕ ∈ [0, 2π),
leading to v =

( cosϕ
sinϕ

)
and ∆vu = ∂2

∂ϕ2u.
Then, we have V = H1(Ωv) and the bilinear form av : V × V → R reads

av(ψ, ρ) =
∫ 2π

0
dψ′(ϕ)ρ′(ϕ) + c ψ(ϕ)ρ(ϕ) dϕ ∀ψ, ρ ∈ V.

Thanks to the definition of the H1(Ωv)-norm, the bilinear form av is coercive with
constant αv = min(c, d) > 0 and continuous with constant γv = max(c, d). We then
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0 π
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π 3π
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pδ(0.5, 0.5, ·)
wδp(0.49, 0.5, ·)
wδp(0.51, 0.5, ·)

Figure 4.1: Plots of basis functions pδ and wδp on a grid with only one spatial grid cell (nx = 1) and
nv = 16, for data d = 0.1, c = 1. Upper left: pδ(·, ·, π), upper right: wδp(·, ·, π). Lower plot: Velocity
dependence of pδ and wδp for pδ in the middle of the domain and wδp left and right of the discontinuity.

have Xfp := L2(Ωx;H1(Ωv)), and Yfp = clos‖·‖Yfp
{w ∈ C1(Ω) : w = 0 on Γ+}, where

Γ+ = {(x, v) ∈ ∂Ωx × Ωv :
( cosϕ

sinϕ
)
· nx > 0} ⊂ ∂Ω,

‖w‖2Yfp = ‖w‖2Xfp + ‖
( cosϕ

sinϕ
)
· ∇xw‖2X ′fp .

The full bilinear form is

bfp(w, p) :=
∫

Ωx
〈w(x),−

( cosϕ
sinϕ

)
· ∇xp(x)〉V,V ′ + av(w(x), p(x)) dx, ∀w ∈ Xfp, p ∈ Yfp

and the functional describing the source term is defined as

f(p) :=
∫

Ωx

∫ 2π

0
f0(x, ϕ)p(x, ϕ) dϕ dx ∀p ∈ Yfp.

Well-posedness of the weak formulation of (4.38) follows completely analogously to the
time-dependent case, as av is coercive and f ∈ Y ′fp.
For the discretization we choose V h ⊂ V = H1(Ωv) as the continuous linear FE

space on [0, 2π) with periodic boundary condition and uniform mesh with size hv =
2π/nv. The space Ȳδ,xfp ⊂ H1(Ωx) is chosen as the continuous Q2 FE space on a uniform
rectangular mesh with size hx =

√
2/nx. The trial space X δfp is then chosen according to

(4.31). For our test case, this amounts to the following form of the trial space functions:
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4.5 Numerical experiments

Table 4.1: Computed discrete inf-sup constants for
varying mesh sizes and values for the diffusion and
reaction constants d and c.

d = 0.4, d = 0.1, d = 0.1,
hx hϕ c = 1 c = 1 c = 0.1√

2
4

2π
4 0.61855 0.41087 0.30579√

2
8

2π
8 0.44891 0.18628 0.14924√

2
16

2π
16 0.40915 0.11688 0.10585√

2
32

2π
32 0.40202 0.1033 0.10041√

2
48

2π
48 0.40088 0.10137 0.10008

Figure 4.2: Sparsity pattern of the stiff-
ness matrix for hx1 = hx2 = 1

16 , hϕ = 2π
16 ,

dimYδ = 16256.

Given a test space function pδ ∈ Yδfp, the corresponding stable trial space function
defined in subsection 4.4.1 is given by

wδp = pδ − (Ahv)−1
(( cosϕ

sinϕ
)
· ∇xpδ

)
= −(−d∆v + cId)−1

(( cosϕ
sinϕ

)
· ∇xpδ

)
,

(4.39)

where we abbreviate the definition of zδp in (4.30) by using the operator Ahv := −d∆v+cId
corresponding to the bilinear form av on V h × V h.
In practice, the trial space X δfp is computed as described in subsection 4.4.2 by first

solving 2nv problems of dimension nv. From the definition we see that X δfp ⊂ X̄
δ,x
fp ⊗V h,

with X̄ δ,xfp ⊂ L2(Ωx) being the discontinuous Q2 FE space.

4.5.2 Numerical results
We first visualize a pair of corresponding trial and test space basis functions. For
a given FE basis function in the test space pδ ∈ Yδfp, the corresponding trial space
function wδp ∈ X δfp is given by (4.39). Since the definition of wp involves the inverse
velocity operator (Aδv)−1, wp may have larger support in Ωv than pδ, while the support
in Ωx stays the same. Therefore, we visualize only one spatial grid cell, i.e., nx = 1,
and examine the velocity dependence of the functions. We take pδ as FE nodal basis
function with pδ(0.5, 0.5, π) = 1. In Figure 4.1, spatial plots of pδ and wδp as well as a
plot in the velocity direction are given. Indeed, we see that wδp has a non-local support
in Ωv. In the spatial plots, we observe that wδp is positive in (−1, 0)T direction from the
middle of the domain. Since pδ is a nodal basis function in ϕ = π, which corresponds
to (cos(π), sin(π))T = (−1, 0)T , we observe that wδ in a way mimics the transport in
(−1, 0)T direction directly in the spatial domain.

To investigate whether the estimate for the discrete inf-sup constant from section 4.4
is sharp, we compute the constants for different mesh sizes, and reaction and diffusion
constants c and d; see Table 4.1. The estimate established in section 4.4 is given in our
test case as βδfp ≥ min{c, d}/(

√
2 max{1, c, d}), which is min{c, d}/

√
2 for all considered

data values in Table 4.1. As can be seen in the table, the computed inf-sup constants
tend to min{c, d} with increasing mesh sizes for all tested combinations of d and c. In
these cases the estimate is thus sharp up to a factor of

√
2.
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4 The kinetic Fokker-Planck equation

Figure 4.3: Plots of the solution u for d = c = 0.1, f0 = χ[0.4,0.6]2 , hx1 = hx2 = 1/48, hϕ = 2π/48,
dimYδ = 441984. Left: u(·, ·, ϕ) for different angles ϕ. Right: moment

∫ 2π
0 u(·, ·, ϕ)dϕ.

Since the basis functions of the discrete trial space X δfp are not chosen as standard
nodal basis functions but have larger support in Ωv, one can ask if the choice of spaces
still leads to an efficient numerical scheme. Therefore, in Figure 4.2 we plot the sparsity
pattern of the stiffness matrix for a discrete problem of dimension 16256. We see that
for our test case the choice of spaces indeed leads to a sparse matrix and thus does not
induce efficiency problems.
To examine if the nonstandard trial space is able to capture the dynamics of the

equation properly, we plot a discrete solution to (4.38) with a particle source f0 in
the middle of the domain, see Figure 4.3. The plots for different angles ϕ show the
particle transport from the middle to the respective directions, the plot of the moment∫ 2π

0 uδ(·, ·, ϕ)dϕ, i.e., the spatial density then shows the overall picture of the particle
dynamics. Indeed the nonstandard trial space leads to a realistic solution. We also see
that there are no oscillations that would indicate instabilities of the method.
However, we observe small artifacts in the corners of the domain: Since we have

chosen the discrete test space Yδfp ⊂ Ȳ
δ,x
fp ⊗V h in Ωx analogously to the test space Yδt for

the transport equation in chapter 3, similar nonphysical restrictions of the trial space as
described in subsection 3.2.2 occur here, as well. More precisely, the space Ȳδ,xfp has the
same tensor product structure as Yδt . Moreover, functions in the full space Yδfp vanish at
the outflow boundary, which is here velocity dependent, but has, for fixed v, the same
form as the outflow boundary of Yδt . The trial space X δfp is then built from the test space
Yδfp. This leads to trial space functions that vanish for each v on the respective “outflow
corner” analogously to the transport case described in subsection 3.2.2. Therefore, we see
in Figure 4.3 that the solution u vanishes e.g. for ϕ = 1.75π on the corner x = (1, 0)T .
The moment of u does not necessarily vanish on the corners. However, we observe
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4.5 Numerical experiments

artifacts on all corners, since the problem describes a transport from the middle of the
domain to the exterior with zero inflow, so that we have only “outflow contributions”
on all corners. To mitigate this effect, one could for example choose the computational
domain larger than the domain of interest as proposed in subsection 3.2.2, or use other
spaces that are not based on tensor product spaces.
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5 Conclusion and outlook

5.1 Conclusion
In this thesis we developed stable Petrov-Galerkin discretizations for parametrized linear
first-order transport equations and for kinetic Fokker-Planck equations.

The numerical scheme for the transport equation is based on an ultraweak variational
formulation already used for related methods such as DPG formulations [51, 52] and
in [43]. By putting all derivatives on the test function and choosing the trial space as
L2(Ω) and the test space norm including the whole adjoint operator B∗t , the variational
formulation is optimally conditioned on the infinite-dimensional level.
To retain this optimal stability also on the discrete level, we “reversed” the classical

strategy to find a stable test space to a given trial space: Instead of fixing the trial
space and trying to approximate the “optimal test space” consisting of the supremizer
functions B−∗t w ∈ Yt for all w ∈ Xt, as has been done with different strategies in related
works [29, 43, 51, 52], we fix a discrete test space Yδ and choose the nonstandard trial
space X δ := B∗tYδ. With this choice, we obtain a discrete inf-sup constant of one for
a Petrov-Galerkin scheme with directly computable spaces. This especially means that
the discrete solution is the L2-best approximation in the (nonstandard) trial space. This
best-approximation problem can be rewritten as a respective problem in the test space
Yδ with the transport-operator-norm ‖ · ‖Yt , we can therefore ensure convergence of the
scheme by choosing an appropriate FE space for Yδ.

The numerical experiments show convergence of order about 1
3 for non-smooth L2-

solutions. Despite the L2-framework, higher convergence orders between 1 and 2 can
be observed for smooth solutions, even though tensor product discrete spaces may limit
the convergence order to 1 due to unphysical restrictions of the trial space at the out-
flow boundary. The proposed method shows similar ratios of errors and computational
costs to [43], where fixed trial spaces are used. We thus conclude that our nonstan-
dard problem-dependent trial spaces have satisfying approximation properties for the
considered test cases.

We used this framework to develop an efficient realization and implementation of
RB methods for parametrized transport equations. Unlike standard RB models, our
reduced model consists of a reduced test space with fixed functions, but a parameter-
dependent norm, while the reduced trial space has parameter-dependent basis functions
but the common L2-norm. A (strong) greedy algorithm generates the reduced test
space consisting of “test space snapshots”, which ensure that for the chosen parameter
values the model error is zero, even if the reduced trial spaces are not solely consisting
of common trial space snapshots. This unusual choice of spaces guarantees that the
reduced model is automatically optimally stable for all parameter values, which means
that we do not need additional stabilization in the basis generation process and have a
reduced model with the same trial and test space dimension, unlike the related reduced
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models generated by the double greedy algorithm [45]. Since due to the nonstandard
test space norm the standard residual-based RB error estimator is not offline-/online
decomposable in our setting, we proposed as an alternative a hierarchical error estimator
based on the comparison of reduced spaces of different model order.

In the numerical experiments, we saw that our reduced model realizes the convergence
order of the Kolmogorov n-width for a non-smooth transport problem. A comparison
with the algorithm in [45] showed comparable, or even better convergence rates and
significantly lower online costs for the new framework. The results suggest that the new
framework might be especially beneficial for problems where a stabilization is rather
challenging.

We then presented a stable Petrov-Galerkin discretization of a kinetic Fokker-Planck
equation. To that end, we first developed a new proof for the well-posedness of a vari-
ational formulation in all dimensions with the kinetic transport operator on the test
space. Combining ideas from similar proofs for parabolic equations and transport equa-
tions we gave a lower bound for the dual inf-sup constant which is not worse than
respective estimates for parabolic equations [119]. The proof is based on specific “sta-
ble function pairs” given by a test space function and a trial space function obtained
by applying the kinetic transport and the inverse velocity Laplace-Beltrami operator.
Under an additional assumption on the traces of certain functions in the Fokker-Planck
function space H1

fp(Ω), we obtained well-posedness of the variational formulation.
To derive stable discrete spaces, we adapted the “optimal trial” strategy from our

discretization of the transport equation to the Fokker-Planck case: By defining the
discrete trial space dependent on the chosen discrete test space through the application
of the kinetic transport and the inverse velocity Laplace-Beltrami operator, we built the
“stable function pairs” introduced in the continuous inf-sup estimate into our discrete
spaces. We hence obtained a well-posed numerical scheme with the same lower bound of
the discrete inf-sup constant as for the continuous problem independently of the mesh
size. We showed that under suitable conditions on the data functions these spaces can
be computed efficiently, since as in the transport case the (high-dimensional) kinetic
transport operator only has to be applied to the test space functions, while for the
inverse Laplace-Beltrami operator low-dimensional elliptic problems have to be solved,
which are, however, not dominant in the overall computational costs.
The numerical experiments showed that for the examined test case the estimate of

the discrete inf-sup constant is sharp up to a factor of
√

2 and confirmed that our choice
of spaces leads to an efficient scheme.

5.2 Outlook
The proposed methods provide several starting points for future research.
On the one hand, the proposed “optimal trial” framework for the parametrized trans-

port equation can be explored further by evaluating other possibilities for discrete test
spaces beyond the simple tensor product FE spaces we used so far. Depending on the
choice of the space, the observed nonphysical corner restriction and overshoots might
be mitigated and possibly specific convergence estimates for the scheme might be de-
rived. On the other hand, it would be especially interesting to apply the “optimal trial”
strategy to other equations. For the kinetic Fokker-Planck equation we used a formu-
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lation with the transport operator on the test space, but velocity derivatives still on
both spaces as usual. Therefore, the computation of the optimal function pair still in-
cluded the inversion of the (in this case low-dimensional) elliptic operator. The “optimal
trial” framework is however especially favorable for true “ultraweak” approaches with
all derivatives on the test space, since then the trial space is obtained by only applying
differential operators. An application to other transport problems as, for instance, hy-
perbolic systems or to a true “ultraweak” formulation of second-order equations might
be interesting.
In the same way, the model reduction framework might be beneficial in the reduc-

tion of other parametrized problems where the stability of reduced models is an issue.
However, the success of our linear approach is limited by the decay of the Kolmogorov-
n-width, which is very slow for transport problems. It might therefore be interesting
to also look at different proposed strategies to circumvent the Kolmogorov-n-width by
nonlinear transformations or adaptations and combine our framework with these.
For the kinetic Fokker-Planck equation we could show the existence of the weak

solution, but the uniqueness only under an additional assumption on the global traces
of certain H1

fp(Ω) functions, which we left as an open problem, see Assumption 4.3.4
and Appendix A. The further investigation of the trace properties of H1

fp(Ω) remains
thus subject of our future work.
Regarding the discretization, we here developed a stable numerical scheme for the ki-

netic Fokker-Planck equation. However, the largest problem for the numerical solution
of the equation in practice beyond low-dimensional test problems is the dimension of the
underlying phase space which makes schemes based on standard FE spaces prohibitively
expensive. Therefore, dimensional reduction approaches or tensorized methods are nec-
essary. The hierarchical model reduction approach developed in [26] used an expansion
in problem-dependent basis functions in the velocity variable, which fits into our scheme
where a small dimension in the velocity space is favorable for an efficient computation
of the trial space functions. A combination with our scheme (that would mitigate the
stability problems encountered in [26]) might therefore be interesting. Alternatively, a
combination with low-rank or tensor-based decompositions might be interesting.
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A Discussion: Global traces in H1
fp(Ω)

As already mentioned in section 4.2, we believe that the statement in Assumption 4.3.4 is
still an open problem, despite the fact that more general results implying the respective
version of Assumption 4.3.4 hold true for L2-based spaces, and that similar results for
Fokker-Planck equations are given in other works.
More precisely, on the one hand, [3, Lemma 4.5] states that the space C∞0 (Ω̄ \ Γ0) of

smooth functions vanishing in a neighborhood of Γ0 is dense in H1
fp(Ω), and that H1

fp(Ω)
functions lying in L2(Γ+, |(1, v)T · n|) or L2(Γ−, |(1, v)T · n|) already have a full global
trace in L2(∂Ω, |(1, v)T · n|).

On the other hand, in [34], and based on that also in [10] the following is stated1:

Claim A.1 (cf. [34, Lemma 2.3], [10, p. 3493]). Let w ∈ H1
fp(Ω). Then, w has traces

w|Γ± ∈ L2(Γ±, |(1, v)T · n|) and the integration by parts formula (4.24) holds.

Note that [3, Lemma 4.5] would already imply Assumption 4.3.4 (where functions
that have zero trace on Γ− are considered), while Claim A.1 is an even stronger claim.
However, we believe that the arguments both for [3, Lemma 4.5] and for Claim A.1
given in [3, 10,34] are incomplete.

While the function spaces considered for the different versions of the Fokker-Planck
equation are typically of the form

H1
fp(Ω) = {w ∈ X : ( 1

v ) · ∇t,xw ∈ X ′} with X = L2(Ωt,x, H
1(Ωv)),

(cf. (4.4)), function spaces for other kinetic equations like neutron transport require
considering

Hnt(Ω) = {w ∈ L2(Ω) : ( 1
v ) · ∇t,xw ∈ L2(Ω)},

(cf. (2.16)). In subsection 2.3.2, we summarize some trace properties of Hnt(Ω) that
were shown in [12, 35, 36], see also [47, Chap. XXI]. On the one hand one can show
similarly for Hnt(Ω) and H1

fp(Ω) that the spaces both admit local L2-traces on Γ− and
Γ+, see Proposition 2.3.8 and Proposition 4.2.2.

We note that while the statement of [3, Lemma 4.5] and thus of Assumption 4.3.4
holds for Hnt(Ω) instead of H1

fp(Ω) (see Proposition 2.3.10), Claim A.1 is not true for
Hnt(Ω) functions, see Example 2.3.9.

The argument to show Claim A.1 in [34] is based on two steps:

Step 1: Show that the space C∞0 (Ω̄ \ Γ0) is dense in H1
fp(Ω) (this is also included in [3,

Lemma 4.5])

Step 2: Decompose w ∈ C∞0 (Ω̄ \ Γ0) into w = w+ + w− with w± vanishing on Γ± and
use the density from Step 1 to show the claim.

1In describing the estimates in different cited works, we substitute the notation and the concrete spaces
to the respective equivalent in this work to simplify the discussion. This sometimes slightly changes
the spaces, but has no effect on the used arguments.
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A Discussion: Global traces in H1
fp(Ω)

We believe the arguments in both steps to be incomplete.
For Step 1, the author of [34] refers to [49], where a time-dependent Fokker-Planck

equation in one space dimension is considered and where it is stated that using an
argument of Bardos ( [12, p. 203]), it can be seen that C∞0 (Ω̄ \ Γ0) is dense in H1

fp(Ω).
The work of Bardos [12] considers the L2-based function spaces H(Ω,b) and Hnt(Ω),

see subsections 2.3.1 and 2.3.2. The mentioned argument corresponds to Lemma 2.3.4.
In the respective proof, a family of functions (φε)ε>0 ⊂ C∞(Ω̄) is constructed such

that φε vanishes in the ε
2 -neighborhood of ∂Γ−, and is equal to unity outside of the

ε-neighborhood, see (2.15). Given u ∈ Hnt(Ω) ∩ L∞(Ω), it is then shown that uφε →
u in L2(Ω) and ( 1

v ) · ∇t,x(uφε) → ( 1
v ) · ∇t,xu in L2(Ω) as ε → 0. The estimate of

‖u( 1
v ) · ∇t,xφε‖L2(Ω) uses the fact that |∇φε| < Cε−1 while suppφε has a measure

bounded by Cε2 and u ∈ L∞(Ω).
Subsequently, in [12] this density result is used to show that functions with vanishing

trace on Γ− can be approximated by smooth functions that vanish on Γ−, see also
Proposition 2.3.5.
To use the same approach for H1

fp(Ω), one needs to show that ‖u − uφε‖H1
fp(Ω) → 0

as ε→ 0, which has not been addressed in [34,49]. The convergence of ‖u− uφε‖X can
indeed be shown analogously to the proof of Lemma 2.3.4, since the additional term
‖∇v(u−uφε)‖L2(Ω) can be treated exactly as the L2-derivative term in [12], see also [3].
However, it is unclear to us how to show convergence (or even boundedness indepen-

dently of ε) for ‖( 1
v ) · ∇t,x(u− uφε)‖X ′ . Instead of L2-norms, here it is required to have

an estimate of the form

〈φε( 1
v ) · ∇t,xu, ψ〉X ′,X = 〈( 1

v ) · ∇t,xu, φεψ〉X ′,X ≤ C(u)‖ψ‖X ∀ψ ∈ X .

Unfortunately, we do not know how to obtain such an estimate. Note, that ‖φεψ‖X can-
not be bounded analogously to the proof of Lemma 2.3.4, since generally ψ /∈ L∞(Ω).
We therefore do not see how to obtain a bound of ‖φεψ‖X independently of ε as claimed
in [3]. Therefore, it is unclear to us if and how the approach for Hnt(Ω) can be trans-
ferred to H1

fp(Ω) to show Assumption 4.3.4, [3, Lemma 4.5], and Step 1 in the proof of
Claim A.1 by [34].
In Step 2 to prove Claim A.1, the authors of [10, 34] decompose a function ψ ∈

C∞0 (Ω̄ \ Γ0) into a sum ψ = ψ+ + ψ−, where ψ± ∈ C∞(Ω̄) vanish on Γ±. Using
integration by parts separately for ψ±, one can show that

‖ψ+‖L2(Γ−,|(1,v)T ·n|) ≤ C‖ψ+‖H1
fp(Ω) and ‖ψ−‖L2(Γ+,|(1,v)T ·n|) ≤ C‖ψ−‖H1

fp(Ω).

The authors conclude from this that ‖ψ‖L2(Γ+∪Γ−,|(1,v)T ·n|) ≤ C‖ψ‖H1
fp(Ω). However, as

already noted in [3, Appendix], it is not clear if this conclusion holds for a constant C
independently of ψ, since the decomposition actually leads to

‖ψ‖L2(Γ+∪Γ−,|(1,v)T ·n|) ≤ C(‖ψ+‖H1
fp(Ω) + ‖ψ−‖H1

fp(Ω)). (A.1)

It is unclear to us whether ψ+ and ψ− can be chosen in such a way that their single
norms can be bounded from above by ‖ψ‖H1

fp(Ω), see also the discussion in [3].
We emphasize again that Claim A.1 does not hold for Hnt(Ω), as demonstrated in

Example 2.3.9. SinceH1
fp(Ω) functions have additional regularity in the velocity variable,
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one cannot conclude from the Hnt(Ω) case that Claim A.1 must be false. However, we
conjecture that a proof of Claim A.1 has to rely on this additional regularity to exploit
the difference between the spaces.
An indicator that the additional regularity may indeed make a difference can be seen

when returning to Example 2.3.9 and evaluating the proposed function in the H1
fp(Ω)-

norm instead of the Hnt(Ω)-norm:

Example A.2. Consider Example 2.3.9 (which stems from [102, pp. 562-563]) in two
space dimensions. Let Ωx = B1(0) ⊂ R2 and Ωv = S1. For q ≥ 0, we define wq :
Ωx × Ωv → R as2

wq(x1, x2, φ) = (1− |x2 cosφ− x1 sinφ|)−q,
which is in polar coordinates (x1, x2) = (r cos(ϕ), r sin(ϕ)):

wq(r, ϕ, φ) = (1− r| sin(ϕ− φ)|)−q.

For the L2-norm, we obtain by using the 2π-periodicity of the sin function

‖wq‖2L2(Ω) =
∫ 1

0

∫ 2π

0

∫ 2π

0
(1− r| sin(ϕ− φ)|)−2qr dφ dϕ dr

=
∫ 1

0

∫ 2π

0

∫ 2π−φ

−φ
(1− r| sin(ϕ̂)|)−2qr dϕ̂ dφ dr

= 2π
∫ 1

0

∫ 2π

0
(1− r| sin(ϕ̂)|)−2qr dϕ̂ dr

= 2π
∫ 1

−1

∫ √1−y2

−
√

1−y2
(1− |y|)−2q dx dy

= 8π
∫ 1

0

√
1− y2(1− y)−2q dy

= 8π
∫ 1

0

√
1 + y(1− y)

1
2−2q dy.

With 1 ≤
√

1 + y ≤ 2, we see that wq ∈ L2(Ω) if and only of∫ 1

0
(1− y)

1
2−2q dy <∞ ⇐⇒ q < 3

4 .

For ‖wq‖L2(Ωx,V ) = (‖wq‖2L2(Ω)+‖∂φwq‖2L2(Ω))
1
2 , we additionally need the velocity deriva-

tive. We have

∂φ(1− r| sin(φ− ϕ)|)−q = −q(1− r| sin(φ− ϕ)|)−q−1(−r sgn(sin(φ− ϕ)) cos(φ− ϕ),

and thus

‖∂φwq‖2L2(Ω) =
∫ 1

0

∫ 2π

0

∫ 2π

0
q2r2 cos2(φ− ϕ)(1− r| sin(φ− ϕ)|)−2q−2r dφ dϕ dr

= 2πq2
∫ 1

0

∫ 2π

0
r2 cos2(ϕ̂)(1− r| sin(ϕ̂)|)−2q−2r dϕ̂ dr

2Note, that wq is the respective 2D version of the function wq from Example 2.3.9. Here, we give an
explicit definition of the velocity dependence that was described as the appropriate rotation of a
function for fixed v = v0 in Example 2.3.9.
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= 2πq2
∫ 1

−1

∫ √1−y2

−
√

1−y2
x2(1− |y|)−2q−2 dx dy

= 4πq2
∫ 1

0
2
3(1− y2)

3
2 (1− y)−2q−2 dy

= 8πq2

3

∫ 1

0
(1 + y)

3
2 (1− y)−2q−2+ 3

2 dy.

Hence, it holds ∂φwq ∈ L2(Ω) if and only if∫ 1

0
(1− y)−2q− 1

2 dy <∞ ⇐⇒ q < 1
4 .

The function is chosen such that v · ∇xwq = 0. Hence, with these computations we
see that

‖wq‖2Hnt(Ω) = ‖wq‖2L2(Ω) + ‖v · ∇xwq‖2L2(Ω) <∞ ⇐⇒ q < 3
4 ,

‖wq‖2H1
fp(Ω) = ‖wq‖2L2(Ωx,V ) + ‖v · ∇xwq‖2L2(Ω,V ′) <∞ ⇐⇒ q < 1

4 .

From [102], we also see

‖wq‖2L2(∂Ω,|v·n|) =
∫
∂Ω
w2|v · n| d(x, v) <∞⇐⇒ q < 1

2 ,

‖wq‖2L2(∂Ω) =
∫
∂Ω
w2
q d(x, v) <∞⇐⇒ q < 1

4 .

Therefore, choosing q such that wq ∈ H1
fp(Ω) implies wq ∈ L2(∂Ω, |v · n|) and even

wq ∈ L2(∂Ω).

We see that this particular counterexample for the Hnt(Ω)-version of Claim A.1 is not
a counterexample for Claim A.1. This shows that the additional velocity regularity of
H1

fp(Ω) may indeed be helpful (and crucial) to show global trace results for H1
fp(Ω). We

note, however, that here the “problematic” term ‖v · ∇xwq‖L2(Ωx,V ′) vanished.
To summarize the discussion, we believe the arguments in [3,10,34] to be incomplete.

Moreover, we do not know how to use ideas from the existing approaches for H1
nt(Ω)

to show Assumption 4.3.4, since we are unsure how to compensate for the missing L2

regularity of the transport term even with a higher regularity in the velocity direction.
Therefore, we leave Assumption 4.3.4 as an open problem.
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X δt Optimal discrete trial space for transport, X δt :=

B∗t (Yδt ) ⊂ L2(Ω)
36

Yδt Discrete test space for transport Yδt ⊂ Yt 36, 44
βδt discrete inf-sup constant of bt : X δt × Yδt → R 35
eδ error of the discrete solution, eδ := u− uδ 35
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rδ residual of the discrete solution, rδ := f − bt(uδ, ·) =
bt(eδ, ·) ∈ Y ′t

35

σL2(Ω)(u;X δt ) L2-best approximation error of u in X δt 36
P Set of parameters 42
Yt,µ Parametrized transport test space 42
bµ Parametrized transport bilinear form 42
B∗µ Parametrized adjoint transport operator 42
Ȳt Intersection of all Yt,µ, µ ∈ P 42
Yδt,µ Discrete test space with parameter-dependent norm

Yδt = (Yδt , ‖ · ‖Yt,µ) ⊂ Yt,µ

44

X δt,µ Optimal discrete trial space for parameter-dependent
problem, X δt,µ := B∗t,µ(Yδt,µ) ⊂ L2(Ω)

44

Y N Reduced test space in Yδt 45
Y N
µ Y N with norm ‖ · ‖Yt,µ 45
XN
µ Reduced trial space XN

µ := B∗µ(Y N
µ ) ⊂ X δt,µ 45

Ωt,x Space-time domain 64
Ωv Velocity domain Ωv := Sd−1 64
W p

nt(Ω) Banach space for neutron transport, w ∈ Lp(Ω) with
( 1
v ) · ∇t,xw ∈ Lp(Ω)

21

Hnt(Ω) Hilbert space for neutron transport, Hnt(Ω) =
W 2

nt(Ω)
21

∇Γ Tangential gradient on the surface Γ 23
∆v Laplace-Beltrami operator on Ωv 23, 64
V Velocity Sobolev space V := H1(Ωv) ⊂ L2(Ωv) 65
H1

fp(Ω) Fokker-Planck function space, p ∈ L2(Ωt,x;V ) with
( 1
v ) · ∇t,xp ∈ L2(Ωt,x;V ′)

65

H1
fp,Γ+

(Ω) Closure of C1
Γ+

(Ω̄) in ‖ · ‖H1
fp(Ω) 68

L2(Γ, |(1, v)T · n|) Weighted L2 space on Γ ⊂ ∂Ω 66
av Velocity bilinear form on V × V 69
Av Operator corresponding to av 74
αv Coercivity constant of av 69
γv Continuity constant of av 69
λv Constant in Gårding-inequality of av 69
Xfp Fokker-Planck trial space Xfp := L2(Ωt,x, V ) 70
Yfp Fokker-Planck test space Yfp := H1

fp,Γ+
(Ω) 70

bfp Fokker-Planck bilinear form on Xfp × Yfp 70
βfp Inf-sup constant of bfp : X δfp × Yδfp → R 71
wp Stable trial function in Xfp for p ∈ Yfp 72
b̂fp Transformed Fokker-Planck bilinear form 72
âv Transformed velocity bilinear form 72
Yδfp Fokker-Planck discrete test space in Yfp 76
X δfp Fokker-Planck discrete trial space X δfp := {pδ + zδp :

pδ ∈ Yδfp} ⊂ Xfp

76

‖ · ‖L2(Ωt,x,(V h)′) Discrete variant of ‖ · ‖X ′fp 76
βδfp discrete inf-sup constant of bfp : X δfp × Yδfp → R 77
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CG conjugate gradients 58
CPU central processing unit 57
DDMRes Discrete-Dual Minimal-Residual 5
DG discontinuous Galerkin 5
DPG Discontinuous Petrov-Galerkin 5
DTI diffusion tensor imaging 11
ECM extracellular matrix 9
FE Finite Element 1
GNAT Gauss-Newton with approximated tensors 6
LSFEM Least-squares Finite Element method 4
LU lower–upper decomposition 58
PDE partial differential equation 1
PGD proper generalized decomposition 8
RB Reduced Basis 1
SDFEM streamline diffusion Finite Element method 4
SPLS saddle point least squares 5
SUPG streamline upwind Petrov-Galerkin 4
UMFPACK Unsymmetric MultiFrontal PACKage 58
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